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Today, we will continue the section

Section |.7:Categories: Products, Coproducts, and
Free Objects
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Definition (7.1). A categoryis a clasg’ of objects (denoted
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gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Example. In the categorys of sets, a morphisnf is an
equivalence if and only If is a bijection.

Example. In the category; of groups, a morphisnf is an
equivalence
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Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Example. In the categorys of sets, a morphisnf is an
equivalence if and only If is a bijection.

Example. In the category; of groups, a morphisnf is an
equivalence if and only If I1s an isomorphism.
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Let C be a category. We define a new categbrgs follows:
the objects irnD are the morphisms df;
for two objectsf : A — Bandg : C' — D of D,
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A Category of Morphisms

Let C be a category. We define a new categbrgs follows:
the objects irnD are the morphisms df;

for two objectsf : A — Bandg : C — D of D, I.e., two
morphisms of’,
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A Category of Morphisms

Let C be a category. We define a new categbrgs follows:
the objects irnD are the morphisms df;

for two objectsf : A — Bandg : C — D of D, I.e., two
morphisms of’, hom( f, g) consists of all pairsa, (),
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A Category of Morphisms

Let C be a category. We define a new categbrgs follows:
the objects irnD are the morphisms df;

for two objectsf : A — Bandg : C — D of D, I.e., two
morphisms of’, hom( f, g) consists of all pairsa, (3), where
a:A— Candg: B— D are morphism of
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A Category of Morphisms

Let C be a category. We define a new categbrgs follows:
the objects irnD are the morphisms df;

for two objectsf : A — Bandg : C — D of D, I.e., two
morphisms of’, hom( f, g) consists of all pairsa, (3), where
a:A— Candg: B— D are morphism of such that the

diagram A f b commutes
SR |

C—2-D
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A Category of Morphisms

Let C be a category. We define a new categbrgs follows:
the objects irnD are the morphisms df;

for two objectsf : A — Bandg : C — D of D, I.e., two
morphisms of’, hom( f, g) consists of all pairsa, (3), where
a:A— Candg: B— D are morphism of such that the
diagram 4 _7/. p

al lﬁ commutes,

Yo, b degoa=gof;
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morphisms of’, hom( f, g) consists of all pairsa, (3), where
a:A— Candg: B— D are morphism of such that the
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al lﬁ commutes,

Yo, b degoa=gof;

f f:A— B,g:(C — D,andh : E — F are three objects
of D,
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morphisms of’, hom( f, g) consists of all pairsa, (3), where
a:A— Candg: B— D are morphism of such that the
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f f:A— B,g:(C — D,andh : E — F are three objects
of D, I.e., three morphisms d@f, for two morphisms ofD,
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A Category of Morphisms

Let C be a category. We define a new categbrgs follows:
the objects irnD are the morphisms df;

for two objectsf : A — Bandg : C — D of D, I.e., two
morphisms of’, hom( f, g) consists of all pairsa, (3), where
a:A— Candg: B— D are morphism of such that the
diagram 4 _7/. p

al lﬁ commutes,

Yo, b degoa=gof;

f f:A— B,g:(C — D,andh : E — F are three objects
of D, I.e., three morphisms d@f, for two morphisms ofD,

(o, B) € hom(f, g)
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A Category of Morphisms

Let C be a category. We define a new categbrgs follows:
the objects irnD are the morphisms df;

for two objectsf : A — Bandg : C — D of D, I.e., two
morphisms of’, hom( f, g) consists of all pairsa, (3), where
a:A— Candg: B— D are morphism of such that the
diagram 4 _7/. p

al lﬁ commutes,

Yo, b degoa=gof;

f f:A— B,g:(C — D,andh : E — F are three objects
of D, I.e., three morphisms d@f, for two morphisms ofD,
(@, 3) € hom(f, g) and(~,0) € hom(g, h),
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A Category of Morphisms

Let C be a category. We define a new categbrgs follows:
the objects irnD are the morphisms df;

for two objectsf : A — Bandg : C — D of D, I.e., two
morphisms of’, hom( f, g) consists of all pairsa, (3), where
a:A— Candg: B— D are morphism of such that the
diagram 4 _7/. p

al lﬁ commutes,

Yo, b degoa=gof;

f f:A— B,g:(C — D,andh : E — F are three objects
of D, I.e., three morphisms d@f, for two morphisms ofD,

(ar, B) € hom(f,g) and(~,d) € hom(g, h), their composite
IS defined as
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A Category of Morphisms

Let C be a category. We define a new categbrgs follows:
the objects irnD are the morphisms df;

for two objectsf : A — Bandg : C — D of D, I.e., two
morphisms of’, hom( f, g) consists of all pairsa, (3), where
a:A— Candg: B— D are morphism of such that the
diagram 4 _7/. p

al lﬁ commutes,

Yo, b degoa=gof;

f f:A— B,g:(C — D,andh : E — F are three objects
of D, I.e., three morphisms d@f, for two morphisms ofD,

(ar, B) € hom(f,g) and(~,d) € hom(g, h), their composite
s defined agv,d) o (o, B) = (yoa, do ).
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A Category of Morphisms

Let C be a category. We define a new categbrgs follows:
the objects irnD are the morphisms df;

for two objectsf : A — Bandg : C — D of D, I.e., two
morphisms of’, hom( f, g) consists of all pairsa, (3), where
a:A— Candg: B— D are morphism of such that the

diagram A f b commutes
SR |

Yo, b degoa=gof;

f f:A— B,g:(C — D,andh : E — F are three objects
of D, I.e., three morphisms d@f, for two morphisms ofD,
(ar, B) € hom(f,g) and(~,d) € hom(g, h), their composite
is defined agvy,d) o (o, 8) = (yoa, d 0 ). We need to
check thatvy o a, d o 3) € hom(f, h).
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Check (v o a, d o 3) € hom(f,h)
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, ) € hom(f,g) and(v,d) € hom(g, h).
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

