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Definition. Let G be an abelian group and l&t C G.

X islinearly independent if for any distinct
x1,Ta,...,2T, € X andn; € Z,
niTiy + noxs + - - + N, = 0 = n; = 0 for everyz.
X Isabasis of G If
(i) X generategs, i.e.,(X) =G, and
(i) X is linearly independent.
Definition. An abelian group’ is called afree abelian group
If F’ has a basis.
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An Important Example

Consider the group _,_, Z
For eachk c I, lete;, = (a;),c; denote the element iy, _, Z

such that
CLkZI

Then) ., Z is a free abelian group because | i € I} is a
basis ofz

zEI

Remark. In Theorem (1.1), we show that all free abelian groups
are of the formy_._, Z, up to isomorphism.
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Theorem (1.1)

The following conditions on an abelian grotkpare equivalent:
() F' has a nonempty basis.

(i) F'Is the (internal) direct sum of a family of infinite cyclic
subgroups.

(i) Fi1s (iIsomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.fJ' = > ., Z for some index sef.
(iv) F'is a free object in the category of abelian groups, i.e.,
there exists a nonempty s&tand a function : X — F
with the following property: given an abelian grotgpand
function f : X — G, there exists a unigue homomorphism

of groupsf : F — G such thatf. = f.

Proof. We have shown (i) = (ii) = ()= (1) = (iv) = (iil).
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Proof of (1) = (iv)
() F' has a nonempty basis.

(iv) F'is a free object in the category of abelian groups, I1.e. gher
exists a nonempty séf and a function : X — F with the
following property: given an abelian grodp and function
f: X — G, there exists a unigue homomorphism of groups
f: F — G suchthatf. = f.
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f(0) =0andf(nizy + - -+ npxy) = naf(z1) + - 4 e f(an).
SinceG is abelian, it is easy to see thats a homomorphism. It
is also easy to see th#t = f,i.e., f(z) = f(x) Vo € X.
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Proof. Let X be a nonempty basis éf and let. : X — F be
the inclusion map. Lef : X — G be a function. We want to
show thathere exists aniquegroup homomorphisnf : /' — G
such thatf, = f. Since every nonzero elementfhcan be
written uniquely in the formm,x; + - - - + ngay With n; € Z 1\ {0}
andzy, ..., z, € X distinct, we can define a mgp: F — G as
f(0) =0andf(nizy + - -+ npxy) = naf(z1) + - 4 e f(an).
SinceG is abelian, it is easy to see thats a homomorphism. It
is also easy to see th#t = f,i.e., f(z) = f(x) Vo € X. We
remain to show the uniqueness.
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the inclusion map. Lef : X — G be a function. We want to
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Proof. Let X be a nonempty basis éf and let. : X — F be
the inclusion map. Lef : X — G be a function. We want to
show thathere exists aniquegroup homomorphisnf : /' — G
such thatf, = f. Since every nonzero elementfhcan be
written uniquely in the formm, 2, + - - - + ngzy With n; € Z\ {0}
andzy, ..., z, € X distinct, we can define a mgp: F — G as
f(0) =0andf(nizy + - -+ npxy) = naf(z1) + - 4 e f(an).
SinceG is abelian, it is easy to see thats a homomorphism. It
is also easy to see th#t = f,i.e., f(z) = f(x) Vo € X.
Suppose thaj : ' — G Is a group homomorphism such that
gt = f. For every nonzero elementz; + - - - + nyxy € I,

g(nas + -+ + ngay) = naglay) + -+ nggl)

=nyf(x1)+ -+ npf(xg) = f(nixy + -+ - + npxy). HENCe,
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Proof of (1) = (iv)

Proof. Let X be a nonempty basis éf and let. : X — F be
the inclusion map. Lef : X — G be a function. We want to
show thathere exists aniquegroup homomorphisnf : /' — G
such thatf. = f.

Remark. We just prove that iff’ is a free abelian group with a
nonempty basis,
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Proof of (1) = (iv)

Proof. Let X be a nonempty basis éf and let. : X — F be
the inclusion map. Lef : X — G be a function. We want to
show thathere exists aniquegroup homomorphisnf : /' — G
such thatf. = f.

Remark. We just prove that iff’ is a free abelian group with a
nonempty basis’, thenF' is free onX in the category of abelian
groups.
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Theorem (1.1)

The following conditions on an abelian grotkpare equivalent:
() F' has a nonempty basis.

(i) F'Is the (internal) direct sum of a family of infinite cyclic
subgroups.

(i) Fi1s (iIsomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.fJ' = > ., Z for some index sef.
(iv) F'is a free object in the category of abelian groups, i.e.,
there exists a nonempty s&tand a function : X — F
with the following property: given an abelian grogpand
function f : X — G, there exists a unigue homomorphism

of groupsf : F — G such thatf. = f.

