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Chapter ll: THE STRUCTURE OF GROUPS

Section Il.1: Free Abelian Groups

Definition. Let G be an abelian group and lat C G.

X islinearly independent if for any distinct
x1,%a,...,Tr € X andn; € Z,

niriy + noxs + - - + N, = 0 = n; = 0 for everyz.
X Isabasis of G If

(i) X generategs, i.e.,(X) = G, and

(i) X is linearly independent.

Definition. An abelian grou¥’ is called afree abelian group
If £ has a basis.

Modern Aloebral = p. 3/27



Review

Example. > ., Z is a free abelian group with a basis
{e; | i € I} where for eaclt € I, e, = (a;);c; denotes the
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Review

Example. > ., Z is a free abelian group with a basis
{e; | i € I} where for eaclt € I, e, = (a;);c; denotes the
elementiny ., Z such that

CLkZI

Theorem. Let F' be a free abelian group with a nonempty basis
X. Then every nonzero element Bfcan be written uniquely in
the formn z; + - - - + ngx, Withn; € Z \ {0} and

x1, ..., € X distinct.

Remark. If F'is a free abelian group with a nonempty bakis
thenF'iIs free onX in the category of abelian groups.
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Ranks of Free Abelian Groups

Theorem (1.2). Any two bases of a free abelian groéphave
the same cardinality.

Remark/Definition. Let F' be a free abelian group.
Theorem (1.2) tells us that the cardinal number of any h&sid
F'is an invariant ofF'. | X| is called therank of F..

Proposition (1.3). Let F} and F; be free abelian groups. Then
= F, < F, andF; have the same rank.
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Every abelian group- is a homomorphic image of a free abelian
group. More precisely, iX Is a set of generators of the abelian
groupG, thenG is a homomorphic image of a free abelian group
of rank| X|.

Proof. Construct the free abelian grodp= > _, Z. Then

Y ={e, | x € X} isabasis off. Considerthemap : Y — G

defined byf(e,.) = z. Thenf induces a group homomorphism

f: F — G with f(e,) = f(e,) = x. Sinced is generated by,

f is onto. More precisely, i € G, thena = nyz; + -+ - + Ny

forsomexq, ...,z € X andnq,...,n; € Z. Note that
a=mn1x1+ -+ npxp =nyfeg,) + - +npfleg,)

= f(nie,, + -+ +ngey, ) € Im f.
Therefore G = Im f. Moreover,F has rankY| = | X|. This

completes the proof.
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Theorem (1.4)

Every abelian group- is a homomorphic image of a free abelian
group. More precisely, iX Is a set of generators of the abelian
groupG, thenG is a homomorphic image of a free abelian group
of rank| X|.

Remark. In fact, we show that ifX Is a set of generators of the
abelian groug~, then the group homomorphism

¢ .exZ— Ginduced byp(e,) = = is an epimorphism. In
particular, iIfG Is generated by, z», ..., x, € G, then we have
an epimorphisny : ;" , Z — G with ¢(e;) = z; for
i=1,2,....n.
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Proof of Corollary (1.7)

Remark. Theorem (1.6) shows that f is a free abelian group
of finite rankn, then every subgroup df is free abelian of finite
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Theorem (1.6)

If ['is a free abelian group of finite rankand if G is a nonzero

subgroup off’, then there exists a basis,,...,x,} of I, an
iIntegerr with 1 < r < n and positive integerég,, ..., d, such
thatd, | ds | -+ | d, and{d x4, ...,d,z.} is a basis of7.
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Assumen > 2 and consider the sétwhich consists of all those
integerss such that there exists a basig, ..., y, } of F'and an
element InG of the formsy; + kays + - - - + k,y, With k; € Z.
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integerss such that there exists a basig, ..., y, } of F'and an
element InG of the formsy; + kays + - - - + k,y, With k; € Z.
Note that in this casdys, y1,vs, - - .,y } IS also a basis of,
whencek, € S; similarly k; € S fori: = 3,4,...,n. ThusS
contains “all possible coefficients for element<iri Since
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.
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Modern Alaoebral = p. 12/27



