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THE STRUCTURE OFGROUPS

Section I.5: The Sylow Theorems

Remark. In this section, we will make use afctions of a
group on a set to proveCauchy’s theorem and theSylow
Theorems.

Remark. Since we will apply some results that we covered last
week, let’s review some of the definitions and theorems in
Section 1.4 first.
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er = x,Vr € S, and
(9192)513 — 91(92513), Vgi,g92 € G andx € S.

When such an action is given, we say that groupz acts on
the setS. | usually read the element gx as the element
obtained when g acts on z.
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Definition (4.1). An action of a groupG onasetS'is a
functionG x S — S, usually denoted byyg, ) — gz, such that
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Theorem (4.2). Let G be a group that acts on a set

() The relation onS defined by
r~x <= gr =2 forsomeg € GG
IS an equivalence relation.

(i) For eachx € S,
G,={9€G|gr=u}
IS a subgroup of-.
Definition. The equivalence classes of the equivalence relation
of Theorem 4.2 (i) are called thwbitsof G on S; the orbit of
r € Sis denoted:, i.e.,x = {gx | g € G}. The subgroug-, is
called thesubgroup fixingr, theisotropy group ofr, or the
stabilizer ofz.

Theorem (4.3). If a groupG acts on a sef, then
7| = |G : G,],Vr €85.
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This Lemma will be used several times today.
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If a groupG of orderp™ (p prime) acts on a finite seét and if
Sy :=4{x €S| gr=uxVg e G}, then

S| = |So| (mod p).

Proof. Sincex = {9z | g € G}, T = {z} < x € 5.
HenceS can be written as a disjoint union

S=5SUziU---Uz,,with |7;| >1Vi=1,...,n.

Then|S| = |So| + 71| + -+ + [T,
Foreveryi =1,...,n, by Theorem (4.3), we have

7i| =G - G
S| = [50] (mod p).

G| =p"and|z;] > 1 = pl|[7i].

Therefore,

This Lemma will be used several times today. Please try to memorize it now.
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If G is a finite group withp||G|, wherep is a prime, therz
contains an element of order

Proof. LetS = {(ay,as,...,a,) | a; € G andajas---a, = e}
and let the grouZ, act onS by cyclic permutation, I.e.,
k(ay,ag, ... ap) = (Qgs1, Gy, .oy Qp, Q1 A2y . ..y Q).

—1
a1a2...ap:€ — az...ap:al

for0,k, k' € Z,,x € S,0x = x and(k + k')z = k(k'x).

Therefore, this action df.,, on S is well-defined.
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If G is a finite group withp||G|, wherep is a prime, therz
contains an element of order

Proof. LetS = {(ay,as,...,a,) | a; € G andajas---a, = e}
and let the grouZ, act onS by cyclic permutation, I.e.,
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Proof. LetS = {(ay,as,...,a,) | a; € G andajas---a, = e}

and let the grouZ, act onS by cyclic permutation, I.e.,

k(ay,ag, ... ap) = (Qgs1, Gy, .oy Qp, Q1 A2y . ..y Q).
Since(al, as, ... ,CLp) cS <— Ay — (CLlCLQ T a,p_l)_l,
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Theorem (5.2, Cauchy)

If G is a finite group withp||G|, wherep is a prime, therz
contains an element of order

Proof. LetS = {(ay,as,...,a,) | a; € G andajas---a, = e}

and let the grouZ, act onS by cyclic permutation, I.e.,

k(ay,ag, ... ap) = (Qgs1, Gy, .oy Qp, Q1 A2y . ..y Q).
Since(ay, az,...,a,) €S < a, = (a1as---a, 1),
S| = nP~!, where|G| = n.

S| =0 (mod p).

Since|Z,| = p, by Lemma (5.1),

Sincep||G| = n,

Lemma (5.1). If a groupG of orderp™ (p prime) acts on a finite
setSandifSy :={r € S| gx =x,Vg € G}, then

S| = |5 (mod p).
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Since(ay, az,...,a,) €S < a, = (a1as---a, 1),
S| = nP~!, where|G| = n.
Sincep||G| =n, [S]| =0 (mod p).
Since|Z,| = p, by Lemma (5.1)|5;| = |S| =0 (mod p).
On the other handgay, ..., a,) € Sy <= a; =--- = a, and

ai---a, =e. Since(e,...,e) € Sy,

Modern Aloebra |l — n. 6/15



Theorem (5.2, Cauchy)

