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Chapter II: THE STRUCTURE OF GROUPS

Section II.1: Free Abelian Groups

Definition. Let G be an abelian group and letX ⊆ G.

• X is linearly independent if for any distinct
x1, x2, . . . , xk ∈ X andni ∈ Z,
n1x1 + n2x2 + · · · + nkxk = 0 =⇒ ni = 0 for everyi.

• X is abasis of G if

(i) X generatesG, i.e.,〈X〉 = G, and

(ii) X is linearly independent.

Definition. An abelian groupF is called afree abelian group
if F has a basis.
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Review
Example.

∑

i∈I Z is a free abelian group with a basis
{ei | i ∈ I} where for eachk ∈ I, ek = (ai)i∈I denotes the
element in

∑

i∈I Z such that
{

ak = 1

ai = 0 ∀i 6= k.
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Review
Example.

∑

i∈I Z is a free abelian group with a basis
{ei | i ∈ I} where for eachk ∈ I, ek = (ai)i∈I denotes the
element in

∑

i∈I Z such that
{

ak = 1

ai = 0 ∀i 6= k.

Theorem. Let F be a free abelian group with a nonempty basis
X. Then every nonzero element ofF can be written uniquely in
the formn1x1 + · · · + nkxk with ni ∈ Z \ {0} and
x1, . . . , xk ∈ X distinct.

Remark. If F is a free abelian group with a nonempty basisX,
thenF is free onX in the category of abelian groups.

Modern Algebra I – p. 4/27



Ranks of Free Abelian Groups

Modern Algebra I – p. 5/27



Ranks of Free Abelian Groups
Theorem (1.2). Any two bases of a free abelian groupF have
the same cardinality.

Modern Algebra I – p. 5/27



Ranks of Free Abelian Groups
Theorem (1.2). Any two bases of a free abelian groupF have
the same cardinality.

Remark/Definition. Let F be a free abelian group.

Modern Algebra I – p. 5/27



Ranks of Free Abelian Groups
Theorem (1.2). Any two bases of a free abelian groupF have
the same cardinality.

Remark/Definition. Let F be a free abelian group.
Theorem (1.2) tells us that the cardinal number of any basisX of
F is an invariant ofF .

Modern Algebra I – p. 5/27



Ranks of Free Abelian Groups
Theorem (1.2). Any two bases of a free abelian groupF have
the same cardinality.

Remark/Definition. Let F be a free abelian group.
Theorem (1.2) tells us that the cardinal number of any basisX of
F is an invariant ofF . |X| is called therank of F .

Modern Algebra I – p. 5/27



Ranks of Free Abelian Groups
Theorem (1.2). Any two bases of a free abelian groupF have
the same cardinality.

Remark/Definition. Let F be a free abelian group.
Theorem (1.2) tells us that the cardinal number of any basisX of
F is an invariant ofF . |X| is called therank of F .

Proposition (1.3). Let F1 andF2 be free abelian groups. Then

Modern Algebra I – p. 5/27



Ranks of Free Abelian Groups
Theorem (1.2). Any two bases of a free abelian groupF have
the same cardinality.

Remark/Definition. Let F be a free abelian group.
Theorem (1.2) tells us that the cardinal number of any basisX of
F is an invariant ofF . |X| is called therank of F .

Proposition (1.3). Let F1 andF2 be free abelian groups. Then

F1
∼= F2 ⇐⇒ F1 andF2 have the same rank.
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Theorem (1.4)
Every abelian groupG is a homomorphic image of a free abelian
group.
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Theorem (1.4)
Every abelian groupG is a homomorphic image of a free abelian
group. More precisely, ifX is a set of generators of the abelian
groupG, thenG is a homomorphic image of a free abelian group
of rank|X|.

