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Chapter II
THE STRUCTURE OFGROUPS

Section II.5: The Sylow Theorems

Remark. In this section, we will make use ofactions of a
group on a set to proveCauchy’s theorem and theSylow
Theorems.

Remark. Since we will apply some results that we covered last
week, let’s review some of the definitions and theorems in
Section II.4 first.
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obtained when g acts on x.
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This Lemma will be used several times today. Please try to memorize it now.
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• If H is a subgroup of a groupG and ifH is ap-group,H is
said to be ap-subgroup ofG.

Remark. {e} is ap-subgroup ofG for every primep, because
|e| = 1 = p0.
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• A group in which every element has order a power of some
fixed primep is called ap-group.

• If H is a subgroup of a groupG and ifH is ap-group,H is
said to be ap-subgroup ofG.

Corollary (5.3). A finite groupG is ap-group if and only if|G|
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fixed primep is called ap-group.

• If H is a subgroup of a groupG and ifH is ap-group,H is
said to be ap-subgroup ofG.

Corollary (5.3). A finite groupG is ap-group if and only if|G|

is a power ofp.

Corollary (5.4). The centerC(G) of a nontrivial finitep-group
G contains more than one element.

Because we will use the class equation of G to prove this
corollary, let’s review the class equation first.
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Modern Algebra I – p. 9/15



p-subgroups of a Finite Group
Since the next lemma gives some information about the
normalizer of p-subgroups of a finite group, we first review
the normalizer of a subgroup of a group G.
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p-subgroups of a Finite Group
Remark. Let H be a subgroup of a groupG. Then
NG(H) = {g ∈ G | gHg−1 = H} is a subgroup ofG and is
called thenormalizer of H. Moreover, we know that

• H is a normal subgroup of the groupNG(H), and

• H ⊳ G ⇐⇒ NG(H) = G.
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Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Remark. Let p be a prime number.

• Sylowp-subgroups always exists, though they may be trivial,
and everyp-subgroup is contained in a Sylowp-subgroup.
(For the case of finite groups, this statement is clear since
there are only finitely many subgroups in a finite group.
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Remark. Let p be a prime number.

• Sylowp-subgroups always exists, though they may be trivial,
and everyp-subgroup is contained in a Sylowp-subgroup.
(For the case of finite groups, this statement is clear since
there are only finitely many subgroups in a finite group.
However, Zorn’s Lemma is needed to show this statement for
the case of infinite groups.)

Modern Algebra I – p. 11/15



Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Remark. Let p be a prime number.

• Sylowp-subgroups always exists, though they may be trivial,
and everyp-subgroup is contained in a Sylowp-subgroup.
(For the case of finite groups, this statement is clear since
there are only finitely many subgroups in a finite group.
However, Zorn’s Lemma is needed to show this statement for
the case of infinite groups.)

• Theorem (5.7) shows that a finite groupG has a nontrivial
Sylowp-subgroup for every primep that divides|G|.
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1.
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

Proof. Note that everyp-subgroupK of G has orderpi for some
0 ≤ i ≤ n.
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Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

Proof. Note that everyp-subgroupK of G has orderpi for some
0 ≤ i ≤ n. Hence, if|H| = pn,
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

Proof. Note that everyp-subgroupK of G has orderpi for some
0 ≤ i ≤ n. Hence, if|H| = pn, thenH has the maximal possible
order among allp-subgroups,
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

Proof. Note that everyp-subgroupK of G has orderpi for some
0 ≤ i ≤ n. Hence, if|H| = pn, thenH has the maximal possible
order among allp-subgroups, and soH is a maximalp-subgroup
of G,
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

Proof. Note that everyp-subgroupK of G has orderpi for some
0 ≤ i ≤ n. Hence, if|H| = pn, thenH has the maximal possible
order among allp-subgroups, and soH is a maximalp-subgroup
of G, i.e.,H is a Sylowp-subgroup ofG.
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

Proof. Note that everyp-subgroupK of G has orderpi for some
0 ≤ i ≤ n. Hence, if|H| = pn, thenH has the maximal possible
order among allp-subgroups, and soH is a maximalp-subgroup
of G, i.e.,H is a Sylowp-subgroup ofG. Conversely, if|H| = pi

andi 6= n,
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

Proof. Note that everyp-subgroupK of G has orderpi for some
0 ≤ i ≤ n. Hence, if|H| = pn, thenH has the maximal possible
order among allp-subgroups, and soH is a maximalp-subgroup
of G, i.e.,H is a Sylowp-subgroup ofG. Conversely, if|H| = pi

andi 6= n, then by the First Sylow Theorem,H is contained in a
subgroup of orderpi+1
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

Proof. Note that everyp-subgroupK of G has orderpi for some
0 ≤ i ≤ n. Hence, if|H| = pn, thenH has the maximal possible
order among allp-subgroups, and soH is a maximalp-subgroup
of G, i.e.,H is a Sylowp-subgroup ofG. Conversely, if|H| = pi

andi 6= n, then by the First Sylow Theorem,H is contained in a
subgroup of orderpi+1 and soH is not a Sylowp-subgroup.
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

(ii) Every conjugate of a Sylowp-subgroup is a Sylow
p-subgroup.
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

(ii) Every conjugate of a Sylowp-subgroup is a Sylow
p-subgroup.