If G is a finite group withp||G|, wherep is a prime, therz
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If G is a finite group withp||G|, wherep is a prime, therz
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Proof. LetS = {(ay,as,...,a,) | a; € G andajas---a, = e}
and let the grouZ, act onS by cyclic permutation, I.e.,
k(ay,ag, ... ap) = (Qgs1, Gy, .oy Qp, Q1 A2y . ..y Q).
Since(ay, az,...,a,) €S < a, = (a1as---a, 1),
S| = nP~!, where|G| = n.
Sincep||G| =n, [S]| =0 (mod p).
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If G is a finite group withp||G|, wherep is a prime, therz
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Proof. LetS = {(ay,as,...,a,) | a; € G andajas---a, = e}
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k(ay,ag, ... ap) = (Qgs1, Gy, .oy Qp, Q1 A2y . ..y Q).
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S| = nP~!, where|G| = n.
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Theorem (5.2, Cauchy)

If G is a finite group withp||G|, wherep is a prime, therz
contains an element of order

Proof. LetS = {(ay,as,...,a,) | a; € G andajas---a, = e}
and let the grouZ, act onS by cyclic permutation, I.e.,
k(ay,ag, ... ap) = (Qgs1, Gy, .oy Qp, Q1 A2y . ..y Q).
Since(ay, az,...,a,) €S < a, = (a1as---a, 1),
S| = nP~!, where|G| = n.
Sincep||G| =n, [S]| =0 (mod p).
Since|Z,| = p, by Lemma (5.1)|5;| = |S| =0 (mod p).
On the other handgay, ..., a,) € Sy <= a; =--- = a, and
ai---a, =e. Since(e, ..., e) € Sy, |Se| # 0 and s0/.Sy| > 2,

l.e.,Jda € G\ {e} suchthata,a,...,a) € Sy = a? =e¢
— |a| =p.
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p-Groups and p-Subgroups
Definition.

A group in which every element has order a power of some
fixed primep
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Definition.

A group in which every element has order a power of some
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If H Is a subgroup of a grou@ and if 4 is ap-group, H Is
said to be a-subgroup of~.

Remark. {e} is ap-subgroup of& for every primep,
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p-Groups and p-Subgroups
Definition.

A group in which every element has order a power of some
fixed primep is called ap-group

If H Is a subgroup of a grou@ and if 4 is ap-group, H Is
said to be a-subgroup of~.

Remark. {e} is ap-subgroup of= for every primep, because
le|] =1 = p°.
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If H Is a subgroup of a grou@ and if 4 is ap-group, H Is
said to be a-subgroup of~.

Corollary (5.3). A finite groupG Is ap-group
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If H Is a subgroup of a grou@ and if 4 is ap-group, H Is
said to be a-subgroup of~.

Corollary (5.3). A finite groupG is ap-group if and only if| G|
IS a power ofp.

Proof. "< follows from Lagrange’s Theorem.
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Corollary (5.3). A finite groupG is ap-group if and only if| G|
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said to be a-subgroup of~.
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p-Groups and p-Subgroups
Definition.

A group in which every element has order a power of some
fixed primep is called ap-group
If H Is a subgroup of a grou@ and if 4 is ap-group, H Is
said to be a-subgroup of~.

Corollary (5.3). A finite groupG is ap-group if and only if| G|

IS a power ofp.

Proof. <" follows from Lagrange’s Theorem. Foe”, if |G|

IS not a power op, then there exists a prime numhbesuch that

¢||G|. By Cauchy’s Theorent; contains an element of ordey
but this contradicts the assumption.
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p-Groups and p-Subgroups
Definition.
A group in which every element has order a power of some
fixed primep is called ap-group
If H Is a subgroup of a grou@ and if 4 is ap-group, H Is
said to be a-subgroup of~.
Corollary (5.3). A finite groupG is ap-group if and only if| G|
IS a power ofp.
Proof. <" follows from Lagrange’s Theorem. Foe”, if |G|
IS not a power op, then there exists a prime numhbesuch that
¢||G|. By Cauchy’s Theorent; contains an element of ordey

but this contradicts the assumption. HenGé must be a power
of p.
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p-Groups and p-Subgroups
Definition.

A group in which every element has order a power of some
fixed primep is called ap-group

If H Is a subgroup of a grou@ and if 4 is ap-group, H Is
said to be a-subgroup of~.