A-1. B
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

A-1. B

E-_r.F

We need to check the diagram below is commutative,
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

A-1. B

E-"~F
We need to check the diagram below is commutative,
f
A—— DB

voal léoﬁ
E-"sF
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

A-1. B

E-"~F
We need to check the diagram below is commutative,
f
A—— DB
yoal laog i.e.,ho(yoa)=(dof)of.
E-—"sF
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

J
A b Note that

E-"~F
We need to check the diagram below is commutative,
f
A—— DB
yoal laog i.e.,ho(yoa)=(dof)of.
E-—"sF
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

f
A4 5 Note thatgoa = o f

E-"~F
We need to check the diagram below is commutative,
f
A—— DB
yoal laog i.e.,ho(yoa)=(dof)of.
E-—"sF
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

f
A4 5 Note thatgoa = o fandhoy =9 og.

E-"~F
We need to check the diagram below is commutative,
f
A—— DB
yoal laog i.e.,ho(yoa)=(dof)of.
E-—"sF
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

A—B Note thatgoa = Fo fandho~y =9 og.
) " We have

C—2-D

Y )

e

We need to check the diagram below is commutative,
f
A—— DB
yoal laog i.e.,ho(yoa)=(dof)of.
E-—"sF
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

A—B Note thatgoa = Fo fandho~y =9 og.
h ’ Wehaveho (y0a)

C —2-D

Y )

E-"~F

We need to check the diagram below is commutative,
f
A—— DB
yoal laog i.e.,ho(yoa)=(dof)of.
E-—"sF
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

A—B Note thatgoa = o fandhoy =4 og.
h ’ We haveho (yoa)=(ho~v) o«

C —=D

y 5

E-l>F

We need to check the diagram below is commutative,
f
A—— DB
yoal laog i.e.,ho(yoa)=(dof)of.
E-—"sF
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

f
A4 5 Note thatgoa = o fandhoy =9 og.
h ’ We haveho (yoa)=(ho~v) o«
C —=D
_(s0g)oa
Y 5
E-">F

We need to check the diagram below is commutative,
f
A—— DB
yoal laog i.e.,ho(yoa)=(dof)of.
E-—"sF
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

A—B Note thatgoa = Fo fandho~y =9 og.

aC_g>Dﬁ We haveho (yoa)=(ho~v) o«
=(dog)oa=do(goa)

Y )

E-">F

We need to check the diagram below is commutative,
f
A—— DB
yoal laog i.e.,ho(yoa)=(dof)of.
E-—"sF
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

f
A4 5 Note thatgoa = o fandhoy=4dog.
h . ’ We haveho (yoa) = (ho~v) o«
TP —(oeglea=do(goa)
Y
— 0o (o
Lo (Bof)

We need to check the diagram below is commutative,

A-1.pB

laog i.e.,ho(yoa)=(dof)of.

E-.F
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

f
A4 5 Note thatgoa = o fandhoy=4dog.
h . ’ We haveho (yoa) = (ho~v) o«
TP —(oeglea=do(goa)
Y
:50 O — 50 o .
Lonf (Bof)=(0cpf)of

We need to check the diagram below is commutative,

A-1.pB

laog i.e.,ho(yoa)=(dof)of.

E-.F
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Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois
(7,0) o (@, 3) = (yoa, 60f),
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Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:
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Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD,
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Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, I.e., a morphisny : A — B of C,

Modern Aloebral — p. 9/31



Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, i.e., a morphisny : A — B of C,
1+ = (14, 1p) is the identity morphism;
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Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, i.e., a morphisny : A — B of C,

1 = (14, 1p) is the identity morphism, where, and1 are
the identity morphisms for the objectsand B in C,
respectively;
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Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, i.e., a morphisny : A — B of C,

1 = (14, 1p) is the identity morphism, where, and1 are
the identity morphisms for the objectsand B in C,
respectively;

if (o,3):f—g,(v,0):9— h,and(e,p) : h — k are three
morphisms ofD,
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Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois

(7v,0) o (e, ) = (y o, 0 0(3), we see the following:
for every object ofD, I.e., a morphisny : A — B of C,
1 = (14, 1p) is the identity morphism, where, and1 are
the identity morphisms for the objectsand B in C,
respectively;

if (o,3):f—g,(v,0):9— h,and(e,p) : h — k are three
morphisms ofD, then

((g,p) 0 (7,9)) o (a, B)
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Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois

(7v,0) o (e, ) = (y o, 0 0(3), we see the following:
for every object ofD, I.e., a morphisny : A — B of C,
1 = (14, 1p) is the identity morphism, where, and1 are
the identity morphisms for the objectsand B in C,
respectively;

if (o,3):f—g,(v,0):9— h,and(e,p) : h — k are three
morphisms ofD, then

((e.p) 0 (7,6)) o (@, 8) = (e 07, p0 ) o (e, )
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Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, i.e., a morphisny : A — B of C,

1 = (14, 1p) is the identity morphism, where, and1 are
the identity morphisms for the objectsand B in C,
respectively;

if (a,3):f—g,(7,0):9— h,and(e,p) : h — k are three
morphisms ofD, then

((e,p) 0 (7,9)) o (a,3) = (e07,p0d) o (a, 3)