Proof. We have shown (1) = (ii) = (ii)= (1) = (iv) = (iil).
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Proof of (iv) = (i)

(i) F'is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.}J' = » ., Z for some index sef.
(iv) F'is a free object in the category of abelian groups, I1.e.gher
exists a nonempty séf and a function : X — F with the
following property: given an abelian grodp and function
f: X — @G, there exists a uniqgue homomorphism of groups

f: F — G suchthatf. = f.
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(i) F'is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.}J' = » ., Z for some index sef.
(iv) F'is a free object in the category of abelian groups, I1.e.gher
exists a nonempty séf and a function : X — F with the
following property: given an abelian grodp and function
f: X — @G, there exists a uniqgue homomorphism of groups

f: F — G suchthatf. = f.

Proof.
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groupsZ of integers, i.e.}J' = » ., Z for some index sef.
(iv) F'is a free object in the category of abelian groups, I1.e.gher
exists a nonempty séf and a function : X — F with the
following property: given an abelian grodp and function
f: X — @G, there exists a uniqgue homomorphism of groups

f: F — G suchthatf. = f.

Proof. Construct the free abelian grogg,,  Z.
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exists a nonempty séf and a function : X — F with the
following property: given an abelian grodp and function
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Proof. Construct the free abelian grogp, , Z. Since

Y ={e,|vc X}isabasisod  .Z,) .Zisfreeonthe
setY in the category of abelian groups. Note th& = |Y'|. By
Theorem (1.7.8),

Modern Aloaebra |l = n. 9/20



Proof of (iv) = (i)
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Proof of (iv) = (i)

(i) F'is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.}J' = » ., Z for some index sef.

(iv) F'is a free object in the category of abelian groups, I1.e.gher
exists a nonempty séf and a function : X — F with the
following property: given an abelian grodp and function
f: X — @G, there exists a uniqgue homomorphism of groups
f: F — G suchthatf. = f.

Proof. Construct the free abelian grogp, , Z. Since

Y ={e,|zvc X}isabasisob .7, ) . Zisfreeonthe
setY in the category of abelian groups. Note th& = |Y'|. By
Theorem (1.7.8)(If F' andF" are free objects in a concrete
categoryC such thatF' is free on the sek andF"’ is free on the
setX’, then| X | = | X’| implies thatF" and F" are equivalent.)
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(i) F'is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.}J' = » ., Z for some index sef.
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exists a nonempty séf and a function : X — F with the
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Proof of (iv) = (i)
(i) F'is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.}J' = » ., Z for some index sef.

(iv) F'is a free object in the category of abelian groups, I1.e.gher
exists a nonempty séf and a function : X — F with the
following property: given an abelian grodp and function
f: X — @G, there exists a uniqgue homomorphism of groups

f: F — G suchthatf. = f.

Proof. Construct the free abelian grogp, , Z. Since

Y ={e,|vc X}isabasisod  .Z,) .Zisfreeonthe
setY in the category of abelian groups. Note th& = |Y'|. By
Theorem (1.7.8),F" and) ___ Z are equivalent in the category
of abelian groups, i.e., they are isomorphic as groups.
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Theorem (1.1)

The following conditions on an abelian grotkpare equivalent:
() F' has a nonempty basis.

(i) F'Is the (internal) direct sum of a family of infinite cyclic
subgroups.

(i) Fi1s (iIsomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.fJ' = > ., Z for some index sef.
(iv) F'is a free object in the category of abelian groups, i.e.,
there exists a nonempty s&tand a function : X — F
with the following property: given an abelian grogpand
function f : X — G, there exists a unigue homomorphism

of groupsf : F — G such thatf. = f.

Proof. We have shown (i) = (ii) = (ii)= (1) = (iv) = (ii).
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Theorem (1.2). Any two bases of a free abelian groéphave
the same cardinality.
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Ranks of Free Abelian Groups

Theorem(1.2). Any two bases of a free abelian grodéphave
the same cardinality.

Remark/Definition. Let F' be a free abelian group.
Theorem (1.2) tells us that the cardinal number of any h&sid
F'is an invariant ofF'. | X| is called therank of F-.

Remark. We separate the proof of Theorem (1.2) into two cases:
Case 1:F' has a finite basiX;

Case 2: Every basis d@f is infinite.
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Remark

Theorem(1.1). The following conditions on an abelian grotip
are equivalent:

() F has a nonempty basis.

(i) I'is the (internal) direct sum of a family of infinite cyclic
subgroups.

(i) F'is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.}" = ) ._, Z for some index sef.
(iv) F'is a free object in the category of abelian groups, i.e.,
there exists a nonempty s&tand a function : X — F
with the following property: given an abelian grogpand
function f : X — G, there exists a unigue homomorphism

of groupsf : F — G such thatf. = f.
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Remark

Theorem(1.1). The following conditions on an abelian grotip
are equivalent:

() F has a nonempty basis.