Corollary (5.3). A finite groupG is ap-group if and only if| G|
IS a power ofp.

Corollary (5.4). The centeC'(G) of a nontrivial finitep-group
G
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Corollary (5.3). A finite groupG is ap-group if and only if| G|
IS a power ofp.

Corollary (5.4). The centeC'(G) of a nontrivial finitep-group
(G contains more than one element.

Modern Aloebra |l = n. 7/15



p-Groups and p-Subgroups
Definition.

A group in which every element has order a power of some
fixed primep is called ap-group

If H Is a subgroup of a grou@ and if 4 is ap-group, H Is
said to be a-subgroup of~.

Corollary (5.3). A finite groupG is ap-group if and only if| G|
IS a power ofp.

Corollary (5.4). The centeC'(G) of a nontrivial finitep-group
(G contains more than one element.

Because we will use the class equation of GG to prove this
corollary,
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p-Groups and p-Subgroups
Definition.

A group in which every element has order a power of some
fixed primep is called ap-group

If H Is a subgroup of a grou@ and if 4 is ap-group, H Is
said to be a-subgroup of~.

Corollary (5.3). A finite groupG is ap-group if and only if| G|
IS a power ofp.

Corollary (5.4). The centeC'(G) of a nontrivial finitep-group
(G contains more than one element.

Because we will use the class equation of GG to prove this
corollary, let’s review the class equation first.
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C(G)={9 € G|gr=uxgVre G}isthecenter of G.

For eachr € G,
{grg~' | g € G} istheconjugacy class of .
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{grg~' | g € G} istheconjugacy class of .
Ca(z) ={g € G| gz = zg}.

Remark. Let G be a group and for eache G, letx be the
conjugacy class of.

Modern Aloebra |l — n. 8/15



Class Equations (Review)

Definition. Let G be a group.
C(G)={9 € G|gr=uxgVre G}isthecenter of G.

For eachr € G,
{grg~' | g € G} istheconjugacy class of .
Ca(z) ={g € G| gz = zg}.

Remark. Let G be a group and for eache G, letx be the
conjugacy class of.

7| = |G : Cglx)].
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Class Equations (Review)

Definition. Let G be a group.
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called theclass equation of the groupG.
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Since the next lemma gives some information about the
normalizer of p-subgroups of a finite group, we first review
the normalizer of a subgroup of a group G.
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Lemma (5.5). If H is ap-subgroup of a finite groug@r, then
Ne(H) : H = |G : H] (mod p).

Proof. Let S be the set of left cosets @f in G and letH act on
S by left translation. ThenS| = |G : H| and

tHeSy < haeH=xHVheH

& g 'hxec HVhc H

< 1 'Hx = H(becauséH| = |z 'Hzx| < o0)

< x € Ng(H).
Hence|.Sy| is the number of left cosetsH with = € Ng(H) and
that is|.Sy| = [Ng(H) : H|. Since|H| is a power ofp, by
Lemma (5.1),

[Ne(H) : H| = [50]

S| = |G : H|] (mod p).
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Lemma (5.5). If H is ap-subgroup of a finite groug@r, then
Ne(H) : H = |G : H] (mod p).

Corollary (5.6). If H is ap-subgroup of a finite grou such
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Lemma (5.5). If H is ap-subgroup of a finite groug@r, then
Ne(H) : H = |G : H] (mod p).

Corollary (5.6). If H is ap-subgroup of a finite grou such
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Lemma (5.5). If H is ap-subgroup of a finite groug@r, then
Ne(H) : H = |G : H] (mod p).

Corollary (5.6). If H is ap-subgroup of a finite grou such
thatp | |G : H|,thenNg(H) # H.
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Lemma (5.5). If H is ap-subgroup of a finite groug@r, then
Ne(H) : H = |G : H] (mod p).

Corollary (5.6). If H is ap-subgroup of a finite grou such
thatp | |G : H|,thenNg(H) # H.

Proof. By Lemma (5.5),
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p-subgroups of a Finite Group

Lemma (5.5). If H is ap-subgroup of a finite groug@r, then
Ne(H) : H = |G : H] (mod p).

Corollary (5.6). If H is ap-subgroup of a finite grou such
thatp | |G : H|,thenNg(H) # H.

