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Today, we will continue the section

Section I.7:Categories: Products, Coproducts, and
Free Objects
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Categories
Definition (7.1). A categoryis a classC of objects (denoted
A,B,C, . . .)
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f //
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B
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g //
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D

δ
��

E
h // F

Note that g ◦ α = β ◦ f andh ◦ γ = δ ◦ g.
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and(α, β) ∈ hom(f, g) and(γ, δ) ∈ hom(g, h). In other words,
we have the following commutative diagrams:

A
f //

α

��

B

β

��
C

g //

γ

��

D

δ
��

E
h // F

Note that g ◦ α = β ◦ f andh ◦ γ = δ ◦ g.

We haveh ◦ (γ ◦ α) = (h ◦ γ) ◦ α

= (δ ◦ g) ◦ α = δ ◦ (g ◦ α)

= δ ◦ (β ◦ f) = (δ ◦ β) ◦ f.

We need to check the diagram below is commutative,

A
f //

γ◦α

��

B

δ◦β

��
E

h // F

i.e., h ◦ (γ ◦ α) = (δ ◦ β) ◦ f.
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Subject to the Two Axioms
Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β),
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Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD,
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Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A→ B of C,
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Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A→ B of C,
1f = (1A, 1B) is the identity morphism,where1A and1B are
the identity morphisms for the objectsA andB in C,
respectively;
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Subject to the Two Axioms
Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A→ B of C,
1f = (1A, 1B) is the identity morphism, where1A and1B are
the identity morphisms for the objectsA andB in C,
respectively;

• if (α, β) : f → g, (γ, δ) : g → h, and(ε, ρ) : h→ k are three
morphisms ofD,
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Subject to the Two Axioms
Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A→ B of C,
1f = (1A, 1B) is the identity morphism, where1A and1B are
the identity morphisms for the objectsA andB in C,
respectively;

• if (α, β) : f → g, (γ, δ) : g → h, and(ε, ρ) : h→ k are three
morphisms ofD, then
(

(ε, ρ) ◦ (γ, δ)
)

◦ (α, β)
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Subject to the Two Axioms
Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A→ B of C,
1f = (1A, 1B) is the identity morphism, where1A and1B are
the identity morphisms for the objectsA andB in C,
respectively;

• if (α, β) : f → g, (γ, δ) : g → h, and(ε, ρ) : h→ k are three
morphisms ofD, then
(

(ε, ρ) ◦ (γ, δ)
)

◦ (α, β) = (ε ◦ γ, ρ ◦ δ) ◦ (α, β)
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Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A→ B of C,
1f = (1A, 1B) is the identity morphism, where1A and1B are
the identity morphisms for the objectsA andB in C,
respectively;

• if (α, β) : f → g, (γ, δ) : g → h, and(ε, ρ) : h→ k are three
morphisms ofD, then
(

(ε, ρ) ◦ (γ, δ)
)

◦ (α, β) = (ε ◦ γ, ρ ◦ δ) ◦ (α, β)

=
(

(ε ◦ γ) ◦ α, (ρ ◦ δ) ◦ β
)

Modern Algebra I – p. 9/31



Subject to the Two Axioms
Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A→ B of C,
1f = (1A, 1B) is the identity morphism, where1A and1B are
the identity morphisms for the objectsA andB in C,
respectively;

• if (α, β) : f → g, (γ, δ) : g → h, and(ε, ρ) : h→ k are three
morphisms ofD, then
(

(ε, ρ) ◦ (γ, δ)
)

◦ (α, β) = (ε ◦ γ, ρ ◦ δ) ◦ (α, β)

=
(

(ε ◦ γ) ◦ α, (ρ ◦ δ) ◦ β
)

=
(

ε ◦ (γ ◦ α), ρ ◦ (δ ◦ β)
)

Modern Algebra I – p. 9/31



Subject to the Two Axioms
Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A→ B of C,
1f = (1A, 1B) is the identity morphism, where1A and1B are
the identity morphisms for the objectsA andB in C,
respectively;

• if (α, β) : f → g, (γ, δ) : g → h, and(ε, ρ) : h→ k are three
morphisms ofD, then
(

(ε, ρ) ◦ (γ, δ)
)

◦ (α, β) = (ε ◦ γ, ρ ◦ δ) ◦ (α, β)

=
(

(ε ◦ γ) ◦ α, (ρ ◦ δ) ◦ β
)

=
(

ε ◦ (γ ◦ α), ρ ◦ (δ ◦ β)
)

= (ε, ρ) ◦ (γ ◦ α, δ ◦ β)

Modern Algebra I – p. 9/31
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Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A→ B of C,
1f = (1A, 1B) is the identity morphism, where1A and1B are
the identity morphisms for the objectsA andB in C,
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Subject to the Two Axioms
Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A→ B of C,
1f = (1A, 1B) is the identity morphism, where1A and1B are
the identity morphisms for the objectsA andB in C,
respectively;