S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (yo,...,yn). ThenH is a free abelian group of rank

n — 1.
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (yo,...,yn). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
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(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
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Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that; = ¢;d, + r; and0 < r; < d;.
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Let H = (y»,...,y,). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rxy +tays + -0 Y = u — qudirg
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clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rixy +tys+ -+t y, =u— qdixry € G.
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (y»,...,y,). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rix1 + tays + - - + thyn = u — q1dir; € G. By the minimality
of d; In .S,
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (y»,...,y,). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rix1 + tays + - - + thyn = u — q1dir; € G. By the minimality
ofdiinS,r; =0
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (y»,...,y,). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rix1 + tays + - - + thyn = u — q1dir; € G. By the minimality
ofd; InS,ry =0and satyys + -+ t,y, € G
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (y»,...,y,). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rix1 + tays + - - + thyn = u — q1dir; € G. By the minimality
ofd; InS,ry =0and sotyys + -+ t,y, € GN H.
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (y»,...,y,). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rix1 + tays + - - + thyn = u — q1dir; € G. By the minimality
ofd,yIin S, r; =0andsotyys + -+ t,y, € GN H. Hence
U= q1d1x1 +tays + - + thn
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (y»,...,y,). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rix1 + tays + - - + thyn = u — q1dir; € G. By the minimality
ofd,yIin S, r; =0andsotyys + -+ t,y, € GN H. Hence

u = qdixy + toys + - - + tyyn € (dixy) + (GN H).
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (y»,...,y,). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rix1 + tays + - - + thyn = u — q1dir; € G. By the minimality
ofd,yIin S, r; =0andsotyys + -+ t,y, € GN H. Hence

u = qdixy + tays + - -+ + thy, € (dix1) + (G N H). Therefore,
G = (dyz1) + (GNH)
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (y»,...,y,). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rix1 + tays + - - + thyn = u — q1dir; € G. By the minimality
ofd,yIin S, r; =0andsotyys + -+ t,y, € GN H. Hence

u = qdixy + tays + - -+ + thy, € (dix1) + (G N H). Therefore,
G = (dyz1) + (GN H) and whencé&r = (d1z1) & (GN H).
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (y»,...,y,). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rix1 + tays + - - + thyn = u — q1dir; € G. By the minimality
ofd,yIin S, r; =0andsotyys + -+ t,y, € GN H. Hence

u = qdixy + tays + - -+ + thy, € (dix1) + (G N H). Therefore,
G = (dyx1) + (GN H) and whencé&r = (d1z1) & (GN H). If
GNH=0,
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (y»,...,y,). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rix1 + tays + - - + thyn = u — q1dir; € G. By the minimality
ofd,yIin S, r; =0andsotyys + -+ t,y, € GN H. Hence

u = qdixy + tays + - -+ + thy, € (dix1) + (G N H). Therefore,
G = (dyx1) + (GN H) and whencé&r = (d1z1) & (GN H). If
GNH=0,thenG = (dyx1)
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (y»,...,y,). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rix1 + tays + - - + thyn = u — q1dir; € G. By the minimality
ofd,yIin S, r; =0andsotyys + -+ t,y, € GN H. Hence

u = qdixy + tays + - -+ + thy, € (dix1) + (G N H). Therefore,
G = (dyx1) + (GN H) and whencé&r = (d1z1) & (GN H). If

G N H =0, thenG = (d,x,) and we're done.
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
{x1,92,...,y,} IS abasis o andd,x; € G.

Let H = (y»,...,y,). ThenH is a free abelian group of rank
n — 1. We will show thatz = (d,z1) ® (G N H). First note that
(dix1) N(GNH) C{x1) N {Ys2,...,y,) = {0}. Moreover, it is
clear thatG' O (dix1) + (G N H). On the other hand, let € G.
Sinceu € F',u =t1x1 +toys + - - - + t,y,. FOrt; € Z, there
existq,,r; € Z such that,; = ¢;d, + r; and0 < r; < dy. Then
u = (q1dy + r1)x1 + toys + - - - + t,y, and this implies

rix1 + tays + - - + thyn = u — q1dir; € G. By the minimality
ofd,yIin S, r; =0andsotyys + -+ t,y, € GN H. Hence

u = qdixy + tays + - -+ + thy, € (dix1) + (G N H). Therefore,
G = (dyx1) + (GN H) and whencé&r = (d1z1) & (GN H). If

G N H =0, thenG = (d;z;) and we're done. Assume
GNH#QO.
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Proof of Theorem (1.6)

Theorem (1.6). If I'Is a free abelian group of finite ramkand
If G Is a nonzero subgroup @f, then there exists a basis
{x1,...,x,} of F', aninteger with 1 < r < n and positive
Integersd,, . ..,d, suchthat;, | ds | --- | d, and
{dyx1,...,d,x.}is a basis of7.
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If G Is a nonzero subgroup @f, then there exists a basis

{x1,...,x,} of F', aninteger with 1 < r < n and positive
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{dyx1,...,d,x.}is a basis of7.