= ((eoy)oa,(pod)of)
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Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, i.e., a morphisny : A — B of C,

1 = (14, 1p) is the identity morphism, where, and1 are
the identity morphisms for the objectsand B in C,
respectively;

if (o,3):f—g,(v,0):9— h,and(e,p) : h — k are three
morphisms ofD, then

((.p) 0 (7,0)) o (a,; 8) = (07, p00) o (e, )
= ((oy)oa,(pod)of)=(co(yoa),po(dop))
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Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, i.e., a morphisny : A — B of C,

1 = (14, 1p) is the identity morphism, where, and1 are
the identity morphisms for the objectsand B in C,
respectively;

if (o,3):f—g,(v,0):9— h,and(e,p) : h — k are three
morphisms ofD, then

((e,p) 0 (7,0)) o (a, ) = (e 07, p0d) o (a, 5)

= ((coy)oa,(pod)of) = (co(yoa),po(dof))

= (g,p)o(yo,00p0)
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Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, i.e., a morphisny : A — B of C,

1 = (14, 1p) is the identity morphism, where, and1 are
the identity morphisms for the objectsand B in C,
respectively;

if (o,3):f—g,(v,0):9— h,and(e,p) : h — k are three
morphisms ofD, then

((e,p) 0 (7,0)) o (a, ) = (e 07, p0d) o (a, 5)

= ((coy)oa,(pod)of) = (co(yoa),po(dof))

= (e,p) 0 (yoa,0008) = (g,p) o ((7,9) o (a, 8));
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Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, i.e., a morphisny : A — B of C,

1 = (14, 1p) is the identity morphism, where, and1 are
the identity morphisms for the objectsand B in C,
respectively;

if (o,3):f—g,(v,0):9— h,and(e,p) : h — k are three
morphisms ofD, then

((e,p) 0 (7,0)) o (a, ) = (e 07, p0d) o (a, 5)

= ((coy)oa,(pod)of) = (co(yoa),po(dof))

= (e,p) 0 (yoa,0008) = (g,p) o ((7,9) o (a, 8));

a morphism(«, 3) of D is an equivalence

Modern Aloebral - p. 9/31



Subject to the Two Axioms

Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, i.e., a morphisny : A — B of C,

1 = (14, 1p) is the identity morphism, where, and1 are
the identity morphisms for the objectsand B in C,
respectively;

if (a,3):f—g,(7,0):9— h,and(e,p) : h — k are three
morphisms ofD, then

((.p) 0 (7,0)) o (a,; 8) = (07, p00) o (e, )

= ((eov)oa,(pod)op) =(eo(yoa),po(iof))

= (e,p)o(yoa,008)=(cp)o((7,9)0 (e, 3));

a morphism(«, 3) of D is an equivalence if and only if and
(3 are both equivalence of.
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Cartesian Product of Two Sets

Let A; and A, be two sets and consider the Cartesian product
Al X AQ of Al,AQ.
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Cartesian Product of Two Sets

Let A; and A, be two sets and consider the Cartesian product
Al X AQ of Al,AQ.

An element ofd; x A,
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Cartesian Product of Two Sets

Let A; and A, be two sets and consider the Cartesian product
Al X AQ of Al,AQ.

An element of4; x A, is a pair(ay, as)
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Cartesian Product of Two Sets

Let A; and A, be two sets and consider the Cartesian product
Al X AQ of Al,AQ.

An element of4; x A, is a pair(a, as) with a; € A;,
i=1,2.
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Cartesian Product of Two Sets

Let A; and A, be two sets and consider the Cartesian product
Al X AQ of Al,AQ.

An element of4; x A, is a pair(a, as) with a; € A;,

i = 1,2. Note that the paifa;, a;) determines a function
f:{1,2} — A; U Ay which is defined byf (1) = a; and
f(2) = ax.

Conversely, every functioyi : {1,2} — A; U A,, with the
property thatf(1) € A; andf(2) € A,, determines an
element(ay,as) = (f(1), f(2)) of A} x As.

Therefore, every element of the Cartesian prodlcik A, can
be thought as a functiofi: {1,2} — A; U A, with the property
thatf(7) € A;, fori = 1,2. This is how we are going to
generalize the notion of Cartesian product.
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Let A and B be two sets. A functiorf : A — B is defined as a
subsetf of A x B with the property that
Va € A,3'b € B suchthata,b) € f.

If A=0,Ax B =g andsof = g is the only subset of

A x B, sof = @ is the only candidate for a function frod
to B. Moreover, since the property above is vacuous for
A =0, f =aIisindeed a function froml = &g to B and is

the unique one.

If A+# o andB = g, A x B = @ and similar as the above
case,/ = @ Is again the only candidate for a function frofn
to B. However, sinced #+ < but B = &, the property above
can never hold. Therefore, there is no function frdno B if

A Is non-empty and3 is empty.
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If {A;|7€ I} and{B;|: < I} are families of sets such that
B; C A, foralli € I, then every functiod — | J,.; B, may
be considered to be a functidn— | J,.; A;. Therefore, we
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If {A;|7€ I} and{B;|: < I} are families of sets such that
B; C A, foralli € I, then every functiod — | J,.; B, may
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B; C A, foralli € I, then every functiod — | J,.; B, may
be considered to be a functidn— | J,.; A;. Therefore, we
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For eacht c I, the mapry, : | [,.; Ai — A defined by
f— f(k), ie.(a;);c; — ag, is called the ¢anonica)
projectionof the product [._, A;

el
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be considered to be a functidn— | J,.; A;. Therefore, we
consider] [,_, B; to be a subset df],_; A;, i.e.,
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If every A; is nonempty,
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B; C A, foralli € I, then every functiod — | J,.; B, may
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If every A; is nonempty, then each, IS surjective.
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Cartesian Products

If {A;|7€ I} and{B;|: < I} are families of sets such that
B; C A, foralli € I, then every functiod — | J,.; B, may
be considered to be a functidn— | J,.; A;. Therefore, we
consider] [,_, B; to be a subset df],_; A;, i.e.,

Hie[ B; © Hie[ A;.