(i) I'is the (internal) direct sum of a family of infinite cyclic
subgroups.

Remark. While proving the implicationg)) — (i),
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Remark

Theorem(1.1). The following conditions on an abelian grotip
are equivalent:

() F has a nonempty basis.
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Remark

Theorem(1.1). The following conditions on an abelian grotip
are equivalent:

() F has a nonempty basis.

(i) I'is the (internal) direct sum of a family of infinite cyclic
subgroups.

Remark. While proving the implication¢l) = (i), we prove
that if X' is a basis off', thenF' = > _ . (z) and every(z) is
infinite cyclic. Since everyz) is infinite cyclic group, it is
Isomorphic toZ
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are equivalent:

() F has a nonempty basis.

(i) I'is the (internal) direct sum of a family of infinite cyclic
subgroups.

Remark. While proving the implication¢l) = (i), we prove
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Remark

Theorem(1.1). The following conditions on an abelian grotip
are equivalent:

() F has a nonempty basis.

(i) I'is the (internal) direct sum of a family of infinite cyclic
subgroups.

Remark. While proving the implication¢l) = (i), we prove
that if X' is a basis off', thenF' = > _ . (z) and every(z) is
infinite cyclic. Since everyz) is infinite cyclic group, it is
isomorphic toZ and sowe havé’ = >~ (z) = > 7.
Hence, iIf X Is a nonempty basis of a free abelian graup
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Remark

Theorem(1.1). The following conditions on an abelian grotip
are equivalent:

() F has a nonempty basis.

(i) I'is the (internal) direct sum of a family of infinite cyclic
subgroups.

Remark. While proving the implication¢l) = (i), we prove
that if X' is a basis off', thenF' = > _ . (z) and every(z) is
infinite cyclic. Since everyz) is infinite cyclic group, it is
isomorphic toZ and sowe havé’ = >~ (z) = > 7.
Hence, If X Is a nonempty basis of a free abelian grauphen
we have a group isomorphism: F' — > Z,
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Remark

Theorem(1.1). The following conditions on an abelian grotip
are equivalent:

() F has a nonempty basis.

(i) I'is the (internal) direct sum of a family of infinite cyclic
subgroups.

Remark. While proving the implication¢l) = (i), we prove
that if X' is a basis off', thenF' = > _ . (z) and every(z) is
infinite cyclic. Since everyz) is infinite cyclic group, it is
isomorphic toZ and sowe havé’ = >~ (z) = > 7.
Hence, If X Is a nonempty basis of a free abelian grauphen
we have a group isomorphism: F' — > 7, which is given
by r — e,.
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kG :={ka | a € G} is a subgroup of-.

Lemma. LetG =) ._;Z andletn € N. Then
nG = Zie] n

G/nG =) . Ly,

el

Proof. SinceG is generated bye; | i € I}, nG is generated by
{ne; |t € I} andsonG = ) . ,nZ. Moreover,
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Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| = n.

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| = n. Then there is a group isomorphism

p: >4 DLD--- DL

n summands

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| = n. Then there is a group isomorphism

p: >4 DLD--- DL
nsurr:;nands

Note thatp(2F) = 2Z ® 22 - - - ® 2ZL.

n summands

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| = n. Then there is a group isomorphism

p: >4 DLD--- DL
nsurr:;nands

Note thaty(2F") = 2Z © 27 @ - - - © 27Z. Hence

n summands

F/2F =2 (ZOLS - ®L)/LO2LS - @ 2Z)

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| = n. Then there is a group isomorphism

p: >4 DLD--- DL
nsurr:;nands

Note thaty(2F") = 2Z © 27 @ - - - © 27Z. Hence

n summands

F/2F =2 (ZOLS - ®L)/LO2LS - @ 2Z)
Lo @©Loy® -+ D Ly.

WV
n summands

12

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| = n. Then there is a group isomorphism

p: >4 DLD--- DL

n summands

Note thaty(2F") = 2Z © 27 @ - - - © 27Z. Hence

n summands

F/2F =2 (ZOLS - ®L)/LO2LS - @ 2Z)
Lo @©Loy® -+ D Ly.

WV
n summands

F/2F| = 2"

12

Therefore,

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| =n. Then|F/2F| = 2".

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| =n. Then|F/2F| = 2". Similarly, if X’ is a
basis ofF’,

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| =n. Then|F/2F| = 2". Similarly, if X’ is a
basis ofF’, then there exists a group isomorphism

Vi F =)

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| =n. Then|F/2F| = 2". Similarly, if X’ is a
basis ofF’, then there exists a group isomorphism

Vi F — ) wZandy(2F) =) . 27Z.