SinceH is a free abelian group of rank— 1
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a nonzero subgroup df,
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If G Is a nonzero subgroup @f, then there exists a basis

{x1,...,x,} of F', aninteger with 1 < r < n and positive
Integersd,, . ..,d, suchthat;, | ds | --- | d, and
{dyx1,...,d,x.}is a basis of7.

SinceH is a free abelian group of rank— 1 and since> N H IS
a nonzero subgroup @f, by the induction hypothesis,
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If G Is a nonzero subgroup @f, then there exists a basis

{x1,...,x,} of F', aninteger with 1 < r < n and positive
Integersd,, . ..,d, suchthat;, | ds | --- | d, and
{dyx1,...,d,x.}is a basis of7.

SinceH is a free abelian group of rank— 1 and since> N H IS
a nonzero subgroup @f, by the induction hypothesis, there
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Proof of Theorem (1.6)

Theorem (1.6). If I'Is a free abelian group of finite ramkand
If G Is a nonzero subgroup @f, then there exists a basis

{x1,...,x,} of F', aninteger with 1 < r < n and positive
Integersd,, . ..,d, suchthat;, | ds | --- | d, and
{dyx1,...,d,x.}is a basis of7.

SinceH is a free abelian group of rank— 1 and since> N H IS
a nonzero subgroup @f, by the induction hypothesis, there
exists a basi$x,, ..., x,} of H, aninteger with2 <r <n
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Proof of Theorem (1.6)

Theorem (1.6). If I'Is a free abelian group of finite ramkand
If G Is a nonzero subgroup @f, then there exists a basis

{x1,...,x,} of F', aninteger with 1 < r < n and positive
Integersd,, . ..,d, suchthat;, | ds | --- | d, and
{dyx1,...,d,x.}is a basis of7.

SinceH is a free abelian group of rank— 1 and since> N H IS
a nonzero subgroup @f, by the induction hypothesis, there
exists a basi$x,, ..., x,} of H, aninteger with2 <r <n
and positive integers,, . .., d,
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Theorem (1.6). If I'Is a free abelian group of finite ramkand
If G Is a nonzero subgroup @f, then there exists a basis

{x1,...,x,} of F', aninteger with 1 < r < n and positive
Integersd,, . ..,d, suchthat;, | ds | --- | d, and
{dyx1,...,d,x.}is a basis of7.

SinceH is a free abelian group of rank— 1 and since> N H IS
a nonzero subgroup @f, by the induction hypothesis, there
exists a basi$x,, ..., x,} of H, aninteger with2 <r <n
and positive integers,, ..., d, such thatly | ds | --- | d,
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Proof of Theorem (1.6)

Theorem (1.6). If I'Is a free abelian group of finite ramkand
If G Is a nonzero subgroup @f, then there exists a basis

{x1,...,x,} of F', aninteger with 1 < r < n and positive
Integersd,, . ..,d, suchthat;, | ds | --- | d, and
{dyx1,...,d,x.}is a basis of7.

SinceH is a free abelian group of rank— 1 and since> N H IS
a nonzero subgroup @f, by the induction hypothesis, there
exists a basi$x,, ..., x,} of H, aninteger with2 <r <n
and positive integers,, . .., d, such thatl, | ds | --- | d, and
{doxs, ..., d,x.}is abasis ofz N H.

Modern Alaoebral = p. 13/27



Proof of Theorem (1.6)

Theorem (1.6). If I'Is a free abelian group of finite ramkand
If G Is a nonzero subgroup @f, then there exists a basis

{x1,...,x,} of F', aninteger with 1 < r < n and positive
Integersd,, . ..,d, suchthat;, | ds | --- | d, and
{dyx1,...,d,x.}is a basis of7.