Proof. By Lemma (5.5),

o) H
o) H

N
— [N
— H < Ng(H).
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Let H be a subgroup of ordef with 1 < ¢ < n. Since
p|p”_im = |G : H|, by Lemma (5.5),

Modern Alaoebral = . 10/15



First Sylow Theorem

Theorem (5.7). Let G be a group of ordey™m with p prime,

n > 1, andgcd(p, m) = 1. ThenG contains a subgroup of order
p' for eachl < ¢ < n and every subgroup of ordgt with i < n

is normal in some subgroup of order.

Proof. Sincep\ |G|, by Cauchy’s Theorent; contains an
elementy of orderp. ThusG contains a subgroug) of orderp.
Let H be a subgroup of ordef with 1 < ¢ < n. Since
p|p”_im = |G : H|, by Lemma (5.5),

Lemma (5.5). If H is ap-subgroup of a finite grouf, then
Ne(H) : H = |G : H] (mod p).

Modern Alaoebral = no. 10/15



First Sylow Theorem

Theorem (5.7). Let G be a group of ordey™m with p prime,

n > 1, andgcd(p, m) = 1. ThenG contains a subgroup of order
p' for eachl < ¢ < n and every subgroup of ordgt with i < n

is normal in some subgroup of order.

Proof. Sincep\ |G|, by Cauchy’s Theorent; contains an
elementy of orderp. ThusG contains a subgroug) of orderp.
Let H be a subgroup of ordef with 1 < ¢ < n. Since
p|p"~'m =[G : H], by Lemma (5.5), we havel [N (H) : H].

Lemma (5.5). If H is ap-subgroup of a finite grouf, then
Ne(H) : H = |G : H] (mod p).

Modern Alaoebral = no. 10/15



First Sylow Theorem

Theorem (5.7). Let G be a group of ordey™m with p prime,
n > 1, andgcd(p, m) = 1. ThenG contains a subgroup of order
p' for eachl < ¢ < n and every subgroup of ordgt with i < n

is normal in some subgroup of order.

, by Cauchy’s Theorenty contains an
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Theorem (5.7). Let G be a group of ordey™m with p prime,

n > 1, andgcd(p, m) = 1. ThenG contains a subgroup of order
p' for eachl < ¢ < n and every subgroup of ordgt with i < n

is normal in some subgroup of order .

, by Cauchy’s Theorenty contains an
elementy of orderp. ThusG contains a subgroug) of orderp.
Let H be a subgroup of ordef with 1 < ¢ < n. Since

plp"~'m [G H], by Lemma (5 5), we havel [Ng(H) : H.
Thenp| INe(H (H)/H contains
a subgroup of ordqw. By Corollary (1.5.12), thls subgroup is of
the formH,/H, whereH, is a subgroup ofNs(H ) containing
H. SinceH <1 Ng(H), H <« H,. Moreover,
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First Sylow Theorem

Theorem (5.7). Let G be a group of ordey™m with p prime,

n > 1, andgcd(p, m) = 1. ThenG contains a subgroup of order
p' for eachl < ¢ < n and every subgroup of ordgt with i < n

is normal in some subgroup of order .

, by Cauchy’s Theorenty contains an
elementy of orderp. ThusG contains a subgroug) of orderp.
Let H be a subgroup of ordef with 1 < ¢ < n. Since

plp"~'m [G H], by Lemma (5 5), we havel [Ng(H) : H.
Thenp| INe(H (H)/H contains
a subgroup of ordqw. By Corollary (1.5.12), thls subgroup is of
the formH,/H, whereH, is a subgroup ofNs(H ) containing
H. SinceH <1 Ng(H), H <« H,. Moreover,

|H,|=|H||H,/H| = p'p = p**'. The proof is complete since
i=1,2,...,n—1.
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there are only finitely many subgroups in a finite group.

Modern Alaoebral = . 11/15



Sylow p-subgroups

Definition. A subgroupP’ of a group( is said to be &ylow
p-subgroup (p prime) if P is a maximalp-subgroup ofz, I.e.,

P < H < Gwith H ap-group — P = H.
Remark. Letp be a prime number.

Sylow p-subgroups always exists, though they may be trivial,
and everyp-subgroup is contained in a Sylgwsubgroup.

(For the case of finite groups, this statement is clear since
there are only finitely many subgroups in a finite group.
However, Zorn’s Lemma is needed to show this statement for
the case of infinite groups.)
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Sylow p-subgroups

Definition. A subgroupP’ of a group( is said to be &ylow
p-subgroup (p prime) if P is a maximalp-subgroup ofz, I.e.,

P < H < Gwith H ap-group — P = H.
Remark. Letp be a prime number.

