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and start to cover the section

Section II.1:Free Abelian Groups
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Chapter I
Section I.8: Direct Products and Direct Sums
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Remark
You probably remember the following theorem that we
learned in undergraduate algebra classes.
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ThenG ∼= H × K.
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Remark
You probably remember the following theorem that we
learned in undergraduate algebra classes.

Theorem. Let H andK be subgroups of a groupG. Suppose

• H ⊳ G andK ⊳ G,

• HK = G, and

• H ∩ K = {e}.

ThenG ∼= H × K.

This theorem gives us some conditions under which a group
G is isomorphic to the product of two subgroups ofG. The next
theorem is a generalization of this theorem. More precisely, it
gives us some conditions under which a groupG is isomorphic
to the weak direct product of a family of its subgroups.
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Remark
Theorem. Let H andK be subgroups of a groupG. Suppose
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Remark
Theorem. Let H andK be subgroups of a groupG. Suppose

• H ⊳ G andK ⊳ G,

• HK = G, and

• H ∩ K = {e}.

ThenG ∼= H × K.

Theorem (8.6). Let {Ni | i ∈ I} be a family of subgroups of a
groupG.
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Theorem (8.6)
Let {Ni | i ∈ I} be a family of normal subgroups of a groupG.
Suppose

• G = 〈
⋃

i∈I Ni〉,

• for eachk ∈ I, Nk ∩ 〈
⋃

i 6=k Ni〉 = {e}.

ThenG ∼=
∏W

i∈I Ni.

Before we see the proof of Theorem (8.6), let’s first see a
much useful corollary which follows directly from
Theorem (8.6).
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Corollary (8.7). If N1, N2, . . ., Nr are normal subgroups of a
groupG such that

• G = N1N2 · · ·Nr, and
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Corollary (8.7). If N1, N2, . . ., Nr are normal subgroups of a
groupG such that

• G = N1N2 · · ·Nr, and

• for each1 ≤ k ≤ r, Nk ∩ (N1 · · ·Nk−1Nk+1 · · ·Nr) = {e},

thenG ∼= N1 × N2 × · · · × Nr.

Recall that K ≤ G andN ⊳ G =⇒ 〈K ∪ N〉 = KN ≤ G.
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Theorem (8.6)
Let {Ni | i ∈ I} be a family of normal subgroups of a groupG.
Suppose

• G = 〈
⋃

i∈I Ni〉,

• for eachk ∈ I, Nk ∩ 〈
⋃

i 6=k Ni〉 = {e}.

ThenG ∼=
∏W

i∈I Ni.

Because the notation for the proof of Theorem (8.6) is
much more complicated than the concept behind the proof,
we will explain the concept behind the proof by reviewing
the proof of the "easier" version, namely the theorem you
learned in undergraduate algebra classes.
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Proof of Theorem (8.6)
Theorem (8.6). Let {Ni | i ∈ I} be a family of normal
subgroups of a groupG. Suppose

• G = 〈
⋃

i∈I Ni〉,

• for eachk ∈ I, Nk ∩ 〈
⋃

i 6=k Ni〉 = {e}.

ThenG ∼=
∏W

i∈I Ni.
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Proof of Theorem (8.6)
Theorem (8.6). Let {Ni | i ∈ I} be a family of normal
subgroups of a groupG. Suppose

• G = 〈
⋃

i∈I Ni〉,

• for eachk ∈ I, Nk ∩ 〈
⋃

i 6=k Ni〉 = {e}.

ThenG ∼=
∏W

i∈I Ni.

Proof. I need to remind you that you won’t have time to
take notes.
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Modern Algebra I – p. 7/25



Proof of Theorem (8.6)
Theorem (8.6). Let {Ni | i ∈ I} be a family of normal
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Proof. First observe that for allj, k ∈ I with j 6= k, we have
Nk ⊳ G, Nj ⊳ G, andNk ∩ Nj ⊆ Nk ∩ 〈

⋃

i 6=k Ni〉 = {e}.
Theorem (5.3) tells us thatajak = akaj for all aj ∈ Nj and
ak ∈ Nk,
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Proof of Theorem (8.6)
Theorem (8.6). Let {Ni | i ∈ I} be a family of normal
subgroups of a groupG. Suppose

• G = 〈
⋃

i∈I Ni〉,

• for eachk ∈ I, Nk ∩ 〈
⋃

i 6=k Ni〉 = {e}.

ThenG ∼=
∏W

i∈I Ni.

Proof. First observe that for allj, k ∈ I with j 6= k, we have
Nk ⊳ G, Nj ⊳ G, andNk ∩ Nj ⊆ Nk ∩ 〈

⋃

i 6=k Ni〉 = {e}.
Theorem (5.3) tells us thatajak = akaj for all aj ∈ Nj and
ak ∈ Nk, i.e., every element inNj commutes with every element
in Nk.
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Proof. All elements inNj commute with all element inNk.
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Theorem (8.6). Let {Ni | i ∈ I} be a family of normal
subgroups of a groupG. Suppose
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⋃
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• for eachk ∈ I, Nk ∩ 〈
⋃

i 6=k Ni〉 = {e}.