Proof. Construct the free abelian groupF =
∑

x∈X Z. Then
Y = {ex | x ∈ X} is a basis ofF . Consider the mapf : Y → G

defined byf(ex) = x. Thenf induces a group homomorphism
f̄ : F → G with f̄(ex) = f(ex) = x. SinceG is generated byX,
f̄ is onto. More precisely, ifa ∈ G, thena = n1x1 + · · · + nkxk

for somex1, . . . , xk ∈ X andn1, . . . , nk ∈ Z. Note that
a = n1x1 + · · · + nkxk = n1f̄(ex1

) + · · · + nkf̄(exk
)

= f̄(n1ex1
+ · · · + nkexk

) ∈ Im f̄ .
Therefore,G = Im f̄ . Moreover,F has rank|Y | = |X|. This
completes the proof.
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Theorem (1.4)
Every abelian groupG is a homomorphic image of a free abelian
group. More precisely, ifX is a set of generators of the abelian
groupG, thenG is a homomorphic image of a free abelian group
of rank|X|.

Remark. In fact, we show thatif X is a set of generators of the
abelian groupG, then the group homomorphism
ϕ :

∑

x∈X Z → G induced byϕ(ex) = x is an epimorphism.
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Theorem (1.6)
If F is a free abelian group of finite rankn
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Theorem (1.6)
If F is a free abelian group of finite rankn and ifG is a nonzero
subgroup ofF , then there exists a basis{x1, . . . , xn} of F , an
integerr with 1 ≤ r ≤ n and positive integersd1, . . . , dr such
thatd1 | d2 | · · · | dr and{d1x1, . . . , drxr} is a basis ofG.
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Proof. Let Y = {x1, . . . , xj−1, xj + axi, xj+1, . . . , xn}.
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Theorem (1.6)
If F is a free abelian group of finite rankn and ifG is a nonzero
subgroup ofF , then there exists a basis{x1, . . . , xn} of F , an
integerr with 1 ≤ r ≤ n and positive integersd1, . . . , dr such
thatd1 | d2 | · · · | dr and{d1x1, . . . , drxr} is a basis ofG.
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Proof of Theorem (1.6)Assumen ≥ 2 and consider the setS which consists of all those
integerss such that there exists a basis{y1, . . . , yn} of F and an
element inG of the formsy1 + k2y2 + · · · + knyn with ki ∈ Z.
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Proof of Theorem (1.6)
• S contains all possible coefficients for elements inG.
• d1 is the least positive integers inS.
• {x1, y2, . . . , yn} is a basis ofF andd1x1 ∈ G.
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existq1, r1 ∈ Z such thatt1 = q1d1 + r1 and0 ≤ r1 < d1.
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• d1 is the least positive integers inS.
• {x1, y2, . . . , yn} is a basis ofF andd1x1 ∈ G.