• if (α, β) : f → g, (γ, δ) : g → h, and(ε, ρ) : h→ k are three
morphisms ofD, then
(
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)

;

• a morphism(α, β) of D is an equivalence
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Subject to the Two Axioms
Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A→ B of C,
1f = (1A, 1B) is the identity morphism, where1A and1B are
the identity morphisms for the objectsA andB in C,
respectively;

• if (α, β) : f → g, (γ, δ) : g → h, and(ε, ρ) : h→ k are three
morphisms ofD, then
(

(ε, ρ) ◦ (γ, δ)
)

◦ (α, β) = (ε ◦ γ, ρ ◦ δ) ◦ (α, β)

=
(

(ε ◦ γ) ◦ α, (ρ ◦ δ) ◦ β
)

=
(

ε ◦ (γ ◦ α), ρ ◦ (δ ◦ β)
)

= (ε, ρ) ◦ (γ ◦ α, δ ◦ β) = (ε, ρ) ◦
(

(γ, δ) ◦ (α, β)
)

;

• a morphism(α, β) of D is an equivalence if and only ifα and
β are both equivalence ofC.
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Cartesian Product of Two Sets
LetA1 andA2 be two sets
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Cartesian Product of Two Sets
LetA1 andA2 be two sets and consider the Cartesian product
A1 × A2 of A1, A2.

• An element ofA1 ×A2 is a pair(a1, a2) with ai ∈ Ai,
i = 1, 2.
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LetA1 andA2 be two sets and consider the Cartesian product
A1 × A2 of A1, A2.

• An element ofA1 ×A2 is a pair(a1, a2) with ai ∈ Ai,
i = 1, 2. Note that the pair(a1, a2) determines a function
f : {1, 2} → A1 ∪ A2 which is defined byf(1) = a1 and
f(2) = a2.
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LetA1 andA2 be two sets and consider the Cartesian product
A1 × A2 of A1, A2.

• An element ofA1 ×A2 is a pair(a1, a2) with ai ∈ Ai,
i = 1, 2. Note that the pair(a1, a2) determines a function
f : {1, 2} → A1 ∪ A2 which is defined byf(1) = a1 and
f(2) = a2.

• Conversely, every functionf : {1, 2} → A1 ∪ A2, with the
property thatf(1) ∈ A1 andf(2) ∈ A2,
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LetA1 andA2 be two sets and consider the Cartesian product
A1 × A2 of A1, A2.

• An element ofA1 ×A2 is a pair(a1, a2) with ai ∈ Ai,
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f : {1, 2} → A1 ∪ A2 which is defined byf(1) = a1 and
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A1 × A2 of A1, A2.

• An element ofA1 ×A2 is a pair(a1, a2) with ai ∈ Ai,
i = 1, 2. Note that the pair(a1, a2) determines a function
f : {1, 2} → A1 ∪ A2 which is defined byf(1) = a1 and
f(2) = a2.

• Conversely, every functionf : {1, 2} → A1 ∪ A2, with the
property thatf(1) ∈ A1 andf(2) ∈ A2, determines an
element(a1, a2) = (f(1), f(2)) of A1 × A2.

Therefore, every element of the Cartesian productA1 × A2 can
be thought as a functionf : {1, 2} → A1 ∪ A2
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Cartesian Product of Two Sets
LetA1 andA2 be two sets and consider the Cartesian product
A1 × A2 of A1, A2.

• An element ofA1 ×A2 is a pair(a1, a2) with ai ∈ Ai,
i = 1, 2. Note that the pair(a1, a2) determines a function
f : {1, 2} → A1 ∪ A2 which is defined byf(1) = a1 and
f(2) = a2.

• Conversely, every functionf : {1, 2} → A1 ∪ A2, with the
property thatf(1) ∈ A1 andf(2) ∈ A2, determines an
element(a1, a2) = (f(1), f(2)) of A1 × A2.

Therefore, every element of the Cartesian productA1 × A2 can
be thought as a functionf : {1, 2} → A1 ∪ A2 with the property
thatf(i) ∈ Ai, for i = 1, 2.
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Cartesian Product of Two Sets
LetA1 andA2 be two sets and consider the Cartesian product
A1 × A2 of A1, A2.

• An element ofA1 ×A2 is a pair(a1, a2) with ai ∈ Ai,
i = 1, 2. Note that the pair(a1, a2) determines a function
f : {1, 2} → A1 ∪ A2 which is defined byf(1) = a1 and
f(2) = a2.

• Conversely, every functionf : {1, 2} → A1 ∪ A2, with the
property thatf(1) ∈ A1 andf(2) ∈ A2, determines an
element(a1, a2) = (f(1), f(2)) of A1 × A2.