Sylow p-subgroups always exists, though they may be trivial,
and everyp-subgroup is contained in a Sylgwsubgroup.

(For the case of finite groups, this statement is clear since
there are only finitely many subgroups in a finite group.
However, Zorn’s Lemma is needed to show this statement for
the case of infinite groups.)

Theorem (5.7) shows that a finite groGphas a nontrivial
Sylow p-subgroup for every primg that divides|G|.
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Sylow p-subgroups

Definition. A subgroupP’ of a group( is said to be &ylow
p-subgroup (p prime) if P is a maximalp-subgroup ofz, I.e.,

P < H<Gwith Hap-group — P =H.

Corollary (5.8). Let GG be a group of ordey™m with p prime,
n > 1, andgced(m,p) = 1.
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Proof. Note that every-subgroupX of G has ordep® for some
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p-subgroup (p prime) if P is a maximalp-subgroup ofz, I.e.,

P < H<Gwith Hap-group — P =H.

Corollary (5.8). Let GG be a group of ordey™m with p prime,
n > 1, andgced(m,p) = 1. Let H be ap-subgroup of.

(i) H is a Sylowp-subgroup ol < |H| = p".

Proof. Note that every-subgroupX of G has ordep® for some
0 <1 <n.Hence,iffH| =p", thenH has the maximal possible
order among alp-subgroups, and sf Is a maximalp-subgroup
of G, i.e., H is a Sylowp-subgroup of=. Conversely, if H| = p’
and: # n, then by the First Sylow Theorem/ is contained in a
subgroup of ordep*™* and soH is not a Sylowp-subgroup.
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Sylow p-subgroups
Definition. A subgroupP’ of a group( is said to be &ylow
p-subgroup (p prime) if P is a maximalp-subgroup ofz, I.e.,
P < H<Gwith Hap-group — P =H.

Corollary (5.8). Let GG be a group of ordey™m with p prime,
n > 1, andgced(m,p) = 1. Let H be ap-subgroup of.

(i) H is a Sylowp-subgroup ol < |H| = p".

(i) Every conjugate of a Sylow-subgroup is a Sylow
p-subgroup.
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Sylow p-subgroups

Definition. A subgroupP’ of a group( is said to be &ylow
p-subgroup (p prime) if P is a maximalp-subgroup ofz, I.e.,

P < H<Gwith Hap-group — P =H.

Corollary (5.8). Let GG be a group of ordey™m with p prime,

n > 1, andgced(m,p) = 1. Let H be ap-subgroup of.
(i) H is a Sylowp-subgroup ol < |H| = p".
(i) Every conjugate of a Sylow-subgroup is a Sylow
p-subgroup.

Proof. Supposéx is a conjugate of a Sylow-subgroupP.
ThenK = gPg~! for someg € GG. Note that

K| =|gPg*| = |P|. Hence, by ()| K| = |P| = p" and soK
IS also a Sylowp-subgroup.
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p-subgroup (p prime) if P is a maximalp-subgroup ofz, I.e.,
P < H<Gwith Hap-group — P =H.

Corollary (5.8). Let GG be a group of ordey™m with p prime,
n > 1, andgced(m,p) = 1. Let H be ap-subgroup of.

(i) H is a Sylowp-subgroup ol < |H| = p".

(i) Every conjugate of a Sylow-subgroup is a Sylow
p-subgroup.

(i) If there is only one Sylowp-subgroupP,
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p-subgroup.
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in G.
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p-subgroup (p prime) if P is a maximalp-subgroup ofz, I.e.,
P < H<Gwith Hap-group — P =H.

Corollary (5.8). Let GG be a group of ordey™m with p prime,
n > 1, andgced(m,p) = 1. Let H be ap-subgroup of.

(i) H is a Sylowp-subgroup ol < |H| = p".

(i) Every conjugate of a Sylow-subgroup is a Sylow
p-subgroup.

(i) If there is only one Sylowp-subgroupP, thenP’ is normal
in G.