Let H = 〈y2, . . . , yn〉. ThenH is a free abelian group of rank
n − 1. We will show thatG = 〈d1x1〉 ⊕ (G ∩ H). First note that
〈d1x1〉 ∩ (G ∩ H) ⊆ 〈x1〉 ∩ 〈y2, . . . , yn〉 = {0}. Moreover, it is
clear thatG ⊇ 〈d1x1〉 + (G ∩ H). On the other hand, letu ∈ G.
Sinceu ∈ F , u = t1x1 + t2y2 + · · · + tnyn. For t1 ∈ Z, there
existq1, r1 ∈ Z such thatt1 = q1d1 + r1 and0 ≤ r1 < d1. Then
u = (q1d1 + r1)x1 + t2y2 + · · · + tnyn and this implies
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G = 〈d1x1〉 + (G ∩ H) and whenceG = 〈d1x1〉 ⊕ (G ∩ H). If
G ∩ H = 0, thenG = 〈d1x1〉 and we’re done.
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n − 1. We will show thatG = 〈d1x1〉 ⊕ (G ∩ H). First note that
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clear thatG ⊇ 〈d1x1〉 + (G ∩ H). On the other hand, letu ∈ G.
Sinceu ∈ F , u = t1x1 + t2y2 + · · · + tnyn. For t1 ∈ Z, there
existq1, r1 ∈ Z such thatt1 = q1d1 + r1 and0 ≤ r1 < d1. Then
u = (q1d1 + r1)x1 + t2y2 + · · · + tnyn and this implies
r1x1 + t2y2 + · · · + tnyn = u − q1d1x1 ∈ G. By the minimality
of d1 in S, r1 = 0 and sot2y2 + · · · + tnyn ∈ G ∩ H. Hence
u = q1d1x1 + t2y2 + · · · + tnyn ∈ 〈d1x1〉 + (G ∩ H). Therefore,
G = 〈d1x1〉 + (G ∩ H) and whenceG = 〈d1x1〉 ⊕ (G ∩ H). If
G ∩ H = 0, thenG = 〈d1x1〉 and we’re done. Assume
G ∩ H 6= 0.
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Proof of Theorem (1.6)
Theorem (1.6). If F is a free abelian group of finite rankn and
if G is a nonzero subgroup ofF , then there exists a basis
{x1, . . . , xn} of F , an integerr with 1 ≤ r ≤ n and positive
integersd1, . . . , dr such thatd1 | d2 | · · · | dr and
{d1x1, . . . , drxr} is a basis ofG.
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Theorem (1.6). If F is a free abelian group of finite rankn and
if G is a nonzero subgroup ofF , then there exists a basis
{x1, . . . , xn} of F , an integerr with 1 ≤ r ≤ n and positive
integersd1, . . . , dr such thatd1 | d2 | · · · | dr and
{d1x1, . . . , drxr} is a basis ofG.

SinceH is a free abelian group of rankn − 1
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if G is a nonzero subgroup ofF , then there exists a basis
{x1, . . . , xn} of F , an integerr with 1 ≤ r ≤ n and positive
integersd1, . . . , dr such thatd1 | d2 | · · · | dr and
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SinceH is a free abelian group of rankn − 1 and sinceG ∩ H is
a nonzero subgroup ofH, by the induction hypothesis,
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Theorem (1.6). If F is a free abelian group of finite rankn and
if G is a nonzero subgroup ofF , then there exists a basis
{x1, . . . , xn} of F , an integerr with 1 ≤ r ≤ n and positive
integersd1, . . . , dr such thatd1 | d2 | · · · | dr and
{d1x1, . . . , drxr} is a basis ofG.

SinceH is a free abelian group of rankn − 1 and sinceG ∩ H is
a nonzero subgroup ofH, by the induction hypothesis, there
exists a basis{x2, . . . , xn} of H,
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Theorem (1.6). If F is a free abelian group of finite rankn and
if G is a nonzero subgroup ofF , then there exists a basis
{x1, . . . , xn} of F , an integerr with 1 ≤ r ≤ n and positive
integersd1, . . . , dr such thatd1 | d2 | · · · | dr and
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exists a basis{x2, . . . , xn} of H, an integerr with 2 ≤ r ≤ n
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and positive integersd2, . . . , dr
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Proof of Theorem (1.6)
Theorem (1.6). If F is a free abelian group of finite rankn and
if G is a nonzero subgroup ofF , then there exists a basis
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integersd1, . . . , dr such thatd1 | d2 | · · · | dr and
{d1x1, . . . , drxr} is a basis ofG.

SinceH is a free abelian group of rankn − 1 and sinceG ∩ H is
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and positive integersd2, . . . , dr such thatd2 | d3 | · · · | dr and
{d2x2, . . . , drxr} is a basis ofG ∩ H.
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if G is a nonzero subgroup ofF , then there exists a basis
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and positive integersd2, . . . , dr such thatd2 | d3 | · · · | dr and
{d2x2, . . . , drxr} is a basis ofG ∩ H. SinceF = 〈x1〉 ⊕ H,
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Theorem (1.6). If F is a free abelian group of finite rankn and
if G is a nonzero subgroup ofF , then there exists a basis
{x1, . . . , xn} of F , an integerr with 1 ≤ r ≤ n and positive
integersd1, . . . , dr such thatd1 | d2 | · · · | dr and
{d1x1, . . . , drxr} is a basis ofG.