SinceH is a free abelian group of rank— 1 and since> N H IS
a nonzero subgroup @f, by the induction hypothesis, there
exists a basi$x,, ..., x,} of H, aninteger with2 <r <n
and positive integers,, . .., d, such thatl, | ds | --- | d, and
{dyxs, ... d.x.} 1S abasis ofs N H. SinceF = (z,) & H,
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Proof of Theorem (1.6)

Theorem (1.6). If I'Is a free abelian group of finite ramkand
If G Is a nonzero subgroup @f, then there exists a basis

{x1,...,x,} of F', aninteger with 1 < r < n and positive
Integersd,, . ..,d, suchthat;, | ds | --- | d, and
{dyx1,...,d,x.}is a basis of7.

SinceH is a free abelian group of rank— 1 and since> N H IS
a nonzero subgroup @f, by the induction hypothesis, there
exists a basi$x,, ..., x,} of H, aninteger with2 <r <n
and positive integerg,, . .., d, such thatl, | ds; | --- | d, and
{dyxs, ..., d,x.} isabasis ofz N H. Sincel’ = (z,) & H,
{x1,29,...,2,}iS abasis of;
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Proof of Theorem (1.6)

Theorem (1.6). If I'Is a free abelian group of finite ramkand
If G Is a nonzero subgroup @f, then there exists a basis

{x1,...,x,} of F', aninteger with 1 < r < n and positive
Integersd,, . ..,d, suchthat;, | ds | --- | d, and
{dyx1,...,d,x.}is a basis of7.

SinceH is a free abelian group of rank— 1 and since> N H IS
a nonzero subgroup @f, by the induction hypothesis, there

exists a basi$x,, ..., x,} of H, aninteger with2 <r <n
and positive integers,, . .., d, such thatl, | ds | --- | d, and
{dyxs, ... d.x.} 1S abasis ofs N H. SinceF = (z,) & H,
{x1,29,...,x,}is abasis of’; also, since

G = (dyx1) ® (GNH),
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Proof of Theorem (1.6)

Theorem (1.6). If I'Is a free abelian group of finite ramkand
If G Is a nonzero subgroup @f, then there exists a basis

{x1,...,x,} of F', aninteger with 1 < r < n and positive
Integersd,, . ..,d, suchthat;, | ds | --- | d, and
{dyx1,...,d,x.}is a basis of7.

SinceH is a free abelian group of rank— 1 and since> N H IS
a nonzero subgroup @f, by the induction hypothesis, there

exists a basi$x,, ..., x,} of H, aninteger with2 <r <n
and positive integers,, . .., d, such thatl, | ds | --- | d, and
{dyxs, ... d.x.} 1S abasis ofs N H. SinceF = (z,) & H,
{x1,29,...,x,}is abasis of’; also, since

G = <d1£C1> D (G M H), {dlilfl, dQZCQ, ce ,dTZCT} IS a basis OG.
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Theorem (1.6). If I'Is a free abelian group of finite ramkand
If G Is a nonzero subgroup @f, then there exists a basis

{x1,...,x,} of F', aninteger with 1 < r < n and positive
Integersd,, . ..,d, suchthat;, | ds | --- | d, and
{dyx1,...,d,x.}is a basis of7.

SinceH is a free abelian group of rank— 1 and since> N H IS
a nonzero subgroup @f, by the induction hypothesis, there

exists a basi$x,, ..., x,} of H, aninteger with2 <r <n
and positive integers,, . .., d, such thatl, | ds | --- | d, and
{dyxs, ... d.x.} 1S abasis ofs N H. SinceF = (z,) & H,
{x1,29,...,x,}is abasis of’; also, since

G = <d1£C1> D (G M H), {dlilfl, dQZCQ, ce ,dTZCT} IS a basis OG.
Hence it remains to show thdt | d-.
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Theorem (1.6). If I'Is a free abelian group of finite ramkand
If G Is a nonzero subgroup @f, then there exists a basis

{x1,...,x,} of F', aninteger with 1 < r < n and positive
Integersd,, . ..,d, suchthat;, | ds | --- | d, and
{dyx1,...,d,x.}is a basis of7.