Proof. By (ii), gP¢ ! is also a Sylow-subgroup ofZ, for all
g € G. Since there is only one Sylowsubgroup,

Modern Alaoebral = . 11/15



Sylow p-subgroups
Definition. A subgroupP’ of a group( is said to be &ylow
p-subgroup (p prime) if P is a maximalp-subgroup ofz, I.e.,
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p-subgroup (p prime) if P is a maximalp-subgroup ofz, I.e.,
P < H<Gwith Hap-group — P =H.
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n > 1, andgced(m,p) = 1. Let H be ap-subgroup of.
(i) H is a Sylowp-subgroup ol < |H| = p".
(i) Every conjugate of a Sylow-subgroup is a Sylow
p-subgroup.
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Second Sylow Theorem
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Theorem (5.9,Second Sylow Theoremlf H is ap-subgroup of
a finite groupG and if P is any Sylowp-subgroup of7, then
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a finite groupG and if P is any Sylowp-subgroup of7, then
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Second Sylow Theorem

Theorem (5.9,Second Sylow Theoremlf H is ap-subgroup of
a finite groupG and if P is any Sylowp-subgroup of7, then

Jr € G such thatd < zPx~!. In particular, any two Sylow
p-subgroups ofr are conjugate.

Proof. Let .S be the set of left cosets @t in G and letH act on
S by left translation. Sincéf is ap-group, by Lemma (5.1),
So| = |S] =[G : P] (mod p).
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Theorem (5.9,Second Sylow Theoremlf H is ap-subgroup of
a finite groupG and if P is any Sylowp-subgroup of7, then

Jr € G such thatd < zPx~!. In particular, any two Sylow
p-subgroups ofr are conjugate.

Proof. Let S be the set of left cosets @t in G and letH act on
S by left translation. Sincéf is ap-group, by Lemma (5.1),
1So| = |S| = |G : P] (mod p). Howeverp 1 |G : P], so

|So| # 0, 1.e.,5y # @. ThendzP € Sy. Note that
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Theorem (5.9,Second Sylow Theoremlf H is ap-subgroup of
a finite groupG and if P is any Sylowp-subgroup of7, then

Jr € G such thatd < zPx~!. In particular, any two Sylow
p-subgroups ofr are conjugate.

Proof. Let S be the set of left cosets @t in G and letH act on
S by left translation. Sincéf is ap-group, by Lemma (5.1),
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|So| # 0, 1.e.,5y # @. ThendzP € Sy. Note that

xPeSy =— hxP=zP,Vhe H

Modern Alaoebral = p. 12/15



Second Sylow Theorem

Theorem (5.9,Second Sylow Theoremlf H is ap-subgroup of
a finite groupG and if P is any Sylowp-subgroup of7, then

Jr € G such thatd < zPx~!. In particular, any two Sylow
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Second Sylow Theorem

Theorem (5.9,Second Sylow Theoremlf H is ap-subgroup of
a finite groupG and if P is any Sylowp-subgroup of7, then

Jr € G such thatd < zPx~!. In particular, any two Sylow
p-subgroups ofr are conjugate.

Proof. Let S be the set of left cosets @t in G and letH act on
S by left translation. Sincéf is ap-group, by Lemma (5.1),
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p-subgroups ofr are conjugate.

Proof. Let S be the set of left cosets @t in G and letH act on
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Theorem (5.9,Second Sylow Theoremlf H is ap-subgroup of
a finite groupG and if P is any Sylowp-subgroup of7, then

Jr € G such thatd < zPx~!. In particular, any two Sylow
p-subgroups ofr are conjugate.

Proof. Let S be the set of left cosets @t in G and letH act on
S by left translation. Sincéf is ap-group, by Lemma (5.1),
1So| = |S| = |G : P] (mod p). Howeverp 1 |G : P], so
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Second Sylow Theorem

Theorem (5.9,Second Sylow Theoremlf H is ap-subgroup of
a finite groupG and if P is any Sylowp-subgroup of7, then

Jr € G such thatd < zPx~!. In particular, any two Sylow
p-subgroups ofr are conjugate.

Proof. Let S be the set of left cosets @t in G and letH act on
S by left translation. Sincéf is ap-group, by Lemma (5.1),
1So| = |S| = |G : P] (mod p). Howeverp 1 |G : P], so

|So| # 0, 1.e.,5y # @. ThendzP € Sy. Note that

tPecSy = haP=xPVhe H — x'hxc PVYhe H
— v 'Hr < P — H < zPx .

If H Is a Sylowp-subgroup,
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Second Sylow Theorem

Theorem (5.9,Second Sylow Theoremlf H is ap-subgroup of
a finite groupG and if P is any Sylowp-subgroup of7, then

Jr € G such thatd < zPx~!. In particular, any two Sylow
p-subgroups ofr are conjugate.

