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x1, x2, . . . , xk ∈ X andni ∈ Z,
n1x1 + n2x2 + · · · + nkxk = 0 =⇒ ni = 0 for everyi.

• X is abasis of G if

(i) X generatesG, i.e.,〈X〉 = G, and

(ii) X is linearly independent.

Definition. An abelian groupF is called afree abelian group
if F has a basis.
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there exists a nonempty setX and a functionι : X → F

with the following property: given an abelian groupG and
functionf : X → G, there exists a unique homomorphism
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Proof of (i) ⇒ (iv)
(i) F has a nonempty basis.

(iv) F is a free object in the category of abelian groups, i.e., there
exists a nonempty setX and a functionι : X → F with the
following property: given an abelian groupG and function
f : X → G, there exists a unique homomorphism of groups
f̄ : F → G such thatf̄ ι = f .
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the inclusion map. Letf : X → G be a function. We want to
show thatthere exists auniquegroup homomorphism̄f : F → G

such thatf̄ ι = f .

Remark. We just prove that ifF is a free abelian group with a
nonempty basisX, thenF is free onX in the category of abelian
groups.
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Theorem (1.1)
The following conditions on an abelian groupF are equivalent:

(i) F has a nonempty basis.

(ii) F is the (internal) direct sum of a family of infinite cyclic
subgroups.

(iii) F is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.,F ∼=

∑

i∈I Z for some index setI.

(iv) F is a free object in the category of abelian groups, i.e.,
there exists a nonempty setX and a functionι : X → F

with the following property: given an abelian groupG and
functionf : X → G, there exists a unique homomorphism
of groupsf̄ : F → G such thatf̄ ι = f .

Proof. We have shown (i) ⇒ (ii) ⇒ (iii)⇒ (i) ⇒ (iv) ⇒ (iii).
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Proof of (iv) ⇒ (iii)
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∑

i∈I Z for some index setI.

(iv) F is a free object in the category of abelian groups, i.e., there
exists a nonempty setX and a functionι : X → F with the
following property: given an abelian groupG and function
f : X → G, there exists a unique homomorphism of groups
f̄ : F → G such thatf̄ ι = f .
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Theorem (1.1)
The following conditions on an abelian groupF are equivalent:

(i) F has a nonempty basis.

(ii) F is the (internal) direct sum of a family of infinite cyclic
subgroups.

(iii) F is (isomorphic to) a direct sum of copies of the additive
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there exists a nonempty setX and a functionι : X → F
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functionf : X → G, there exists a unique homomorphism
of groupsf̄ : F → G such thatf̄ ι = f .

Proof. We have shown (i) ⇒ (ii) ⇒ (iii)⇒ (i) ⇒ (iv) ⇒ (iii).
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Remark/Definition. Let F be a free abelian group.
Theorem (1.2) tells us that the cardinal number of any basisX of
F is an invariant ofF . |X| is called therank of F .

Remark. We separate the proof of Theorem (1.2) into two cases:

• Case 1:F has a finite basisX;

• Case 2: Every basis ofF is infinite.
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Remark
Theorem (1.1). The following conditions on an abelian groupF
are equivalent:

(i) F has a nonempty basis.

(ii) F is the (internal) direct sum of a family of infinite cyclic
subgroups.

(iii) F is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.,F ∼=

∑

i∈I Z for some index setI.

(iv) F is a free object in the category of abelian groups, i.e.,
there exists a nonempty setX and a functionι : X → F

with the following property: given an abelian groupG and
functionf : X → G, there exists a unique homomorphism
of groupsf̄ : F → G such thatf̄ ι = f .
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Remark
Theorem (1.1). The following conditions on an abelian groupF
are equivalent:

(i) F has a nonempty basis.

(ii) F is the (internal) direct sum of a family of infinite cyclic
subgroups.

Remark. While proving the implications(i) =⇒ (ii), we prove
that ifX is a basis ofF , thenF ∼=

∑

x∈X〈x〉 and every〈x〉 is
infinite cyclic. Since every〈x〉 is infinite cyclic group, it is
isomorphic toZ and so we haveF ∼=

∑

x∈X〈x〉
∼=

∑

x∈X Z.
Hence, ifX is a nonempty basis of a free abelian groupF , then
we have a group isomorphismϕ : F →

∑

x∈X Z, which is given
by x 7→ ex.
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Observations
Notation. LetG be an abelian group and letk ∈ N.
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Notation. LetG be an abelian group and letk ∈ N. Then
kG := {ka | a ∈ G} is a subgroup ofG.
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∑
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{nei | i ∈ I}
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Free with a Finite Basis
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Free with a Finite Basis
Lemma (1.2.A). SupposeF is a free abelian groupF with a
finite basisX.

Modern Algebra I – p. 14/20



Free with a Finite Basis
Lemma (1.2.A). SupposeF is a free abelian groupF with a
finite basisX. Then every basisX ′ of F is finite

Modern Algebra I – p. 14/20



Free with a Finite Basis
Lemma (1.2.A). SupposeF is a free abelian groupF with a
finite basisX. Then every basisX ′ of F is finite and|X ′| = |X|.
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Free with a Finite Basis
Lemma (1.2.A). SupposeF is a free abelian groupF with a
finite basisX. Then every basisX ′ of F is finite and|X ′| = |X|.

Proof. Let |X| = n.
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︸ ︷︷ ︸

n summands

Note thatϕ(2F ) = 2Z ⊕ 2Z ⊕ · · · ⊕ 2Z
︸ ︷︷ ︸

n summands

. Hence

F/2F ∼= (Z ⊕ Z ⊕ · · · ⊕ Z)
/
(2Z ⊕ 2Z ⊕ · · · ⊕ 2Z)

∼= Z2 ⊕ Z2 ⊕ · · · ⊕ Z2
︸ ︷︷ ︸

n summands

.
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Free with a Finite Basis
Lemma (1.2.A). SupposeF is a free abelian groupF with a
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︸ ︷︷ ︸
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Note thatϕ(2F ) = 2Z ⊕ 2Z ⊕ · · · ⊕ 2Z
︸ ︷︷ ︸
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. Hence

F/2F ∼= (Z ⊕ Z ⊕ · · · ⊕ Z)
/
(2Z ⊕ 2Z ⊕ · · · ⊕ 2Z)

∼= Z2 ⊕ Z2 ⊕ · · · ⊕ Z2
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n summands

.

Therefore,|F/2F | = 2n.
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′|. Therefore,2n = |F/2F | = 2|X

′| and this
implies |X ′| = n = |X|. This completes the proof.
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Theorem (1.4)
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