Proof. SupposeK is a conjugate of a Sylowp-subgroupP .
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

(ii) Every conjugate of a Sylowp-subgroup is a Sylow
p-subgroup.

Proof. SupposeK is a conjugate of a Sylowp-subgroupP .
ThenK = gPg−1 for someg ∈ G.
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

(ii) Every conjugate of a Sylowp-subgroup is a Sylow
p-subgroup.

Proof. SupposeK is a conjugate of a Sylowp-subgroupP .
ThenK = gPg−1 for someg ∈ G. Note that
|K| = |gPg−1| = |P |.
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

(ii) Every conjugate of a Sylowp-subgroup is a Sylow
p-subgroup.

Proof. SupposeK is a conjugate of a Sylowp-subgroupP .
ThenK = gPg−1 for someg ∈ G. Note that
|K| = |gPg−1| = |P |. Hence, by (i),|K| = |P | = pn
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

(ii) Every conjugate of a Sylowp-subgroup is a Sylow
p-subgroup.

Proof. SupposeK is a conjugate of a Sylowp-subgroupP .
ThenK = gPg−1 for someg ∈ G. Note that
|K| = |gPg−1| = |P |. Hence, by (i),|K| = |P | = pn and soK
is also a Sylowp-subgroup.
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

(ii) Every conjugate of a Sylowp-subgroup is a Sylow
p-subgroup.

(iii) If there is only one Sylowp-subgroupP ,
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

(ii) Every conjugate of a Sylowp-subgroup is a Sylow
p-subgroup.

(iii) If there is only one Sylowp-subgroupP , thenP is normal
in G.
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

(ii) Every conjugate of a Sylowp-subgroup is a Sylow
p-subgroup.

(iii) If there is only one Sylowp-subgroupP , thenP is normal
in G.

Proof. By (ii), gPg−1 is also a Sylowp-subgroup ofG, for all
g ∈ G.
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

(ii) Every conjugate of a Sylowp-subgroup is a Sylow
p-subgroup.

(iii) If there is only one Sylowp-subgroupP , thenP is normal
in G.

Proof. By (ii), gPg−1 is also a Sylowp-subgroup ofG, for all
g ∈ G. Since there is only one Sylowp-subgroup,
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

(ii) Every conjugate of a Sylowp-subgroup is a Sylow
p-subgroup.

(iii) If there is only one Sylowp-subgroupP , thenP is normal
in G.

Proof. By (ii), gPg−1 is also a Sylowp-subgroup ofG, for all
g ∈ G. Since there is only one Sylowp-subgroup,gPg−1 = P

for all g ∈ G
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Sylowp-subgroups
Definition. A subgroupP of a groupG is said to be aSylow
p-subgroup (p prime) if P is a maximalp-subgroup ofG, i.e.,

P ≤ H ≤ G with H ap-group =⇒ P = H.

Corollary (5.8). Let G be a group of orderpnm with p prime,
n ≥ 1, andgcd(m, p) = 1. Let H be ap-subgroup ofG.

(i) H is a Sylowp-subgroup ofG ⇐⇒ |H| = pn.

(ii) Every conjugate of a Sylowp-subgroup is a Sylow
p-subgroup.

(iii) If there is only one Sylowp-subgroupP , thenP is normal
in G.

Proof. By (ii), gPg−1 is also a Sylowp-subgroup ofG, for all
g ∈ G. Since there is only one Sylowp-subgroup,gPg−1 = P

for all g ∈ G and soP is normal inG.
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG,
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1.
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular,
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular, any two Sylow
p-subgroups ofG are conjugate.
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular, any two Sylow
p-subgroups ofG are conjugate.

Proof. Let S be the set of left cosets ofP in G
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular, any two Sylow
p-subgroups ofG are conjugate.

Proof. Let S be the set of left cosets ofP in G and letH act on
S by left translation.
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular, any two Sylow
p-subgroups ofG are conjugate.

Proof. Let S be the set of left cosets ofP in G and letH act on
S by left translation. SinceH is ap-group,

Modern Algebra I – p. 12/15



Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular, any two Sylow
p-subgroups ofG are conjugate.

Proof. Let S be the set of left cosets ofP in G and letH act on
S by left translation. SinceH is ap-group, by Lemma (5.1),
|S0| ≡ |S| = [G : P ] (mod p).
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular, any two Sylow
p-subgroups ofG are conjugate.