Proof. Let S be the set of left cosets @t in G and letH act on
S by left translation. Sincéf is ap-group, by Lemma (5.1),
1So| = |S| = |G : P] (mod p). Howeverp 1 |G : P], so

|So| # 0, 1.e.,5y # @. ThendzP € Sy. Note that

tPecSy = haP=xPVhe H — x'hxc PVYhe H
— v 'Hr < P — H < zPx .

If H is a Sylowp-subgroup, thenH | = |P| = |xPx!
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Second Sylow Theorem

Theorem (5.9,Second Sylow Theoremlf H is ap-subgroup of
a finite groupG and if P is any Sylowp-subgroup of7, then

Jr € G such thatd < zPx~!. In particular, any two Sylow
p-subgroups ofr are conjugate.

Proof. Let S be the set of left cosets @t in G and letH act on
S by left translation. Sincéf is ap-group, by Lemma (5.1),
1So| = |S| = |G : P] (mod p). Howeverp 1 |G : P], so

|So| # 0, 1.e.,5y # @. ThendzP € Sy. Note that

tPecSy = haP=xPVhe H — x'hxc PVYhe H
— v 'Hr < P — H < zPx .

If H is a Sylowp-subgroup, thenH| = |P| = |zPxz~'| and so
H = xzPx™!,

Modern Alaoebral = p. 12/15



Second Sylow Theorem

Theorem (5.9,Second Sylow Theoremlf H is ap-subgroup of
a finite groupG and if P is any Sylowp-subgroup of7, then

Jr € G such thatd < zPx~!. In particular, any two Sylow
p-subgroups ofr are conjugate.

Proof. Let S be the set of left cosets @t in G and letH act on
S by left translation. Sincéf is ap-group, by Lemma (5.1),
1So| = |S| = |G : P] (mod p). Howeverp 1 |G : P], so

|So| # 0, 1.e.,5y # @. ThendzP € Sy. Note that

tPecSy = haP=xPVhe H — x'hxc PVYhe H
— v 'Hr < P — H < zPx .

If H is a Sylowp-subgroup, thenH| = |P| = |zPxz~'| and so
H = zPx™!,i.e.,H andP are conjugate.

Modern Alaoebral = p. 12/15
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Theorem (5.9,Second Sylow Theoremlf H is ap-subgroup of
a finite groupG and if P is any Sylowp-subgroup of7, then

Jr € G such thatd < zPx~!. In particular, any two Sylow
p-subgroups ofr are conjugate.

Remark. If P is a Sylowp-subgroup of a finite grouf¥, then
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a finite groupG and if P is any Sylowp-subgroup of7, then

Jr € G such thatd < zPx~!. In particular, any two Sylow
p-subgroups ofr are conjugate.

Remark. If P is a Sylowp-subgroup of a finite grouf¥, then
P <1 G < P isthe only Sylowp-subgroup of.

Proof. In Corollary (5.8, (ii)), we have seen thati is the only
Sylow p-subgroup of7, thenP is normal InG.
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andp Is a prime, then the number of Sylgwsubgroups ot~
divides|G| and is of the fornmkp + 1 for somek > 0.

Proof. Let P be a Sylowp-subgroup of7. The Second Sylow
Theorem tells us that every Sylgwsubgroup is conjugate tB.
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Third Sylow Theorem

Theorem (5.10, Third Sylow Theorem If & Is a finite group
andp Is a prime, then the number of Sylgwsubgroups ot~
divides|G| and is of the fornmkp + 1 for somek > 0.

Proof. Let P be a Sylowp-subgroup of7. The Second Sylow
Theorem tells us that every Sylgwsubgroup is conjugate tB.
Hence, by Corollary (4.4) (i),
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Third Sylow Theorem

Theorem (5.10, Third Sylow Theorem If & Is a finite group
andp Is a prime, then the number of Sylgwsubgroups ot~
divides|G| and is of the fornmkp + 1 for somek > 0.

Proof. Let P be a Sylowp-subgroup of7. The Second Sylow
Theorem tells us that every Sylgwsubgroup is conjugate tB.
Hence, by Corollary (4.4) (i),

Corollary (4.4 (i1)). Let G be a finite group and lek be a
subgroup ofz. The number of subgroups 6f conjugate tak is
|G : Ng(K)], which divides|G]|.
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Exercise for Section 11.5
1,6,7,8,9, 10, 11, 13.
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