ThenG ∼=
∏W

i∈I Ni.

Proof. All elements inNj commute with all element inNk.
For every(ai)i∈I ∈

∏W

i∈I Ni, the setI6=e = {i ∈ I | ai 6= e} is
finite.
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Proof. All elements inNj commute with all element inNk.
For every(ai)i∈I ∈

∏W

i∈I Ni, the setI6=e = {i ∈ I | ai 6= e} is
finite. Moreover, by our aboveobservation, the product of the
elementsai with i ∈ I6=e does not dependent on the order of the
elementsai, so the notation

∏

i∈I6=e
ai makes sense for all

non-identity(ai)i∈I ∈
∏W

i∈I Ni.
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∏W

i∈I Ni, is
well-defined. By the aboveobservation, we can see thatf is a
group homomorphism.
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Theorem (8.6). Let {Ni | i ∈ I} be a family of normal
subgroups of a groupG. Suppose
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⋃
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(ai)i∈I ∈
∏W

i∈I Ni.

Hence the mapf :
∏W

i∈I Ni → G, defined by(e)i∈I 7→ e and

(ai)i∈I 7→
∏

i∈I6=e
ai for all non-identity(ai)i∈I ∈

∏W

i∈I Ni, is
well-defined. By the aboveobservation, we can see thatf is a
group homomorphism. Next we show thatf is one-to-one.
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Proof of Theorem (8.6)
All elements inNj commute with all element inNk, ∀j 6= k.
The mapf :

∏W

i∈I Ni → G, defined by(e)i∈I 7→ e and
(ai)i∈I 7→

∏

i∈I6=e
ai, is a group homomorphism.

Suppose thatf is not one-to-one.
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i∈I Ni → G, defined by(e)i∈I 7→ e and
(ai)i∈I 7→

∏

i∈I6=e
ai, is a group homomorphism.

Suppose thatf is not one-to-one.
Then there exists(ai)i∈I ∈ Ker f with
I6=e = {i1, i2, . . . , iℓ} 6= ∅.
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Proof of Theorem (8.6)
All elements inNj commute with all element inNk, ∀j 6= k.
The mapf :

∏W

i∈I Ni → G, defined by(e)i∈I 7→ e and
(ai)i∈I 7→

∏

i∈I6=e
ai, is a group homomorphism.

Suppose thatf is not one-to-one.
Then there exists(ai)i∈I ∈ Ker f with
I6=e = {i1, i2, . . . , iℓ} 6= ∅. Henceai1ai2 · · · aiℓ = e and this
impliesai2 · · · aiℓ = a−1
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∈ Ni1 ∩ 〈

⋃

i 6=i1
Ni〉 = {e}; hence

ai1 = e and this contradicts the definition ofI6=e.
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Proof of Theorem (8.6)
All elements inNj commute with all element inNk, ∀j 6= k.
The mapf :

∏W

i∈I Ni → G, defined by(e)i∈I 7→ e and
(ai)i∈I 7→

∏

i∈I6=e
ai, is a group homomorphism.

Suppose thatf is not one-to-one.
Then there exists(ai)i∈I ∈ Ker f with
I6=e = {i1, i2, . . . , iℓ} 6= ∅. Henceai1ai2 · · · aiℓ = e and this
impliesai2 · · · aiℓ = a−1

i1
∈ Ni1 ∩ 〈

⋃

i 6=i1
Ni〉 = {e}; hence

ai1 = e and this contradicts the definition ofI6=e. Therefore,f is
a monomorphism.
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Internal Weak Direct Products
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them (namely theιi(Ni)–see Theorem (8.4) and Exercise 10).
Practically speaking, this distinction is not very important and the
adjectives “internal” and “external” will be omitted whenever no
confusion is possible. In fact we shall use the following notation.

Notation. We writeG =
∏W

i∈I Ni to indicate that the groupG is
the internal direct product of the family of its subgroups
{Ni | i ∈ I}.
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Theorem (8.10)
Let {fi : Gi → Hi | i ∈ I} be a family of homomorphisms of
groups
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Corollary (8.11)
Let {Gi | i ∈ I} and{Ni | i ∈ I} be families of groups such that
Ni is a normal subgroup ofGi for eachi ∈ I.
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Exercise for Section I.8
2,3,4,5,12,14
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Chapter II
THE STRUCTURE OFGROUPS

Section II.1: Free Abelian Groups

Remark. In this section, we will investigate free objects in
the category of abelian groups. Through out this section,
we will use additive notation. The following dictionary may
be helpful converting what we have seen in Chapter one.
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• X is linearly independent if for any distinct
x1, x2, . . . , xk ∈ X andni ∈ Z,
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(i) X generatesG, i.e.,〈X〉 = G, and

(ii) X is linearly independent.
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(i) X generatesG, i.e.,〈X〉 = G, and

(ii) X is linearly independent.