Therefore, every element of the Cartesian productA1 × A2 can
be thought as a functionf : {1, 2} → A1 ∪ A2 with the property
thatf(i) ∈ Ai, for i = 1, 2. This is how we are going to
generalize the notion of Cartesian product.
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Cartesian Product
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Cartesian Product
Definition (Introduction, 5.1). Let {Ai | i ∈ I} be a family of
sets indexed by a nonempty setI.
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LetA andB be two sets. A functionf : A→ B is defined as a
subsetf of A×B with the property that

∀a ∈ A, ∃! b ∈ B such that(a, b) ∈ f .

• If A = ∅, A× B = ∅ and sof = ∅ is the only subset of
A× B, sof = ∅ is the only candidate for a function fromA
toB. Moreover, since the property above is vacuous for
A = ∅, f = ∅ is indeed a function fromA = ∅ toB and is
the unique one.

• If A 6= ∅ andB = ∅, A× B = ∅ and similar as the above
case,f = ∅ is again the only candidate for a function fromA
toB. However, sinceA 6= ∅ butB = ∅, the property above
can never hold. Therefore, there is no function fromA toB if
A is non-empty andB is empty.
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Theorem (Introduction, 5.2)
Let {Ai | i ∈ I} be a family of (nonempty) sets indexed by a
nonempty setI.
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LetC be a set and let{ϕi : C → Ai | i ∈ I} be a family of maps.

Uniqueness: Supposeψ : C →
∏

i∈I Ai is a function such that
πiψ = ϕi for all i ∈ I. We want to showψ = ϕ, i.e.,∀c ∈ C,
ψ(c) = ϕ(c) in

∏

i∈I Ai, i.e.,
(

ψ(c)
)

(i) =
(

ϕ(c)
)

(i) for all i ∈ I.
However,

(

ψ(c)
)

(i) = πiψ(c) = ϕi(c) = πiϕ(c) =
(

ϕ(c)
)

(i).
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Proof of Theorem (5.2)
We first claim that the Cartesian product

∏

i∈I Ai together
with the family of canonical projections
{πi :

∏

i∈I Ai → Ai | i ∈ I} satisfies the property: for any set
C and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C →

∏

i∈I Ai such that πiϕ = ϕi for all i ∈ I.

LetC be a set and let{ϕi : C → Ai | i ∈ I} be a family of maps.

Uniqueness: Supposeψ : C →
∏

i∈I Ai is a function such that
πiψ = ϕi for all i ∈ I. We want to showψ = ϕ, i.e.,∀c ∈ C,
ψ(c) = ϕ(c) in

∏

i∈I Ai, i.e.,
(

ψ(c)
)

(i) =
(

ϕ(c)
)

(i) for all i ∈ I.
However,

(

ψ(c)
)

(i) = πiψ(c) = ϕi(c) = πiϕ(c) =
(

ϕ(c)
)

(i).

This completes this part of proof.
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Unique up to Bijections
SupposeD is a set
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I}
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I},
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

C

ϕi

OO
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

C

ϕi

OO

∃! ϕ

__>>>>>>>>
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

C

ϕi

OO

∃! ϕ

__>>>>>>>>

We have shown
∏

i∈I Ai
πi //Ai

C

ϕi

OO
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

C

ϕi

OO

∃! ϕ

__>>>>>>>>

We have shown
∏

i∈I Ai
πi //Ai

C

ϕi

OO

∃! ψ

ccHHHHHHHHHH
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

C

ϕi

OO

∃! ϕ

__>>>>>>>>

We have shown
∏

i∈I Ai
πi //Ai

C

ϕi

OO

∃! ψ

ccHHHHHHHHHH

Hence, we have D
ρi //Ai

∏

i∈I Ai

πi

OO
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

C

ϕi

OO

∃! ϕ

__>>>>>>>>

We have shown
∏

i∈I Ai
πi //Ai

C

ϕi

OO

∃! ψ

ccHHHHHHHHHH

Hence, we have D
ρi //Ai

∏

i∈I Ai

πi

OO

∃! ϕ

ccGGGGGGGGG
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

C

ϕi

OO

∃! ϕ

__>>>>>>>>

We have shown
∏

i∈I Ai
πi //Ai

C

ϕi

OO

∃! ψ

ccHHHHHHHHHH

Hence, we have D
ρi //Ai

∏

i∈I Ai

πi

OO

∃! ϕ

ccGGGGGGGGG
πi //Ai

D

ρi

OO
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

C

ϕi

OO

∃! ϕ

__>>>>>>>>

We have shown
∏

i∈I Ai
πi //Ai

C

ϕi

OO

∃! ψ

ccHHHHHHHHHH

Hence, we have D
ρi //Ai

∏

i∈I Ai

πi

OO

∃! ϕ

ccGGGGGGGGG
πi //Ai

D

ρi

OO

∃! ψ

ccHHHHHHHHH

Modern Algebra I – p. 16/31



Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

Because we haveρi(ϕψ)
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

Because we haveρi(ϕψ) = (ρiϕ)ψ
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