For eacht c I, the mapry, : | [,.; Ai — A defined by

f— f(k), ie.(a;);c; — ag, is called the ¢anonica)
projectionof the produc{ [,_, A; onto itsk-th componen(or
k-th factol).

If every A; is nonempty, then each, IS surjective.

What if some A; is empty?
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If every A; is nonempty, then each, IS surjective.

Proposition. Let{A; | « € I} be a family of sets indexed by a
nonempty sef.
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If {A;|7€ I} and{B;|: < I} are families of sets such that
B; C A, foralli € I, then every functiod — | J,.; B, may
be considered to be a functidn— | J,.; A;. Therefore, we
consider] [,_, B; to be a subset df],_; A;, i.e.,
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If every A; is nonempty, then each, IS surjective.

Proposition. Let{A; | « € I} be a family of sets indexed by a
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be considered to be a functidn— | J,.; A;. Therefore, we
consider] [,_, B; to be a subset df],_; A;, i.e.,
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For eacht c I, the mapry, : | [,.; Ai — A defined by
f— f(k), ie.(a;);c; — ag, is called the ¢anonica)
projectionof the producf |._, A; onto itsk-th componen(or
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el
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If every A; is nonempty, then each, IS surjective.

Proposition. Let{A; | « € I} be a family of sets indexed by a
nonempty sef. Then
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For eacht € I, the mapry, : | [,.; Ai — A defined by
f— f(k), ie.(a;);c; — ag, is called the ¢anonica)
projectionof the producy [,_, A; onto itsk-th componen(or
k-th factol).

If every A; iIs nonempty, then each, Is surjective.

Proposition. Let {A; | « € I} be a family of sets indexed by a
nonempty sef. Then
A, =oforsomei € | < |],.; A = 2.
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If every A; iIs nonempty, then each, Is surjective.

Proposition. Let {A; | « € I} be a family of sets indexed by a
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Proof. Recall that] [, _, A; consists of all functions
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Proposition. Let {A; | « € I} be a family of sets indexed by a
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f(2) € A,

Modern Aloebral = . 13/31



Cartesian Products

For eacht € I, the mapry, : | [,.; Ai — A defined by
f— f(k), ie.(a;);c; — ag, is called the ¢anonica)
projectionof the producy [,_, A; onto itsk-th componen(or
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For eacht € I, the mapry, : | [,.; Ai — A defined by
f— f(k), ie.(a;);c; — ag, is called the ¢anonica)
projectionof the producy [,_, A; onto itsk-th componen(or
k-th factol).

If every A; iIs nonempty, then each, Is surjective.

Proposition. Let {A; | « € I} be a family of sets indexed by a
nonempty sef. Then

A, =oforsomei € | < |],.; A = 2.
Proof. Recall that] [, _, A; consists of all functions
f:I— U, Aisuchthatf(i) ¢ A; foralli € 1.
If A; = @, nofunctionf : I — |J,.; A; satisfies the condition
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projectionof the producy [,_, A; onto itsk-th componen(or
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Proposition. Let {A; | « € I} be a family of sets indexed by a
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Conversely, IfA; # o forall: € I,
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A, =oforsomei € | < |],.; A = 2.
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projectionof the producy [,_, A; onto itsk-th componen(or
k-th factol).

If every A; iIs nonempty, then each, Is surjective.

Proposition. Let {A; | « € I} be a family of sets indexed by a
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A, =oforsomei € | < |],.; A = 2.
Proof. Recall that] [, _, A; consists of all functions
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Cartesian Products

For eacht € I, the mapry, : | [,.; Ai — A defined by
f— f(k), ie.(a;);c; — ag, is called the ¢anonica)
projectionof the producy [,_, A; onto itsk-th componen(or
k-th factol).

If every A; iIs nonempty, then each, Is surjective.
Proposition. Let {A; | « € I} be a family of sets indexed by a

nonempty sef. Then
A, =gtorsomer € I <— []|..; A =3.

Hence, ifA; = @ for some:; € I, then we have the following:
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Cartesian Products

For eacht € I, the mapry, : | [,.; Ai — A defined by
f— f(k), ie.(a;);c; — ag, is called the ¢anonica)
projectionof the producy [,_, A; onto itsk-th componen(or
k-th factol).

If every A; iIs nonempty, then each, Is surjective.
Proposition. Let {A; | « € I} be a family of sets indexed by a

nonempty sef. Then
A, =gtorsomer € I <— []|..; A =3.

Hence, ifA; = @ for some:; € I, then we have the following:
If A, = o, thenn, : @ — & Is surjective,
If A, # o, thenn, : @ — A, IS not surjective.
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Theorem (Introduction, 5.2)

Let{A; | i € I} be a family of (nonempty) sets indexed by a
nonempty sef.
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Theorem (Introduction, 5.2)

Let{A; | i € I} be a family of (nonempty) sets indexed by a
nonempty sef. Then there exists a sét, together with a family
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Let{A; | i € I} be a family of (nonempty) sets indexed by a
nonempty sef. Then there exists a sét, together with a family
of maps{m; : D — A; | i € I} satisfying the following property:
for any setC' and family of mapqy; : C — A; | ¢ € I}, there
exists a unique map : C' — D such thatr;po = ¢, for all ; € I;

In other words, there exists a unigue mapuch that the diagram

DLAi
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C
FurthermoreD is uniquely determined up to a bijection.