SinceH is a free abelian group of rankn − 1 and sinceG ∩ H is
a nonzero subgroup ofH, by the induction hypothesis, there
exists a basis{x2, . . . , xn} of H, an integerr with 2 ≤ r ≤ n

and positive integersd2, . . . , dr such thatd2 | d3 | · · · | dr and
{d2x2, . . . , drxr} is a basis ofG ∩ H. SinceF = 〈x1〉 ⊕ H,
{x1, x2, . . . , xn} is a basis ofF ; also, since
G = 〈d1x1〉 ⊕ (G ∩ H), {d1x1, d2x2, . . . , drxr} is a basis ofG.
Hence it remains to show thatd1 | d2.
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Proof of Theorem (1.6)
• S contains all possible coefficients for elements inG.

• d1 is the least positive integers inS.

• {x1, x2, . . . , xn} is a basis ofF and{d1x1, d2x2, . . . , drxr} is
a basis ofG with d2 | d3 | · · · | dn.

• It remains to show thatd1 | d2.
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Proof of Theorem (1.6)
• S contains all possible coefficients for elements inG.

• d1 is the least positive integers inS.

• {x1, x2, . . . , xn} is a basis ofF and{d1x1, d2x2, . . . , drxr} is
a basis ofG with d2 | d3 | · · · | dn.

• It remains to show thatd1 | d2.

Let q, r0 ∈ Z such thatd2 = qd1 + r0 and0 ≤ r0 < d1.
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Proof of Theorem (1.6)
• S contains all possible coefficients for elements inG.

• d1 is the least positive integers inS.

• {x1, x2, . . . , xn} is a basis ofF and{d1x1, d2x2, . . . , drxr} is
a basis ofG with d2 | d3 | · · · | dn.

• It remains to show thatd1 | d2.

Let q, r0 ∈ Z such thatd2 = qd1 + r0 and0 ≤ r0 < d1. Consider
the elementd1x1 + d2x2 ∈ G.
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Proof of Theorem (1.6)
• S contains all possible coefficients for elements inG.

• d1 is the least positive integers inS.

• {x1, x2, . . . , xn} is a basis ofF and{d1x1, d2x2, . . . , drxr} is
a basis ofG with d2 | d3 | · · · | dn.

• It remains to show thatd1 | d2.

Let q, r0 ∈ Z such thatd2 = qd1 + r0 and0 ≤ r0 < d1. Consider
the elementd1x1 + d2x2 ∈ G. Note that
d1x1 + d2x2
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Proof of Theorem (1.6)
• S contains all possible coefficients for elements inG.

• d1 is the least positive integers inS.

• {x1, x2, . . . , xn} is a basis ofF and{d1x1, d2x2, . . . , drxr} is
a basis ofG with d2 | d3 | · · · | dn.

• It remains to show thatd1 | d2.

Let q, r0 ∈ Z such thatd2 = qd1 + r0 and0 ≤ r0 < d1. Consider
the elementd1x1 + d2x2 ∈ G. Note that
d1x1 + d2x2 = d1x1 + (qd1 + r0)x2
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Proof of Theorem (1.6)
• S contains all possible coefficients for elements inG.

• d1 is the least positive integers inS.

• {x1, x2, . . . , xn} is a basis ofF and{d1x1, d2x2, . . . , drxr} is
a basis ofG with d2 | d3 | · · · | dn.

• It remains to show thatd1 | d2.

Let q, r0 ∈ Z such thatd2 = qd1 + r0 and0 ≤ r0 < d1. Consider
the elementd1x1 + d2x2 ∈ G. Note that
d1x1 + d2x2 = d1x1 + (qd1 + r0)x2 = d1(x1 + qx2) + r0x2
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Proof of Theorem (1.6)
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• d1 is the least positive integers inS.