Because we haveρi(ϕψ) = (ρiϕ)ψ = πiψ
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

Because we haveρi(ϕψ) = (ρiϕ)ψ = πiψ = ρi,
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

Because we haveρi(ϕψ) = (ρiϕ)ψ = πiψ = ρi, we have the
commutative diagram
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

D
ρi //Ai

D
ϕψ

__>>>>>>>>
ρi

OO

Because we haveρi(ϕψ) = (ρiϕ)ψ = πiψ = ρi, we have the
commutative diagram
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

D
ρi //Ai

D
ϕψ

__>>>>>>>>
ρi

OO

Because we haveρi(ϕψ) = (ρiϕ)ψ = πiψ = ρi, we have the
commutative diagram
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

D
ρi //Ai

D
ϕψ

__>>>>>>>>
ρi

OO

However, we also have the commutative diagram
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

D
ρi //Ai

D
ϕψ

__>>>>>>>>
ρi

OO D
ρi //Ai

D

1D

__>>>>>>>>
ρi

OO

However, we also have the commutative diagram
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

D
ρi //Ai

D
ϕψ

__>>>>>>>>
ρi

OO D
ρi //Ai

D

1D

__>>>>>>>>
ρi

OO

However, we also have the commutative diagram
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

D
ρi //Ai

D
ϕψ

__>>>>>>>>
ρi

OO D
ρi //Ai

D

1D

__>>>>>>>>
ρi

OO

By the uniqueness,
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

D
ρi //Ai

D
ϕψ

__>>>>>>>>
ρi

OO D
ρi //Ai

D

1D

__>>>>>>>>
ρi

OO

By the uniqueness,ϕψ = 1D.
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

D
ρi //Ai

D
ϕψ

__>>>>>>>>
ρi

OO D
ρi //Ai

D

1D

__>>>>>>>>
ρi

OO

By the uniqueness,ϕψ = 1D. Symmetrically, we can show
ψϕ = 1∏

i∈I Ai
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

D
ρi //Ai

D
ϕψ

__>>>>>>>>
ρi

OO D
ρi //Ai

D

1D

__>>>>>>>>
ρi

OO

By the uniqueness,ϕψ = 1D. Symmetrically, we can show
ψϕ = 1∏

i∈I Ai
and soψ : D →

∏

i∈I Ai is a bijection.
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Unique up to Bijections
SupposeD is a set together with a family of maps
{ρi : D → Ai | i ∈ I} that satisfies the property:for any set C
and family of maps {ϕi : C → Ai | i ∈ I}, there exists a
unique map ϕ : C → D such that ρiϕ = ϕi for all i ∈ I.

D
ρi //Ai

∏

i∈I Ai

∃! ϕ

ccGGGGGGGGG
πi

OO

πi //Ai

D
∃! ψ

ccHHHHHHHHH

ρi

OO

D
ρi //Ai

D
ϕψ

__>>>>>>>>
ρi

OO D
ρi //Ai

D

1D

__>>>>>>>>
ρi

OO

By the uniqueness,ϕψ = 1D. Symmetrically, we can show
ψϕ = 1∏

i∈I Ai
and soψ : D →

∏

i∈I Ai is a bijection. This
completes our proof.
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Products in a Category
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Products in a Category
Definition (7.2). Let C be a category
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Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC.
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Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I}
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Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C
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Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I}
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Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB
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Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C,
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Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P
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Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.
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Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

Example. Let {Ai | i ∈ I} be a family of sets.
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Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

Example. Let {Ai | i ∈ I} be a family of sets. We have shown
that
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Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

Example. Let {Ai | i ∈ I} be a family of sets. We have shown
thatthe Cartesian product

∏

i∈I Ai
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Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

Example. Let {Ai | i ∈ I} be a family of sets. We have shown
thatthe Cartesian product

∏

i∈I Ai together with the family
of canonical projections {πi :

∏

i∈I Ai → Ai | i ∈ I}
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Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

Example. Let {Ai | i ∈ I} be a family of sets. We have shown
thatthe Cartesian product

∏

i∈I Ai together with the family
of canonical projections {πi :

∏

i∈I Ai → Ai | i ∈ I} satisfies
the property:

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

Example. Let {Ai | i ∈ I} be a family of sets. We have shown
thatthe Cartesian product

∏

i∈I Ai together with the family
of canonical projections {πi :

∏

i∈I Ai → Ai | i ∈ I} satisfies
the property: for any set C

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

Example. Let {Ai | i ∈ I} be a family of sets. We have shown
thatthe Cartesian product