We first show that the Cartesian product | [,_, A; satisfies
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C' and family of maps {yp; : C — A; | i € I}, there exists a
unigue map ¢ : €' — ] ],.; Ai such that m;p = ¢, forall i € 1.

LetC beasetandlelyp, : C — A; | i € I} be a family of maps.

Uniqueness: Suppose) : C' — [],.; 4, is a function such that
m = ; forall ¢ € I. We want to show) = ¢, I.e.,Vc € C,

¥(c) = ple)in ], A ie., (¥(e) (1) = (¢(c)) () forall i € 1.

However,

(¥(0)(i) = m(c) = wilc)  mip(c) = (p(e)) ().
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Proof of Theorem (5.2)

We first claim that the Cartesian product | |,_, A; together
with the family of canonical projections

{mi 11,e; Ai — Ai | @ € I} satisfies the property: for any set
C' and family of maps {yp; : C — A; | i € I}, there exists a
unigue map ¢ : €' — ] ],.; Ai such that m;p = ¢, forall i € 1.
LetC beasetandlelyp, : C — A; | i € I} be a family of maps.

Uniqueness: Suppose) : C' — [],.; 4, is a function such that
m = ; forall ¢ € I. We want to show) = ¢, I.e.,Vc € C,

¥(c) = ple)in ], A ie., (¥(e) (1) = (¢(c)) () forall i € 1.

However,

(¥(0) (@) = mab(e) = wi(e) = mp(c) = ((c)) ().
This completes this part of proof.
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Unique up to Bijections

SupposeD is a set together with a family of maps
{p; : D — A; |1 € I} that satisfies the property:
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SupposeD is a set together with a family of maps
{p; : D — A; |1 € I} that satisfies the propertfor any set C
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Unique up to Bijections

SupposeD is a set together with a family of maps
{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I},
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Unique up to Bijections

SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D
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Unique up to Bijections

SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.
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Unique up to Bijections

SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
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Unique up to Bijections

SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.
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{p; : D — A; |1 € I} that satisfies the propertfor any set C
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unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.

4l TM‘
s
Hie[ Ai——=A;
9 sz'

D

Because we have (o)

Modern Aloebral = p. 16/31
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SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.
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SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.
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Unique up to Bijections

SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.
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Unique up to Bijections

SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.

4l TM‘
s
Hie[ Ai——=A;
9 sz'

D

Because we have (¢y) = (p;0)y = mp = p;, we have the
commutative diagram
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{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.
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However, we also have the commutative diagram
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Unique up to Bijections

SupposeD is a set together with a family of maps
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unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.

D" A, Do Z, Dt 7;
3 TM | ;D\TPZ I;)\Tm
g A=A, D D

™ T

D

However, we also have the commutative diagram

Modern Aloebral = p. 16/31



Unique up to Bijections

SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.

D" A, Do Z, Dt 7;
3 TM | ;D\TPZ I;)\Tm
g A=A, D D

™ T

D

However, we also have the commutative diagram

Modern Aloebral = p. 16/31



Unique up to Bijections

SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.
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Unique up to Bijections

SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.
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Unique up to Bijections

SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.

D" A, Do Z, Dt 7;
3 TM | ;D\TPZ I;)\Tm
g A=A, D D

™ T

D

By the uniqueness;y = 1. Symmetrically, we can show
@Dgp — 11_[1'61 Aj
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Unique up to Bijections

SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.

D" A, Do Z, Dt 7;
3 TM | ;D\TPZ I;)\Tm
g A=A, D D

™ T

D

By the uniqueness;y = 1. Symmetrically, we can show
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Unique up to Bijections

SupposeD is a set together with a family of maps

{p; : D — A; |1 € I} that satisfies the propertfor any set C
and family of maps {y; : C — A; | i € I}, there exists a
unique map ¢ : C' — D such that p;o = ; for all ¢ € 1.

D" A, Do Z, Dt 7;
3 TM | ;D\TPZ I;)\Tm
g A=A, D D

™ T

D

By the uniqueness;y = 1. Symmetrically, we can show
o = 1q1._, 4, @and soy : D — [, A; is a bijection. This
completes our proof.
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Definition (7.2). LetC be a category
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Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP of C

Modern Aloebral = p. 17/31



Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m; P — A;|iel}
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Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | ¢ € I} is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB
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Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{p, : B — A; |i € 1} InC,
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Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

Example. Let{A; | © € I} be a family of sets.
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an objectP’ of C together with a family of morphisms
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Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

Example. Let{A; | « € I} be a family of sets. We have shown
thatthe Cartesian product [ [,_, A; together with the family

of canonical projections {r; : [[,.; A — A; | 7 € I} satisfies
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Modern Aloebral = p. 17/31



Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

Example. Let{A; | « € I} be a family of sets. We have shown
thatthe Cartesian product [ [,_, A; together with the family

of canonical projections {r; : [[,.; A — A; | 7 € I} satisfies
the property: for any set C
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Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.
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Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

Example. Let{A; | « € I} be a family of sets. We have shown
thatthe Cartesian product [ [,_, A; together with the family

of canonical projections {r; : [[,.; A — A; | 7 € I} satisfies
the property: for any set C' and family of maps

{w;: C — A; |1 € I}, there exists a unique map
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Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