• {x1, x2, . . . , xn} is a basis ofF and{d1x1, d2x2, . . . , drxr} is
a basis ofG with d2 | d3 | · · · | dn.

• It remains to show thatd1 | d2.

Let q, r0 ∈ Z such thatd2 = qd1 + r0 and0 ≤ r0 < d1. Consider
the elementd1x1 + d2x2 ∈ G. Note that
d1x1 + d2x2 = d1x1 + (qd1 + r0)x2 = d1(x1 + qx2) + r0x2 and
{x1 + qx2, x2, x3, . . . , xn} is a basis ofF .
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• d1 is the least positive integers inS.

• {x1, x2, . . . , xn} is a basis ofF and{d1x1, d2x2, . . . , drxr} is
a basis ofG with d2 | d3 | · · · | dn.

• It remains to show thatd1 | d2.

Let q, r0 ∈ Z such thatd2 = qd1 + r0 and0 ≤ r0 < d1. Consider
the elementd1x1 + d2x2 ∈ G. Note that
d1x1 + d2x2 = d1x1 + (qd1 + r0)x2 = d1(x1 + qx2) + r0x2 and
{x1 + qx2, x2, x3, . . . , xn} is a basis ofF . By the minimality of
d1 in S,
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Proof of Theorem (1.6)
• S contains all possible coefficients for elements inG.

• d1 is the least positive integers inS.

• {x1, x2, . . . , xn} is a basis ofF and{d1x1, d2x2, . . . , drxr} is
a basis ofG with d2 | d3 | · · · | dn.

• It remains to show thatd1 | d2.

Let q, r0 ∈ Z such thatd2 = qd1 + r0 and0 ≤ r0 < d1. Consider
the elementd1x1 + d2x2 ∈ G. Note that
d1x1 + d2x2 = d1x1 + (qd1 + r0)x2 = d1(x1 + qx2) + r0x2 and
{x1 + qx2, x2, x3, . . . , xn} is a basis ofF . By the minimality of
d1 in S, r0 = 0
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• S contains all possible coefficients for elements inG.

• d1 is the least positive integers inS.

• {x1, x2, . . . , xn} is a basis ofF and{d1x1, d2x2, . . . , drxr} is
a basis ofG with d2 | d3 | · · · | dn.

• It remains to show thatd1 | d2.

Let q, r0 ∈ Z such thatd2 = qd1 + r0 and0 ≤ r0 < d1. Consider
the elementd1x1 + d2x2 ∈ G. Note that
d1x1 + d2x2 = d1x1 + (qd1 + r0)x2 = d1(x1 + qx2) + r0x2 and
{x1 + qx2, x2, x3, . . . , xn} is a basis ofF . By the minimality of
d1 in S, r0 = 0 and this showsd1 | d2.
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• S contains all possible coefficients for elements inG.

• d1 is the least positive integers inS.

• {x1, x2, . . . , xn} is a basis ofF and{d1x1, d2x2, . . . , drxr} is
a basis ofG with d2 | d3 | · · · | dn.

• It remains to show thatd1 | d2.

Let q, r0 ∈ Z such thatd2 = qd1 + r0 and0 ≤ r0 < d1. Consider
the elementd1x1 + d2x2 ∈ G. Note that
d1x1 + d2x2 = d1x1 + (qd1 + r0)x2 = d1(x1 + qx2) + r0x2 and
{x1 + qx2, x2, x3, . . . , xn} is a basis ofF . By the minimality of
d1 in S, r0 = 0 and this showsd1 | d2. The proof is finally
complete.
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Exercise for Section II.1
1, 2, 6, 7, 9, 10.
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Chapter II
THE STRUCTURE OFGROUPS
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Chapter II
THE STRUCTURE OFGROUPS
Section II.2: Finitely Generated Abelian Groups

Remark. In this section, we will give a proof for the
Fundamental Theorem of finitely generated abelian
groups.
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Chapter II
THE STRUCTURE OFGROUPS
Section II.2: Finitely Generated Abelian Groups