SinceH is a free abelian group of rank— 1 and since> N H IS
a nonzero subgroup @f, by the induction hypothesis, there

exists a basi$x,, ..., x,} of H, aninteger with2 <r <n
and positive integers,, . .., d, such thatl, | ds | --- | d, and
{dyxs, ... d.x.} 1S abasis ofs N H. SinceF = (z,) & H,
{x1,29,...,x,}is abasis of’; also, since

G = <d1£C1> D (G M H), {dlilfl, dQZCQ, ce ,dTZCT} IS a basis OG.
Hence it remains to show thdt | d..
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Proof of Theorem (1.6)

S contains all possible coefficients for elements-in

d; 1S the least positive integers H

{x1,29,...,x,}isabasis o' and{d,x,dsx>, ..., d.x,.} IS
abasis ol with dy | ds | - - - | d,,.

It remains to show that; | ds.
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Letq,ro € Z such thatly = gd; + ro and0 < ry < d;.
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It remains to show that; | ds.
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the elementlz; + dsx5 € G.
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Proof of Theorem (1.6)

S contains all possible coefficients for elements-in

d; 1S the least positive integers H

{x1,29,...,x,}isabasis o' and{d,x,dsx>, ..., d.x,.} IS
abasis ol with dy | ds | - - - | d,,.

It remains to show that; | ds.

Letq,ro € Z such thatly, = gd; + 7o and0 < ry < d;. Consider
the elementl;x; + dsx» € GG. Note that
dix1 + dozy = dixy + (qdy + 7o) 22
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H

{x1,29,...,x,}isabasis o' and{d,x,dsx>, ..., d.x,.} IS
abasis ol with dy | ds | - - - | d,,.

It remains to show that; | ds.
Letq,ro € Z such thatly, = gd; + 7o and0 < ry < d;. Consider
the elementl;x; + dsx» € GG. Note that

di71 + doxe = dix1 + (qdy + 10)T2 = di(21 + q2) + 1972 AN
{x1 + qxo, 19, 23,...,2,} IS & basis ofF'.
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diz1 + doxo = dyz1 + (qdy + 1ro)xe = di (21 + qx2) + roT2 @Nd
{x1 + qxo, 19, 23,...,2,} IS @ basis off'. By the minimality of
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H
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S contains all possible coefficients for elements-in
d; 1S the least positive integers H

{x1,29,...,x,}isabasis o' and{d,x,dsx>, ..., d.x,.} IS
abasis ol with dy | ds | - - - | d,,.

It remains to show that; | ds.

Letq,ro € Z such thatly, = gd; + 7o and0 < ry < d;. Consider
the elementl;x; + dsx» € GG. Note that

diz1 + doxo = dyz1 + (qdy + 1ro)xe = di (21 + qx2) + roT2 @Nd
{x1 + qxo, 19, 23,...,2,} IS @ basis off'. By the minimality of
dy in S, ro = 0 and this showd; | d>. The proof is finally
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Exercise for Section 11.1
1,2,6,7,9, 10.
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Section II.2: Finitely Generated Abelian Groups

Remark. In this section, we will give a proof for the
Fundamental Theorem of finitely generated abelian
groups.
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Section II.2: Finitely Generated Abelian Groups

Remark. In this section, we will give a proof for the
Fundamental Theorem of finitely generated abelian
groups. Through out this section, we will again use additive
notation.
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THE STRUCTURE OFGROUPS

Section II.2: Finitely Generated Abelian Groups

Theorem(2.1). Every finitely generated abelian groapis
(isomorphic to) a finite direct sum of cyclic groups in whitlet
finite cyclic summands (if any) are of orders, ..., m;, where
my > 1andm; | mo | --- | my. In other words, every finitely
generated abelian group is of the form

Loy ® Loy ® +++ B Loy, B z@...@Z)

TV
finite summands

with my | mo | - -+ | my, Up to isomorphism.
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Theorem(2.1). Every finitely generated abelian grodpis
(isomorphic to) a finite direct sum of cyclic groups in whitlet

finite cyclic summands (if any) are of orders, ..., m;, where
my > 1andmy | mo | -+ | my.

Proof. If G =0,
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Theorem(2.1). Every finitely generated abelian grodpis
(isomorphic to) a finite direct sum of cyclic groups in whitlet

finite cyclic summands (if any) are of orders, ..., m;, where
my > 1andmy | mo | -+ | my.

Proof. If G = 0, nothing needs to be proved.
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Theorem(2.1). Every finitely generated abelian grodpis
(isomorphic to) a finite direct sum of cyclic groups in whitlet

finite cyclic summands (if any) are of orders, ..., m;, where
my > 1andmy | mo | -+ | my.