∏

i∈I Ai together with the family
of canonical projections {πi :

∏

i∈I Ai → Ai | i ∈ I} satisfies
the property: for any set C and family of maps
{ϕi : C → Ai | i ∈ I},

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

Example. Let {Ai | i ∈ I} be a family of sets. We have shown
thatthe Cartesian product

∏

i∈I Ai together with the family
of canonical projections {πi :

∏

i∈I Ai → Ai | i ∈ I} satisfies
the property: for any set C and family of maps
{ϕi : C → Ai | i ∈ I}, there exists a unique map
ϕ : C →

∏

i∈I Ai

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

Example. Let {Ai | i ∈ I} be a family of sets. We have shown
thatthe Cartesian product

∏

i∈I Ai together with the family
of canonical projections {πi :

∏

i∈I Ai → Ai | i ∈ I} satisfies
the property: for any set C and family of maps
{ϕi : C → Ai | i ∈ I}, there exists a unique map
ϕ : C →

∏

i∈I Ai such that πiϕ = ϕi for all i ∈ I.

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

Example. Let {Ai | i ∈ I} be a family of sets. Hence, the
Cartesian product

∏

i∈I Ai

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

Example. Let {Ai | i ∈ I} be a family of sets. Hence, the
Cartesian product

∏

i∈I Ai together with the canonical
projections{πi :

∏

i∈I Ai → Ai | i ∈ I}

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

Example. Let {Ai | i ∈ I} be a family of sets. Hence, the
Cartesian product

∏

i∈I Ai together with the canonical
projections{πi :

∏

i∈I Ai → Ai | i ∈ I} is a product for the
family {Ai | i ∈ I}

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

Example. Let {Ai | i ∈ I} be a family of sets. Hence, the
Cartesian product

∏

i∈I Ai together with the canonical
projections{πi :

∏

i∈I Ai → Ai | i ∈ I} is a product for the
family {Ai | i ∈ I} in the categoryS of sets.

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

In other words,

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

In other words, for any objectB and family of morphisms
{ϕi : B → Ai | i ∈ I} in C,

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

In other words, for any objectB and family of morphisms
{ϕi : B → Ai | i ∈ I} in C, there exists a unique morphism
ϕ : B → P

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

In other words, for any objectB and family of morphisms
{ϕi : B → Ai | i ∈ I} in C, there exists a unique morphism
ϕ : B → P such that the diagram

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

In other words, for any objectB and family of morphisms
{ϕi : B → Ai | i ∈ I} in C, there exists a unique morphism
ϕ : B → P such that the diagram

B

ϕi ��>
>>

>>
>>

ϕ //P

πi

��
Ai

Modern Algebra I – p. 17/31



Products in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.

In other words, for any objectB and family of morphisms
{ϕi : B → Ai | i ∈ I} in C, there exists a unique morphism
ϕ : B → P such that the diagram

B

ϕi ��>
>>

>>
>>

ϕ //P

πi

��
Ai

commutes for alli ∈ I.
Modern Algebra I – p. 17/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC.

Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}.

Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.

Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.
Proof. We haveπ ◦ ψ = 1Q andψ ◦ π = 1P .

Q
ψ //

ψi ��>
>>

>>
>>

> P

πi

��
Ai

P
π //

πi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
ψ //

ψi ��>
>>

>>
>>

> P
π //

πi

��

Q

ψi����
��

��
��

Ai

Q
π◦ψ //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
1Q //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.
Proof. We haveπ ◦ ψ = 1Q andψ ◦ π = 1P .

Q
ψ //

ψi ��>
>>

>>
>>

> P

πi

��
Ai

P
π //

πi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
ψ //

ψi ��>
>>

>>
>>

> P
π //

πi

��

Q

ψi����
��

��
��

Ai

Q
π◦ψ //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
1Q //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Since(P, {πi}) is a product of the family{Ai | i ∈ I},

Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.
Proof. We haveπ ◦ ψ = 1Q andψ ◦ π = 1P .

Q
ψ //

ψi ��>
>>

>>
>>

> P

πi

��
Ai

P
π //

πi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
ψ //

ψi ��>
>>

>>
>>

> P
π //

πi

��

Q

ψi����
��

��
��

Ai

Q
π◦ψ //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
1Q //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Since(P, {πi}) is a product of the family{Ai | i ∈ I}, for the
objectQ

Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.
Proof. We haveπ ◦ ψ = 1Q andψ ◦ π = 1P .

Q
ψ //

ψi ��>
>>

>>
>>

> P

πi

��
Ai

P
π //

πi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
ψ //

ψi ��>
>>

>>
>>

> P
π //

πi

��

Q

ψi����
��

��
��

Ai

Q
π◦ψ //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
1Q //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Since(P, {πi}) is a product of the family{Ai | i ∈ I}, for the
objectQ and the family of morphisms{ψi : Q→ Ai | i ∈ I},

Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.
Proof. We haveπ ◦ ψ = 1Q andψ ◦ π = 1P .