Remark. In this section, we will give a proof for the
Fundamental Theorem of finitely generated abelian
groups. Through out this section, we will again use additive
notation.
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Chapter II
THE STRUCTURE OFGROUPS
Section II.2: Finitely Generated Abelian Groups

Theorem (2.1). Every finitely generated abelian groupG
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Chapter II
THE STRUCTURE OFGROUPS
Section II.2: Finitely Generated Abelian Groups

Theorem (2.1). Every finitely generated abelian groupG is
(isomorphic to) a finite direct sum of cyclic groups
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Section II.2: Finitely Generated Abelian Groups

Theorem (2.1). Every finitely generated abelian groupG is
(isomorphic to) a finite direct sum of cyclic groups in which the
finite cyclic summands (if any) are of ordersm1, . . . ,mt,
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Chapter II
THE STRUCTURE OFGROUPS
Section II.2: Finitely Generated Abelian Groups

Theorem (2.1). Every finitely generated abelian groupG is
(isomorphic to) a finite direct sum of cyclic groups in which the
finite cyclic summands (if any) are of ordersm1, . . . ,mt, where
m1 > 1 andm1 | m2 | · · · | mt.
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Chapter II
THE STRUCTURE OFGROUPS
Section II.2: Finitely Generated Abelian Groups

Theorem (2.1). Every finitely generated abelian groupG is
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The proof is complete.
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Remark
Theorem (2.1). Every finitely generated abelian groupG is
(isomorphic to) a finite direct sum of cyclic groups in which the
finite cyclic summands (if any) are of ordersm1, . . . ,mt, where
m1 > 1 andm1 | m2 | · · · | mt.
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Theorem (2.2)
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The key of proving Theorem (2.2) is Theorem (2.1) and the
following Lemma.
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Using this lemma, we can see the following lemma very
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Proof of Theorem (2.2)
By Theorem (2.1), we see that every finitely generated abelian
groupG is of the form

G ∼= Zm1
⊕ Zm2

⊕ · · · ⊕ Zmt
⊕ Z ⊕ · · · ⊕ Z

︸ ︷︷ ︸

s summands

.

with m1 | m2 | · · · | mt.
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n1, n2, . . . , nℓ ∈ N. This shows

Theorem (2.2). Every finitely generated abelian groupG is
(isomorphic to) a finite direct sum of cyclic groups, each of
which is either infinite or of order a power of a prime.

Modern Algebra I – p. 22/27



Remark

Modern Algebra I – p. 23/27



Remark
• Lagrange’s Theorem tells us that ifG is a finite group and if

H is a subgroup ofG,

Modern Algebra I – p. 23/27



Remark
• Lagrange’s Theorem tells us that ifG is a finite group and if

H is a subgroup ofG, then|H|
∣
∣|G|.

Modern Algebra I – p. 23/27



Remark
• Lagrange’s Theorem tells us that ifG is a finite group and if

H is a subgroup ofG, then|H|
∣
∣|G|.

• In general, for a finite groupG, if m ∈ N is a divisor of|G|,

Modern Algebra I – p. 23/27



Remark
• Lagrange’s Theorem tells us that ifG is a finite group and if

H is a subgroup ofG, then|H|
∣
∣|G|.

• In general, for a finite groupG, if m ∈ N is a divisor of|G|,
i.e.,m

∣
∣|G|,

Modern Algebra I – p. 23/27



Remark
• Lagrange’s Theorem tells us that ifG is a finite group and if

H is a subgroup ofG, then|H|
∣
∣|G|.

• In general, for a finite groupG, if m ∈ N is a divisor of|G|,
i.e.,m

∣
∣|G|, there mightNOT exist a subgroupH of G with

|H| = m.

Modern Algebra I – p. 23/27



Remark
• Lagrange’s Theorem tells us that ifG is a finite group and if

H is a subgroup ofG, then|H|
∣
∣|G|.