Example. Let{A; | « € I} be a family of sets. We have shown
thatthe Cartesian product [ [,_, A; together with the family

of canonical projections {r; : [[,.; A — A; | 7 € I} satisfies
the property: for any set C' and family of maps

{w;: C — A; |1 € I}, there exists a unique map

p:C —]l,c; Ai such that mp = ¢, forall i € I.
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Definition (7.2). LetC be a category and Idt4; | i € I} be a
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an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

Example. Let{A; | - € I} be a family of sets. Hence, the
Cartesian produdt],_, A;

Modern Aloebral = p. 17/31



Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
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Products in a Category
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an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

Example. Let{A; | - € I} be a family of sets. Hence, the
Cartesian produdt], _, A; together with the canonical
projections{r; : [[..; A; — A; | i € I} is a product for the
family {A; | € I}

el
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Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

Example. Let{A; | - € I} be a family of sets. Hence, the
Cartesian produdt], _, A; together with the canonical
projections{w; : | [,.; Ai — A; | « € I} is a product for the
family {A; | 2 € I} in the categorys of sets.
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Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

In other words,
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Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

In other words, for any objed® and family of morphisms
{p;i:B— A;|iel}inC,
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Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

In other words, for any objed® and family of morphisms
{o;: B— A; | i€ l}inC, there exists a unique morphism
0:B— P
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Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

In other words, for any objed® and family of morphisms
{o;: B— A; | i€ l}inC, there exists a unique morphism
¢ : B — P such that the diagram
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Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

In other words, for any objed® and family of morphisms
{o;: B— A; | i€ l}inC, there exists a unique morphism
¢ : B — P such that the diagram

B-Y.p

N

A
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Products in a Category

Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such thafor any objectB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o p = ; forallz € 1.

In other words, for any objed® and family of morphisms
{o;: B— A; | i€ l}inC, there exists a unique morphism
¢ : B — P such that the diagram

B-Y.p

N

A

commutes for alt € 1.
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Theorem (7.3)

Let{A; | i € I} be a family of objects of a catego€y
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A;|i€I}.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

Since(P, {m;}) is a product of the family} A; | i € I},
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

Since(P,{m;}) is a product of the familf A; | i € I}, for the
object()
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

Since(P,{m;}) is a product of the familf A; | i € I}, for the
object( and the family of morphismé&y,; : Q — A; | i € I},
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

Since(P,{m;}) is a product of the familf A; | i € I}, for the
object( and the family of morphismé&y,; : Q — A; | i € I},
there exists a morphism : () — P
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

Since(P,{m;}) is a product of the familf A; | i € I}, for the
object( and the family of morphismé&y,; : Q — A; | i € I},
there exists a morphism : () — P such that the above diagram
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

Q—2-P

NI

A,

Since(P,{m;}) is a product of the familf A; | i € I}, for the
object( and the family of morphismé&y,; : Q — A; | i € I},
there exists a morphism : () — P such that the above diagram
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

Q—-~P
DN
A,

Since(P,{m;}) is a product of the familf A; | i € I}, for the
object( and the family of morphismé&y,; : Q — A; | i € I},
there exists a morphism : () — P such that the above diagram
commutes for alt € 1.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; | i€ I}. ThenP andQ are equivalent irt.
Proof.

Q—2-P

NI

A,

Since(P,{m;}) is a product of the familf A; | i € I}, for the
object( and the family of morphismé&y,; : Q — A; | i € I},
there exists a morphism : () — P such that the above diagram

commutes for alf € 1. Similarly, since(@, {v;}) is also a
product of{ A; | i € I},
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; | i€ I}. ThenP andQ are equivalent irt.
Proof.

Q—2-P

NI

A,

Since(P,{m;}) is a product of the familf A; | i € I}, for the
object( and the family of morphismé&y,; : Q — A; | i € I},
there exists a morphism : () — P such that the above diagram
commutes for alf € 1. Similarly, since(@, {v;}) is also a
product of{ A; | ¢ € I}, there exists a morphism: P — ()
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

Q—2-P

NI

A,

Since(P,{m;}) is a product of the familf A; | i € I}, for the
object( and the family of morphismé&y,; : Q — A; | i € I},
there exists a morphism : () — P such that the above diagram
commutes for alf € 7. Similarly, since(Q, {;}) is also a
product of{ A; | ¢ € I}, there exists a morphism: P — ()

such that the second diagram above
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.
Y

~Y.Pp P—T-Q

NN

A, A

Since(P,{m;}) is a product of the familf A; | i € I}, for the
object( and the family of morphismé&y,; : Q — A; | i € I},
there exists a morphism : () — P such that the above diagram
commutes for alf € 7. Similarly, since(Q, {;}) is also a
product of{ A; | ¢ € I}, there exists a morphism: P — ()

such that the second diagram above
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.
Y

~Y.Pp P—T-Q

NN

A, A

Since(P,{m;}) is a product of the familf A; | i € I}, for the
object( and the family of morphismé&y,; : Q — A; | i € I},
there exists a morphism : () — P such that the above diagram
commutes for alf € 7. Similarly, since(Q, {;}) is also a
product of{ A; | ¢ € I}, there exists a morphism: P — ()

such that the second diagram above commutes forall.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.
Y

~Y.Pp P—T-Q

NN

A, A

Combine the above two commutative diagrams

Modern Alaoebral = p. 18/31



Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.
Y

~Y.Pp P—T-Q

NN

A, A

Combine the above two commutative diagrams and we have the
third commutative diagram above
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

NN

Combine the above two commutative diagrams and we have the
third commutative diagram above
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

NN

Combine the above two commutative diagrams and we have the
third commutative diagram above for alE 1.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