Q
ψ //

ψi ��>
>>

>>
>>

> P

πi

��
Ai

P
π //

πi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
ψ //

ψi ��>
>>

>>
>>

> P
π //

πi

��

Q

ψi����
��

��
��

Ai

Q
π◦ψ //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
1Q //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Since(P, {πi}) is a product of the family{Ai | i ∈ I}, for the
objectQ and the family of morphisms{ψi : Q→ Ai | i ∈ I},
there exists a morphismψ : Q→ P

Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.
Proof. We haveπ ◦ ψ = 1Q andψ ◦ π = 1P .

Q
ψ //

ψi ��>
>>

>>
>>

> P

πi

��
Ai

P
π //

πi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
ψ //

ψi ��>
>>

>>
>>

> P
π //

πi

��

Q

ψi����
��

��
��

Ai

Q
π◦ψ //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
1Q //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Since(P, {πi}) is a product of the family{Ai | i ∈ I}, for the
objectQ and the family of morphisms{ψi : Q→ Ai | i ∈ I},
there exists a morphismψ : Q→ P such that the above diagram

Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.
Proof. We haveπ ◦ ψ = 1Q andψ ◦ π = 1P .

Q
ψ //

ψi ��>
>>

>>
>>

> P

πi

��
Ai

P
π //

πi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
ψ //

ψi ��>
>>

>>
>>

> P
π //

πi

��

Q

ψi����
��

��
��

Ai

Q
π◦ψ //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
1Q //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Since(P, {πi}) is a product of the family{Ai | i ∈ I}, for the
objectQ and the family of morphisms{ψi : Q→ Ai | i ∈ I},
there exists a morphismψ : Q→ P such that the above diagram

Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.
Proof. We haveπ ◦ ψ = 1Q andψ ◦ π = 1P .

Q
ψ //

ψi ��>
>>

>>
>>

> P

πi

��
Ai

P
π //

πi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
ψ //

ψi ��>
>>

>>
>>

> P
π //

πi

��

Q

ψi����
��

��
��

Ai

Q
π◦ψ //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
1Q //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Since(P, {πi}) is a product of the family{Ai | i ∈ I}, for the
objectQ and the family of morphisms{ψi : Q→ Ai | i ∈ I},
there exists a morphismψ : Q→ P such that the above diagram
commutes for alli ∈ I.

Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.
Proof. We haveπ ◦ ψ = 1Q andψ ◦ π = 1P .

Q
ψ //

ψi ��>
>>

>>
>>

> P

πi

��
Ai

P
π //

πi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
ψ //

ψi ��>
>>

>>
>>

> P
π //

πi

��

Q

ψi����
��

��
��

Ai

Q
π◦ψ //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
1Q //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Since(P, {πi}) is a product of the family{Ai | i ∈ I}, for the
objectQ and the family of morphisms{ψi : Q→ Ai | i ∈ I},
there exists a morphismψ : Q→ P such that the above diagram
commutes for alli ∈ I. Similarly, since(Q, {ψi}) is also a
product of{Ai | i ∈ I},

Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.
Proof. We haveπ ◦ ψ = 1Q andψ ◦ π = 1P .

Q
ψ //

ψi ��>
>>

>>
>>

> P

πi

��
Ai

P
π //

πi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
ψ //

ψi ��>
>>

>>
>>

> P
π //

πi

��

Q

ψi����
��

��
��

Ai

Q
π◦ψ //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
1Q //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Since(P, {πi}) is a product of the family{Ai | i ∈ I}, for the
objectQ and the family of morphisms{ψi : Q→ Ai | i ∈ I},
there exists a morphismψ : Q→ P such that the above diagram
commutes for alli ∈ I. Similarly, since(Q, {ψi}) is also a
product of{Ai | i ∈ I}, there exists a morphismπ : P → Q

Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.
Proof. We haveπ ◦ ψ = 1Q andψ ◦ π = 1P .

Q
ψ //

ψi ��>
>>

>>
>>

> P

πi

��
Ai

P
π //

πi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
ψ //

ψi ��>
>>

>>
>>

> P
π //

πi

��

Q

ψi����
��

��
��

Ai

Q
π◦ψ //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
1Q //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Since(P, {πi}) is a product of the family{Ai | i ∈ I}, for the
objectQ and the family of morphisms{ψi : Q→ Ai | i ∈ I},
there exists a morphismψ : Q→ P such that the above diagram
commutes for alli ∈ I. Similarly, since(Q, {ψi}) is also a
product of{Ai | i ∈ I}, there exists a morphismπ : P → Q

such that the second diagram above
Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.
Proof. We haveπ ◦ ψ = 1Q andψ ◦ π = 1P .