• In general, for a finite groupG, if m ∈ N is a divisor of|G|,
i.e.,m

∣
∣|G|, there mightNOT exist a subgroupH of G with

|H| = m.

• However, ifG = 〈a〉 is cyclic of ordern,

Modern Algebra I – p. 23/27



Remark
• Lagrange’s Theorem tells us that ifG is a finite group and if

H is a subgroup ofG, then|H|
∣
∣|G|.

• In general, for a finite groupG, if m ∈ N is a divisor of|G|,
i.e.,m

∣
∣|G|, there mightNOT exist a subgroupH of G with

|H| = m.

• However, ifG = 〈a〉 is cyclic of ordern, thenH = 〈a
n
m 〉 is a

subgroup of orderm.

Modern Algebra I – p. 23/27



Remark
• Lagrange’s Theorem tells us that ifG is a finite group and if

H is a subgroup ofG, then|H|
∣
∣|G|.

• In general, for a finite groupG, if m ∈ N is a divisor of|G|,
i.e.,m

∣
∣|G|, there mightNOT exist a subgroupH of G with

|H| = m.

• However, ifG = 〈a〉 is cyclic of ordern, thenH = 〈a
n
m 〉 is a

subgroup of orderm.
Combining this fact with Theorem (2.1),

Modern Algebra I – p. 23/27



Remark
• Lagrange’s Theorem tells us that ifG is a finite group and if

H is a subgroup ofG, then|H|
∣
∣|G|.

• In general, for a finite groupG, if m ∈ N is a divisor of|G|,
i.e.,m

∣
∣|G|, there mightNOT exist a subgroupH of G with

|H| = m.

• However, ifG = 〈a〉 is cyclic of ordern, thenH = 〈a
n
m 〉 is a

subgroup of orderm.
Combining this fact with Theorem (2.1), we have the
following corollary.

Modern Algebra I – p. 23/27



Remark
• Lagrange’s Theorem tells us that ifG is a finite group and if

H is a subgroup ofG, then|H|
∣
∣|G|.

• In general, for a finite groupG, if m ∈ N is a divisor of|G|,
i.e.,m

∣
∣|G|, there mightNOT exist a subgroupH of G with

|H| = m.

• However, ifG = 〈a〉 is cyclic of ordern, thenH = 〈a
n
m 〉 is a

subgroup of orderm.
Combining this fact with Theorem (2.1), we have the
following corollary.

Corollary (2.4). If G is a finite abelian group of ordern,

Modern Algebra I – p. 23/27



Remark
• Lagrange’s Theorem tells us that ifG is a finite group and if

H is a subgroup ofG, then|H|
∣
∣|G|.

• In general, for a finite groupG, if m ∈ N is a divisor of|G|,
i.e.,m

∣
∣|G|, there mightNOT exist a subgroupH of G with

|H| = m.

• However, ifG = 〈a〉 is cyclic of ordern, thenH = 〈a
n
m 〉 is a

subgroup of orderm.
Combining this fact with Theorem (2.1), we have the
following corollary.

Corollary (2.4). If G is a finite abelian group of ordern, thenG

has a subgroup of orderm for every positive integerm that
dividesn.
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Remark
In Theorem (2.1) and (2.2),we have seen that every finitely
generated abelian groupG can be decomposed as the direct sums
of cyclic groups of certain orders;
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Proof. For (iv), note that
Gt = {u ∈ G | nu = 0 for somen ∈ N}.

Let u, v ∈ Gt. Thennu = 0 = ℓv for somen, ℓ ∈ N.

Modern Algebra I – p. 26/27



Lemma (2.5)
Let G be an abelian group,m ∈ Z, p a prime number. Then each
of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

(iii) G(p) = {u ∈ G | |u| = pn for somen ≥ 0};

(iv) Gt = {u ∈ G | |u| is finite}.

Proof. For (iv), note that
Gt = {u ∈ G | nu = 0 for somen ∈ N}.