NN

Combine the above two commutative diagrams and we have the
third commutative diagram above for al€ 1. In other words,
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

Q—>P P">Q Q—>P">Q
SN

Combine the above two commutative diagrams and we have the
third commutative diagram above for al€ /. In other words,
we have the fourth commutative diagram above
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

gmiOf;P P—-Q P—">Q Q0
NIV NN

Combine the above two commutative diagrams and we have the
third commutative diagram above for al€ /. In other words,
we have the fourth commutative diagram above
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

gmiOf;P P—-Q P—">Q Q0
NIV NN

Combine the above two commutative diagrams and we have the
third commutative diagram above for al€ 1. In other words,
we have the fourth commutative diagram above foi al/.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

gmiOf;P P—-Q P—">Q Q0
NIV NN

Combine the above two commutative diagrams and we have the
third commutative diagram above for al€ 1. In other words,

we have the fourth commutative diagram above foi @l/. On

the other hand,
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

gmiOf;P P—-Q P—">Q Q0
NIV NN

Combine the above two commutative diagrams and we have the
third commutative diagram above for al€ 1. In other words,

we have the fourth commutative diagram above foi @l/. On

the other hand, it is clear that we have the fifth commutative

diagram above.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

NV RENZEN N

Combine the above two commutative diagrams and we have the
third commutative diagram above for al€ 1. In other words,

we have the fourth commutative diagram above foi @l/. On

the other hand, it is clear that we have the fifth commutative

diagram above.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P,{m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

NV RENZEN N

Combine the above two commutative diagrams and we have the
third commutative diagram above for al€ 1. In other words,

we have the fourth commutative diagram above foi @l/. On

the other hand, it is clear that we have the fifth commutative
diagram above. By the uniqueness of the morphigm: () that
makes the diagram commute,
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P,{m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

NV RENZEN N

Combine the above two commutative diagrams and we have the
third commutative diagram above for al€ 1. In other words,

we have the fourth commutative diagram above foi @l/. On

the other hand, it is clear that we have the fifth commutative
diagram above. By the uniqueness of the morphigm: () that
makes the diagram commute, we havey = 1.

Modern Alaoebral = p. 18/31



Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P,{m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o ¢ = 1Q
Y oy

NV RENZEN N

Combine the above two commutative diagrams and we have the
third commutative diagram above for al€ 1. In other words,

we have the fourth commutative diagram above foi @l/. On

the other hand, it is clear that we have the fifth commutative
diagram above. By the uniqueness of the morphigm: () that
makes the diagram commute, we havey = 1.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o ¢ = 1

PV NSNS N

With a similar discussion,
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o ¢ = 1

PV NSNS N

With a similar discussion, we will get o 7 = 1p.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o ¢ = 1

PV NSNS N

More precisely,
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o ¢ = 1

PV NSNS N

More precisely, combine these commutative diagrams,
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o ¢ = 1

PV NSNS N

P—"-Q QLP

NN

A; A,

More precisely, combine these commutative diagrams,

Modern Alaoebral = p. 18/31



Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o ¢ = 1

PV NSNS N

P—"-Q QLP

NN

A; A,

More precisely, combine these commutative diagrams, theen w
get this commutative diagram,
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o ¢ = 1
Y

PV NSNS N

P—"-Q QLPP”T‘b

NN

A; A,

More precisely, combine these commutative diagrams, theen w
get this commutative diagram,

P
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o ¢ = 1
Y

PV NSNS N

P—"-Q QLPP”T‘b

NN

A; A,

More precisely, combine these commutative diagrams, theen w
get this commutative diagram, and so this commutative dragr

P
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o ¢ = 1
Y

PV NSNS N

P—"-Q Q—>¢P P”Q‘”PP—W”P

N N N )

A,

More precisely, combine these commutative dlagrams, theen w
get this commutative diagram, and so this commutative dragr
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o ¢ = 1
Y

PV NSNS N

P—"-Q Q—>¢P P”Q‘”PP—W”P

N N N )

A,

Again, it is clear that we have the commutative dlagram,
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o ¢ = 1
Y

PV NSNS N

P—"-Q QLP P—-Q-—Y.p Pﬂp p_lr.p

RN N N R AN

A,

Again, it is clear that we have the commutative dlagram,
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o lb = 1g

QpPP Y iy mwQQlQ

NIV N AN N

A,
P—"-Q QLP p—T Y.p Pﬂp p_lr.p

NN ZEN N

A,

.

Again, it is clear that we have the commutative dlagram, a}nd b
the uniqueness of the morphisth— P that makes the diagram
commute,
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o lb = 1g

QpPP Y iy mwQQlQ

NIV N AN N

A,
P—"-Q QLP p—T Y.p Pﬂp p_lr.p

NN ZEN N

A,

.

Again, it is clear that we have the commutative dlagram, a}nd b
the uniqueness of the morphisth— P that makes the diagram
commute, we have o ™ = 1p.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver o 1) = 1g andw om = 1p.

PV NSNS N

P—-Q Q-Ysp pP_T Y.p Pﬂp p_lr.p

NN ZEN N

A,

Again, it is clear that we have the commutative dlagram, a}nd b
the uniqueness of the morphisth— P that makes the diagram
commute, we have o ™ = 1p.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof. We haver oy = 1g andy o = 1p.