Q
ψ //

ψi ��>
>>

>>
>>

> P

πi

��
Ai

P
π //

πi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
ψ //

ψi ��>
>>

>>
>>

> P
π //

πi

��

Q

ψi����
��

��
��

Ai

Q
π◦ψ //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
1Q //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Since(P, {πi}) is a product of the family{Ai | i ∈ I}, for the
objectQ and the family of morphisms{ψi : Q→ Ai | i ∈ I},
there exists a morphismψ : Q→ P such that the above diagram
commutes for alli ∈ I. Similarly, since(Q, {ψi}) is also a
product of{Ai | i ∈ I}, there exists a morphismπ : P → Q

such that the second diagram above
Modern Algebra I – p. 18/31



Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC. Suppose
(P, {πi}) and(Q, {ψi}) are both products of the family
{Ai | i ∈ I}. ThenP andQ are equivalent inC.
Proof. We haveπ ◦ ψ = 1Q andψ ◦ π = 1P .

Q
ψ //

ψi ��>
>>

>>
>>

> P

πi

��
Ai

P
π //

πi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
ψ //

ψi ��>
>>

>>
>>

> P
π //

πi

��

Q

ψi����
��

��
��

Ai

Q
π◦ψ //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Q
1Q //

ψi ��>
>>

>>
>>

> Q

ψi

��
Ai

Since(P, {πi}) is a product of the family{Ai | i ∈ I}, for the
objectQ and the family of morphisms{ψi : Q→ Ai | i ∈ I},
there exists a morphismψ : Q→ P such that the above diagram
commutes for alli ∈ I. Similarly, since(Q, {ψi}) is also a
product of{Ai | i ∈ I}, there exists a morphismπ : P → Q
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the other hand, it is clear that we have the fifth commutative
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Hence,P andQ are equivalent inC.
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Reversing the Arrows
Since abstract categories involve only objects and morphisms (no
elements), every statement about them has a dual statement,
obtained by reversing all the arrows (morphisms) in the original
statement. For example, the dual of Definition (7.2) is
Definition (7.4).
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Coproducts in a Category
Definition (7.2). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A productfor the family{Ai | i ∈ I} is
an objectP of C together with a family of morphisms
{πi : P → Ai | i ∈ I} such that for any objectB and family of
morphisms{ϕi : B → Ai | i ∈ I} in C, there is a unique
morphismϕ : B → P such thatπi ◦ ϕ = ϕi for all i ∈ I.
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an objectS of C together with a family of morphisms
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morphisms{ϕi : Ai → B | i ∈ I} in C, there is a unique
morphismϕ : S → B such thatϕ ◦ ιi = ϕi for all i ∈ I.

In other words, for any objectB and family of morphisms
{ϕi : Ai → B | i ∈ I} in C, there exists a unique morphism
ϕ : S → B such that the diagram

B S
ϕoo

Ai

ϕi

__>>>>>>>
ιi

OO

commutes for alli ∈ I.
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Theorem (7.3). Let {Ai | i ∈ I} be a family of objects of a
categoryC. Suppose(P, {πi}) and(Q, {ψi}) are both products
of the family{Ai | i ∈ I}. ThenP andQ are equivalent inC.

By reversing the arrows in the proof, we can show the
following theorem for coproducts.

Theorem (7.5). Let {Ai | i ∈ I} be a family of objects of a
categoryC. Suppose(S, {ιi}) and(T, {λi}) are both coproducts
of the family{Ai | i ∈ I}. ThenS andT are equivalent inC.

This is a very good practice. Please follow the proof of
Theorem (7.3) and give a proof of Theorem (7.5).
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Concrete Categories
Definition (7.6). A concrete categoryis a categoryC together
with a functionσ that assigns to each objectA of C a setσ(A),
called theunderlying set ofA, in such a way that:

(i) every morphismA→ B of C is a function on the
underlying setsσ(A) → σ(B);

(ii) the identity morphism of each objectA of C is the identity
function on the underlying setσ(A);

(iii) composition of morphisms inC agrees with composition of
functions on the underlying sets.
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Examples
Example. The categoriesS, G, A, andT are all concrete
categories.
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Examples
Example. The categoriesS, G, A, andT are all concrete
categories.