Proof. Assume(: = 0 and( Is generated by elements.
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Theorem(2.1). Every finitely generated abelian grodpis
(isomorphic to) a finite direct sum of cyclic groups in whitlet
finite cyclic summands (if any) are of orders, ..., m;, where
my > 1andmy | mo | -+ | my.

Proof. Assume(: =# 0 and( Is generated by elements. By
Theorem (1.4) there is a group epimorphismF — G with F
a free abelian group of rank ConsiderKer 7.
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my > 1andmy | mo | -+ | my.
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(isomorphic to) a finite direct sum of cyclic groups in whitlet
finite cyclic summands (if any) are of orders, ..., m;, where
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Theorem(2.1). Every finitely generated abelian grodpis
(isomorphic to) a finite direct sum of cyclic groups in whitlet
finite cyclic summands (if any) are of orders, ..., m;, where

my > 1andmy | mo | -+ | my.

Proof. Assume(: =# 0 and( Is generated by elements. By
Theorem (1.4) there is a group epimorphismF — G with F
a free abelian group of rank ConsiderKer 7. If Kerm = 0,
thenw is an isomorphism and €6 = F
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finite cyclic summands (if any) are of orders, ..., m;, where
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Proof. Assume(: =# 0 and( Is generated by elements. By
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(isomorphic to) a finite direct sum of cyclic groups in whitlet
finite cyclic summands (if any) are of orders, ..., m;, where

my > 1andmy | mo | -+ | my.

Proof. Assume(: =# 0 and( Is generated by elements. By
Theorem (1.4) there is a group epimorphismF — G with F
a free abelian group of rank ConsiderKer 7. If Kerm = 0,
thenr is an isomorphismand 6= FF= Z ¢ --- ® Z and

NV
n summands

we're done. Assum&er m £ 0.
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my > 1andmy | mo | -+ | my.

Proof. Assume(: =# 0 and( Is generated by elements. By
Theorem (1.4) there is a group epimorphismF — G with F
a free abelian group of rank  AssumeKer © # 0.
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a free abelian group of rank  AssumeKer m # 0. ThenKer «
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Theorem (1.6). If ['is a free abelian group of finite rank
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Theorem (1.6). If I'is a free abelian group of finite ramkand
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Remark

Theorem(2.1). Every finitely generated abelian grodpis
(isomorphic to) a finite direct sum of cyclic groups in whitlet
finite cyclic summands (if any) are of orders, ..., m;, where
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ngml@ng@’”@zmt@z@"’@Z-
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s summands
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WV
s summands

with p{, pa, ..., p; primes (not necessarily distinct) and

ny,Na, ..., Ny € N,

The key of proving Theorem (2.2) is Theorem (2.1) and the
following Lemma.
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ni,n2

Lemma (2.3). If m is a positive integer anth = pipy? - - - pt
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ni,n2

Lemma (2.3). If m Is a positive integer anch = p{'py? - - - p;*
with pq, ..., p; distinct primes ana, ..., n; € N, then
Ly = me D anz D --- @ant.

1 2 t
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Proof of Theorem (2.2)

By Theorem (2.1), we see that every finitely generated abelia
groupG is of the form

G%’Zml@ZmQ@...@th@Z@...@Z).

WV
s summands

with my | mo | - -+ | my.
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Proof of Theorem (2.2)

By Theorem (2.1), we see that every finitely generated abelia
groupG Is of the form

G%’Zml@ZmQ@...@th@Z@...@Z).

WV
s summands

with my | ms | -+ - | my. Now apply Lemma (2.3) to eadh,,
then we get
G=2Lyp ©Lyp2 @ L OLD - DL

WV
s summands

with p{, pa, . .., p, primes (not necessarily distinct) and
ni,Na,...,ny € N. This shows

Theorem (2.2). Every finitely generated abelian groapis
(isomorphic to) a finite direct sum of cyclic groups, each of
which is either infinite or of order a power of a prime.
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Next, we see and prove some properties related to these
subgroups.
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There are two more statements in Lemma (2.5).
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« Lyn|p] = Z, foralln € N.

© Pl = Lipn—m for alln € Nwith n > m.

There are two more statements in Lemma (2.5). Before we
state and prove them, we see two easy lemmas.
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