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| =n. Then|F/2F| = 2". Similarly, if X’ is a
basis ofF’, then there exists a group isomorphism

Vi F — ) wZandy(2F) =) _y 27. Hence

FI2F =Y, 0 T S ey 22

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| =n. Then|F/2F| = 2". Similarly, if X’ is a
basis ofF’, then there exists a group isomorphism

Vi F — ) wZandy(2F) =) _y 27. Hence

F2F = ZxEX’ Z/ erX’ 20 = ZazeX/ 7z

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| =n. Then|F/2F| = 2". Similarly, if X’ is a
basis ofF’, then there exists a group isomorphism

Vi F — ) wZandy(2F) =) _y 27. Hence

F2F = ZxEX’ Z/ erX’ 20 = ZazeX/ 7z

and so|F/2F| = 21X,

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| =n. Then|F/2F| = 2". Similarly, if X’ is a
basis ofF’, then there exists a group isomorphism

Vi F — ) wZandy(2F) =) _y 27. Hence

F2F = ZxEX’ Z/ erX’ 20 = ZazeX/ 7z

and so|F'/2F| = 21Xl Therefore2” = |F/2F| = 21X

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
finite basisX. Then every basiX’ of F' is finite and| X'| = | X|.

Proof. Let | X| =n. Then|F/2F| = 2". Similarly, if X’ is a
basis ofF’, then there exists a group isomorphism

Vi F — ) wZandy(2F) =) _y 27. Hence

F2F = ZxEX’ Z/ erX’ 20 = ZazeX/ 7z

and so|F/2F| = 21Xl Therefore2” = |F/2F| = 21X'l and this
implies | X'| =n = | X|.

Modern Alaoebral = n. 14/20



Free with a Finite Basis

Lemma (1.2.A). Supposée-' is a free abelian group’ with a
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Proof. Let | X| =n. Then|F/2F| = 2". Similarly, if X’ is a
basis ofF’, then there exists a group isomorphism
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implies | X’| = n = | X|. This completes the proof.

Modern Alaoebral = n. 14/20



Free with an Infinite Basis



Free with an Infinite Basis

Lemma (1.2.B) Supposé€”' is a free abelian group with an
Infinite basisX.

Modern Alaoebral = . 15/20



Free with an Infinite Basis

Lemma (1.2.B) Supposé€”' is a free abelian group with an
infinite basisX. Then|F| = | X]|.

Modern Alaoebral = . 15/20



Free with an Infinite Basis

Lemma (1.2.B) Supposé€”' is a free abelian group with an
infinite basisX. Then|F| = | X]|.

Proof. For everyn € N,

Modern Alaoebral = . 15/20



Free with an Infinite Basis

Lemma (1.2.B) Supposé€”' is a free abelian group with an
infinite basisX. Then|F| = | X]|.

Proof. Foreveryn € N, let X" := X x X x ... x X,

J

n copies

Modern Alaoebral = . 15/20



Free with an Infinite Basis

Lemma (1.2.B) Supposé€”' is a free abelian group with an
infinite basisX. Then|F| = | X]|.

Proof. For everyn € N, let X" := X x X x ... x X. Then

’X” ‘ n copies

Modern Alaoebral = . 15/20



Free with an Infinite Basis

Lemma (1.2.B) Supposé€”' is a free abelian group with an
infinite basisX. Then|F| = | X]|.

Proof. For everyn € N, let X" := X x X x ... x X. Then
’Xn‘ — ‘X’n n copies

Modern Alaoebral = . 15/20



Free with an Infinite Basis

Lemma (1.2.B) Supposé€”' is a free abelian group with an
infinite basisX. Then|F| = | X]|.

Proof. For everyn € N, let X" := X x X x ... x X. Then
’Xn‘ — ‘X’n :’X _ n copies

becauseX Is infinite

Modern Alaoebral = . 15/20



Free with an Infinite Basis

Lemma (1.2.B) Supposé€”' is a free abelian group with an
infinite basisX. Then|F| = | X]|.

Proof. For everyn € N, let X" := X x X x ... x X. Then
’Xn‘ — ‘X’n :’X _ n copies
LetS =, o X

Modern Alaoebral = . 15/20



Free with an Infinite Basis

Lemma (1.2.B) Supposé€”' is a free abelian group with an
infinite basisX. Then|F| = | X]|.

Proof. For everyn € N, let X" := X x X x ... x X. Then
’Xn‘ — ‘X’n :’X _ n copies
LetS =,y X" Then we have

Modern Alaoebral = . 15/20



Free with an Infinite Basis

Lemma (1.2.B) Supposé€”' is a free abelian group with an
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Lemma (1.2.B) Supposé€”' is a free abelian group with an

infinite basisX. Then|F

Proof. For everyn € N,

= | X]|.
etX”::\XxXx---ij.Then

X7 = X" =X

n copies

LetS =,y X" Then we have
X[ < [S] <IN - [X] =[X] = [5] = |X].
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