Proof. Let S be the set of left cosets ofP in G and letH act on
S by left translation. SinceH is ap-group, by Lemma (5.1),
|S0| ≡ |S| = [G : P ] (mod p). However,p ∤ [G : P ],
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular, any two Sylow
p-subgroups ofG are conjugate.

Proof. Let S be the set of left cosets ofP in G and letH act on
S by left translation. SinceH is ap-group, by Lemma (5.1),
|S0| ≡ |S| = [G : P ] (mod p). However,p ∤ [G : P ], so
|S0| 6= 0,
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular, any two Sylow
p-subgroups ofG are conjugate.

Proof. Let S be the set of left cosets ofP in G and letH act on
S by left translation. SinceH is ap-group, by Lemma (5.1),
|S0| ≡ |S| = [G : P ] (mod p). However,p ∤ [G : P ], so
|S0| 6= 0, i.e.,S0 6= ∅.
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular, any two Sylow
p-subgroups ofG are conjugate.

Proof. Let S be the set of left cosets ofP in G and letH act on
S by left translation. SinceH is ap-group, by Lemma (5.1),
|S0| ≡ |S| = [G : P ] (mod p). However,p ∤ [G : P ], so
|S0| 6= 0, i.e.,S0 6= ∅. Then∃xP ∈ S0.
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular, any two Sylow
p-subgroups ofG are conjugate.

Proof. Let S be the set of left cosets ofP in G and letH act on
S by left translation. SinceH is ap-group, by Lemma (5.1),
|S0| ≡ |S| = [G : P ] (mod p). However,p ∤ [G : P ], so
|S0| 6= 0, i.e.,S0 6= ∅. Then∃xP ∈ S0. Note that

xP ∈ S0
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular, any two Sylow
p-subgroups ofG are conjugate.

Proof. Let S be the set of left cosets ofP in G and letH act on
S by left translation. SinceH is ap-group, by Lemma (5.1),
|S0| ≡ |S| = [G : P ] (mod p). However,p ∤ [G : P ], so
|S0| 6= 0, i.e.,S0 6= ∅. Then∃xP ∈ S0. Note that

xP ∈ S0 =⇒ hxP = xP,∀h ∈ H =⇒ x−1hx ∈ P,∀h ∈ H
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Second Sylow Theorem
Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular, any two Sylow
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Theorem (5.9,Second Sylow Theorem). If H is ap-subgroup of
a finite groupG and ifP is any Sylowp-subgroup ofG, then
∃x ∈ G such thatH ≤ xPx−1. In particular, any two Sylow
p-subgroups ofG are conjugate.

Remark. If P is a Sylowp-subgroup of a finite groupG, then
P ⊳ G ⇐⇒ P is the only Sylowp-subgroup ofG.

Proof. In Corollary (5.8, (iii)), we have seen that ifP is the only
Sylowp-subgroup ofG, thenP is normal inG.
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Theorem (5.10,Third Sylow Theorem). If G is a finite group
andp is a prime, then the number of Sylowp-subgroups ofG
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Theorem (5.10,Third Sylow Theorem). If G is a finite group
andp is a prime, then the number of Sylowp-subgroups ofG
divides|G| and is of the formkp + 1 for somek ≥ 0.
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divides|G| and is of the formkp + 1 for somek ≥ 0.

Proof. Let P be a Sylowp-subgroup ofG. The Second Sylow
Theorem tells us that every Sylowp-subgroup is conjugate toP .
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Theorem (5.10,Third Sylow Theorem). If G is a finite group
andp is a prime, then the number of Sylowp-subgroups ofG
divides|G| and is of the formkp + 1 for somek ≥ 0.

Proof. Let P be a Sylowp-subgroup ofG. The Second Sylow
Theorem tells us that every Sylowp-subgroup is conjugate toP .
Hence, by Corollary (4.4) (iii),
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andp is a prime, then the number of Sylowp-subgroups ofG
divides|G| and is of the formkp + 1 for somek ≥ 0.

Proof. Let P be a Sylowp-subgroup ofG. The Second Sylow
Theorem tells us that every Sylowp-subgroup is conjugate toP .
Hence, by Corollary (4.4) (iii),the number of Sylowp-subgroup
of G is [G : NG(P )], which divides|G|.

Corollary (4.4 (iii)). Let G be a finite group and letK be a
subgroup ofG. The number of subgroups ofG conjugate toK is
[G : NG(K)], which divides|G|.
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Third Sylow Theorem
Theorem (5.10,Third Sylow Theorem). If G is a finite group
andp is a prime, then the number of Sylowp-subgroups ofG
divides|G| and is of the formkp + 1 for somek ≥ 0.

Proof. Let P be a Sylowp-subgroup ofG. Let S be the set of
Sylowp-subgroups ofG
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thatQ ∈ S0
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Sylowp-subgroups ofNG(Q). (This is because the power ofp in
|G| and|NG(Q)| are the same.)
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Theorem (5.11)
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Exercise for Section II.5
1, 6, 7, 8, 9, 10, 11, 13.
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