NESFNES NN
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Hence,P and() are equwalent .
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Reversing the Arrows

Since abstract categories involve only objects and monph(®10
elements), every statement about them has a dual statement,
obtained by reversing all the arrows (morphisms) in theioailg
statement. For example, the dual of Definition (7.2) is
Definition (7.4).
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Definition (7.2). LetC be a category and Idt4; | i € I} be a
family of objects ofC. A productfor the family{A; | i € I}is
an objectP’ of C together with a family of morphisms

{m;: P — A; | i € I} such that for any objedB and family of
morphisms{y; : B — A; | i € I} inC, there is a unique
morphismy : B — P such thatr; o o = ; forallz € 1.
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Definition (7.4). LetC be a category and I€t4d; |: € [} be a
family of objects ofC. A coproductfor the family{A; | i € I} is
an objectS of C together with a family of morphisms

{1, : A; — S | 1 € I} such thator any objectB and family of
morphisms{y; : A; — B |i € I}inC, there is a unique
morphismy : S — B suchthatpo; = ; forall: € 1.

In other words, for any objed® and family of morphisms
{v;: A; — B |iel}inC, there exists a unique morphism
w:S5 — DB
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Coproducts in a Category

Definition (7.4). LetC be a category and I€t4d; |: € [} be a
family of objects ofC. A coproductfor the family{A; | i € I} is
an objectS of C together with a family of morphisms

{1, : A; — S | 1 € I} such thator any objectB and family of
morphisms{y; : A; — B |i € I}inC, there is a unique
morphismy : S — B suchthatpo; = ; forall: € 1.

In other words, for any objed® and family of morphisms
{p;i: Ay = B|i1€1}inC, there exists a uniqgue morphism
¢ : S — B such that the diagram

B<~_8

N

A

commutes for alt € 1.
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Reversing the Arrows

We have shown the following theorem for products.

Theorem (7.3). Let{A; | i € I} be a family of objects of a
categoryC. Supposé P, {~;}) and(Q, {v;}) are both products
of the family{A; | = € I}. ThenP and() are equivalent i

By reversing the arrows in the proof, we can show the
following theorem for coproducts.

Theorem (7.5). Let{A; | i € I} be a family of objects of a
categoryC. Supposés,{.;})and(T,{\;}) are both coproducts
of the family{A; |« € I}. ThenS andT are equivalent irt.

This Is a very good practice. Please follow the proof of
Theorem (7.3) and give a proof of Theorem (7.5).

Modern Aloebral = p. 21/31



Concrete Categories

Definition (7.6). A concrete category

Modern Alaoebral = p. 22/31



Concrete Categories

Definition (7.6). A concrete categong a category together
with a functioneo

Modern Alaoebral = p. 22/31



Concrete Categories

Definition (7.6). A concrete categong a category together
with a functions that assigns to each objedtof C a seto(A),

Modern Alaoebral = p. 22/31



Concrete Categories

Definition (7.6). A concrete categong a category together
with a functions that assigns to each objedtof C a seto(A),
called theunderlying set of4,

Modern Alaoebral = p. 22/31



Concrete Categories

Definition (7.6). A concrete categong a category together
with a functions that assigns to each objedtof C a seto(A),
called theunderlying set of4, in such a way that:

Modern Alaoebral = p. 22/31



Concrete Categories

Definition (7.6). A concrete categong a category together
with a functions that assigns to each objedtof C a seto(A),
called theunderlying set of4, in such a way that:

() every morphismA — B of C is a function on the
underlying setg(A) — o(B);

Modern Alaoebral = p. 22/31



Concrete Categories

Definition (7.6). A concrete categong a category together
with a functions that assigns to each objedtof C a seto(A),
called theunderlying set of4, in such a way that:

() every morphismA — B of C is a function on the
underlying setg(A) — o(B);

(1) the identity morphism of each object of C is the identity
function on the underlying set( A);

Modern Alaoebral = p. 22/31



Concrete Categories

Definition (7.6). A concrete categong a category together
with a functiono that assigns to each objedtof C a seto(A),
called theunderlying set of4, in such a way that:

() every morphismA — B of C is a function on the
underlying setg(A) — o(B);

(1) the identity morphism of each object of C is the identity
function on the underlying set( A);

(i) composition of morphisms i@ agrees with composition of
functions on the underlying sets.
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Examples

Example. The categories, G, A, and?7 are all concrete
categories.

Remark. Since in virtually every concrete category we are
Interested in, the functiom assigns to an object its underlying
set in the usual sense, we shall denote both the object and its
underlying set by the same symbol and omit any explicit
reference t@.
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Definition (7.7). Let F' be an object in a concrete categahylet
X be anonempty set, and let X — F be a map (of setsk'is
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sets)f : X — A, there exists a unique morphisfm F — A of
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Remark. The essential fact about a free objécis thatin order
to define a morphism with domain F, it suffices to specify
the image of the subset +(X).
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Free Objects

Definition (7.7). Let F' be an object in a concrete categahylet
X be anonempty set, and let X — F be a map (of setsk'is
said to beree on the seX if for any objectA of C and map (of
sets)f : X — A, there exists a unique morphisfm F — A of
C, such thatfi = f (as a map of set¥ — A), i.e.,

[y

7

X

Remark. The essential fact about a free objécis thatin order
to define a morphism with domain F, it suffices to specify
the image of the subset :(X). Does this sound familiar?
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A Familiar Result

Remark. Let)V be the category of vector spaces oierNote
that a morphism’ of V, I.e., a linear transformation of vector
spaces, Is an equivalence if and onl{/'ifs an isomorphism.

On the other hand, we also learned in linear algebra thatif tw
vector spaces have the same dimensions, i.e., their bagetiea
same cardinality, then these two vector spaces are isomeorph
l.e., they are equivalent in the categdtyWe have a similar
theorem for free objects.
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thenF andF’ are equivalent.

Proof.
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