Remark. Since in virtually every concrete category we are
interested in, the functionσ assigns to an object its underlying
set in the usual sense, we shall denote both the object and its
underlying set by the same symbol and omit any explicit
reference toσ.
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Definition (7.7). Let F be an object in a concrete categoryC, let
X be a nonempty set, and leti : X → F be a map (of sets).F is
said to befree on the setX if for any objectA of C and map (of
sets)f : X → A, there exists a unique morphism̄f : F → A of
C, such thatf̄ i = f (as a map of setsX → A), i.e.,

F
∃! f̄ //A

X
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Remark. The essential fact about a free objectF is thatin order
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Definition (7.7). Let F be an object in a concrete categoryC, let
X be a nonempty set, and leti : X → F be a map (of sets).F is
said to befree on the setX if for any objectA of C and map (of
sets)f : X → A, there exists a unique morphism̄f : F → A of
C, such thatf̄ i = f (as a map of setsX → A), i.e.,
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∃! f̄ //A
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Remark. The essential fact about a free objectF is thatin order
to define a morphism with domain F , it suffices to specify
the image of the subset i(X).
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Free Objects
Definition (7.7). Let F be an object in a concrete categoryC, let
X be a nonempty set, and leti : X → F be a map (of sets).F is
said to befree on the setX if for any objectA of C and map (of
sets)f : X → A, there exists a unique morphism̄f : F → A of
C, such thatf̄ i = f (as a map of setsX → A), i.e.,

F
∃! f̄ //A

X

i

OO

f

@@�������

Remark. The essential fact about a free objectF is thatin order
to define a morphism with domain F , it suffices to specify
the image of the subset i(X). Does this sound familiar?
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objects are all vector spaces overR and whose morphisms are
linear transformations. We have learned in linear algebra that if
B is a basis for a vector spaceV , then any linear transformation
T : V → W is completely determined byT (B). In other words,
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wherei : B → V is the inclusion map.
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A Familiar Example
Example. Let V be the class of all vector spaces overR, and for
two vector spacesV,W , let hom(V,W ) be the set of all linear
transformationsT : V → W . ThenV is a category whose
objects are all vector spaces overR and whose morphisms are
linear transformations. We have learned in linear algebra that if
B is a basis for a vector spaceV , then any linear transformation
T : V → W is completely determined byT (B). In other words,
every mapf : B → W determines a unique linear
transformationT : V → W with T (v) = f(v) ∀v ∈ B i.e.,

V
∃! T //W

B

i
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wherei : B → V is the inclusion map.

Hence,V is free on the setB in the categoryV .
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On the other hand, we also learned in linear algebra that if two
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A Familiar Result
Remark. Let V be the category of vector spaces overR. Note
that a morphismT of V , i.e., a linear transformation of vector
spaces, is an equivalence if and only ifT is an isomorphism.
On the other hand, we also learned in linear algebra that if two
vector spaces have the same dimensions, i.e., their bases have the
same cardinality, then these two vector spaces are isomorphic,
i.e., they are equivalent in the categoryV . We have a similar
theorem for free objects.
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Theorem (7.8)
LetF andF ′ be objects in a concrete categoryC.
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thenF andF ′ are equivalent.
Proof. Since|X| = |X ′|, there is a bijectionf : X → X ′ and
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thenF andF ′ are equivalent.
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hencef−1 : X ′ → X exists. Leti : X → F andi′ : X ′ → F ′ be
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g2
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Takeg1 = i′ ◦ f : X → X ′ → F ′
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Takeg1 = i′ ◦ f : X → X ′ → F ′ and
g2 = i ◦ f−1 : X ′ → X → F .
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LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
Proof. We already have these two commutative diagrams
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X
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LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
Proof. However, we also have the commutative diagram

F
g1 //F ′

X

i

OO

f
//X ′

i′

OO F ′
g2 //F

X ′

i′

OO

f−1

//X

i

OO F
g1 //F ′

g2 //F

X

i

OO

f
//X ′

i′

OO

f−1

//X

i

OO F
g2◦g1 //F

X

i

OO

i

@@�������

Modern Algebra I – p. 28/31



Theorem (7.8)
LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
Proof. However, we also have the commutative diagram

F
g1 //F ′

X

i

OO

f
//X ′

i′

OO F ′
g2 //F

X ′

i′

OO

f−1

//X

i

OO F
g1 //F ′

g2 //F

X

i

OO

f
//X ′

i′

OO

f−1

//X

i

OO F
g2◦g1 //F

X

i

OO

i

@@�������

F
1F //F

X

i

OO

i

@@�������

Modern Algebra I – p. 28/31



Theorem (7.8)
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thenF andF ′ are equivalent.
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1F //F
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By the uniqueness of the morphismF → F which makes the
diagram work,
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By the uniqueness of the morphismF → F which makes the
diagram work, we haveg2 ◦ g1 = 1F .
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By the uniqueness of the morphismF → F which makes the
diagram work, we haveg2 ◦ g1 = 1F . With a similar discussion,
we can also show thatg1 ◦ g2 = 1F ′.
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LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
Proof.
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F
1F //F

X
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By the uniqueness of the morphismF → F which makes the
diagram work, we haveg2 ◦ g1 = 1F . With a similar discussion,
we can also show thatg1 ◦ g2 = 1F ′. Hence,F andF ′ are
equivalent.
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