Let u, v ∈ Gt. Thennu = 0 = ℓv for somen, ℓ ∈ N. Since
nℓ(u − v) = ℓ(nu) − n(ℓv) = 0

Modern Algebra I – p. 26/27



Lemma (2.5)
Let G be an abelian group,m ∈ Z, p a prime number. Then each
of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

(iii) G(p) = {u ∈ G | |u| = pn for somen ≥ 0};

(iv) Gt = {u ∈ G | |u| is finite}.

Proof. For (iv), note that
Gt = {u ∈ G | nu = 0 for somen ∈ N}.

Let u, v ∈ Gt. Thennu = 0 = ℓv for somen, ℓ ∈ N. Since
nℓ(u − v) = ℓ(nu) − n(ℓv) = 0 andnℓ ∈ N,

Modern Algebra I – p. 26/27



Lemma (2.5)
Let G be an abelian group,m ∈ Z, p a prime number. Then each
of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

(iii) G(p) = {u ∈ G | |u| = pn for somen ≥ 0};

(iv) Gt = {u ∈ G | |u| is finite}.

Proof. For (iv), note that
Gt = {u ∈ G | nu = 0 for somen ∈ N}.

Let u, v ∈ Gt. Thennu = 0 = ℓv for somen, ℓ ∈ N. Since
nℓ(u − v) = ℓ(nu) − n(ℓv) = 0 andnℓ ∈ N, u − v ∈ Gt.

Modern Algebra I – p. 26/27



Lemma (2.5)
Let G be an abelian group,m ∈ Z, p a prime number. Then each
of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

(iii) G(p) = {u ∈ G | |u| = pn for somen ≥ 0};

(iv) Gt = {u ∈ G | |u| is finite}.

Proof. For (iv), note that
Gt = {u ∈ G | nu = 0 for somen ∈ N}.

Let u, v ∈ Gt. Thennu = 0 = ℓv for somen, ℓ ∈ N. Since
nℓ(u − v) = ℓ(nu) − n(ℓv) = 0 andnℓ ∈ N, u − v ∈ Gt. Hence
Gt is a subgroup ofG.

Modern Algebra I – p. 26/27



Lemma (2.5)
Lemma (2.5). Let G be an abelian group,m ∈ Z, p a prime
number. Then each of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

(iii) G(p) = {u ∈ G | |u| = pn for somen ≥ 0};

(iv) Gt = {u ∈ G | |u| is finite}.

Modern Algebra I – p. 27/27



Lemma (2.5)
Lemma (2.5). Let G be an abelian group,m ∈ Z, p a prime
number. Then each of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

(iii) G(p) = {u ∈ G | |u| = pn for somen ≥ 0};

(iv) Gt = {u ∈ G | |u| is finite}.

Next, we see and prove some properties related to these
subgroups.
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Lemma (2.5). Let G be an abelian group,m ∈ Z, p a prime
number. Then each of the following is a subgroup ofG:
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• Zpn[p] ∼= Zp for all n ∈ N.

• pm
Zpn

∼= Zpn−m for all n ∈ N with n > m.

Proof. Becausepm
Zpn is the subgroup ofZpn generated bypm

andpm | pn, pm
Zpn = 〈pm〉 is cyclic of orderpn

pm = pn−m, and
so is isomorphic toZpn−m.
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Lemma (2.5). Let G be an abelian group,m ∈ Z, p a prime
number. Then each of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};
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• pm
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∼= Zpn−m for all n ∈ N with n > m.

There are two more statements in Lemma (2.5).
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Lemma (2.5). Let G be an abelian group,m ∈ Z, p a prime
number. Then each of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

(iii) G(p) = {u ∈ G | |u| = pn for somen ≥ 0};

(iv) Gt = {u ∈ G | |u| is finite}.

• Zpn[p] ∼= Zp for all n ∈ N.

• pm
Zpn

∼= Zpn−m for all n ∈ N with n > m.

There are two more statements in Lemma (2.5). Before we
state and prove them, we see two easy lemmas.
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