Definition. An abelian groupF is called afree abelian group
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Example. The trivial group{0} is a free abelian group, because
(i) we have seen that〈∅〉 = {0}, (ii) ∅ is linear independent,
(since there is nothing that needs to be checked!!), and so the
empty set∅ is a basis of the trivial group{0}.
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subgroups.

(iii) F is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.,F ∼=

∑

i∈I Z for some index setI.

(iv) F is a free object in the category of abelian groups, i.e.,
there exists a nonempty setX and a functionι : X → F

with the following property: given an abelian groupG and
functionf : X → G, there exists a unique homomorphism
of groupsf̄ : F → G such thatf̄ ι = f .

Proof. We will show (i) ⇒ (ii) ⇒ (iii) ⇒ (i) ⇒ (iv) ⇒ (iii).
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Proof of (i) ⇒ (ii)
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{Nx | x ∈ X}. Moreover, becauseX is a basis ofF , for each
x ∈ X, nx = 0 =⇒ n = 0 and sox has infinite order, i.e.,
Nx = 〈x〉 is infinite cyclic.
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(ii) F is the (internal) direct sum of a family of infinite cyclic
subgroups.

Proof. Let X be a nonempty basis ofF , and for eachx ∈ X, let
Nx = 〈x〉. We first show thatF is the internal direct sum of
{Nx | x ∈ X}. HenceF is the internal direct sum of
{Nx | x ∈ X}. Moreover, becauseX is a basis ofF , for each
x ∈ X, nx = 0 =⇒ n = 0 and sox has infinite order, i.e.,
Nx = 〈x〉 is infinite cyclic. Therefore,F is the internal direct
sum of{Nx | x ∈ X}, which is a family of infinite cyclic
subgroups.
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Theorem (1.1)
The following conditions on an abelian groupF are equivalent:

(i) F has a nonempty basis.

(ii) F is the (internal) direct sum of a family of infinite cyclic
subgroups.

(iii) F is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.,F ∼=

∑

i∈I Z for some index setI.

(iv) F is a free object in the category of abelian groups, i.e.,
there exists a nonempty setX and a functionι : X → F

with the following property: given an abelian groupG and
functionf : X → G, there exists a unique homomorphism
of groupsf̄ : F → G such thatf̄ ι = f .

Proof. We have shown (i) ⇒ (ii) ⇒ (iii) ⇒ (i) ⇒ (iv) ⇒ (iii).
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Theorem (1.1)
The following conditions on an abelian groupF are equivalent:

(i) F has a nonempty basis.

(ii) F is the (internal) direct sum of a family of infinite cyclic
subgroups.

(iii) F is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.,F ∼=

∑

i∈I Z for some index setI.

(iv) F is a free object in the category of abelian groups, i.e.,
there exists a nonempty setX and a functionι : X → F

with the following property: given an abelian groupG and
functionf : X → G, there exists a unique homomorphism
of groupsf̄ : F → G such thatf̄ ι = f .

Proof. We have shown (i) ⇒ (ii) ⇒ (iii) ⇒ (i) ⇒ (iv) ⇒ (iii).
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Proof of (iii) ⇒ (i)
(i) F has a nonempty basis.

(iii) F is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.,F ∼=

∑

i∈I Z for some index setI.
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Proof of (iii) ⇒ (i)
(i) F has a nonempty basis.

(iii) F is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.,F ∼=

∑

i∈I Z for some index setI.

Proof. Supposeϕ :
∑

i∈I Z → F is a group isomorphism.
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(iii) F is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.,F ∼=

∑

i∈I Z for some index setI.

Proof. Supposeϕ :
∑

i∈I Z → F is a group isomorphism. Let

ek = (ai)i∈I ∈
∑

i∈I Z be such that

{

ak = 1

ai = 0 ∀i 6= k.
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Proof of (iii) ⇒ (i)
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(iii) F is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.,F ∼=

∑

i∈I Z for some index setI.

Proof. Supposeϕ :
∑

i∈I Z → F is a group isomorphism. Let

ek = (ai)i∈I ∈
∑

i∈I Z be such that

{

ak = 1

ai = 0 ∀i 6= k.

Using the fact that{ei | i ∈ I} is a basis of
∑

i∈I Z andϕ is a
group isomorphism, we will show that{ϕ(ei) | i ∈ I} is a basis
of F .
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Proof of (iii) ⇒ (i)
(i) F has a nonempty basis.

(iii) F is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.,F ∼=

∑
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Proof. Supposeϕ :
∑

i∈I Z → F is a group isomorphism. Let

ek = (ai)i∈I ∈
∑

i∈I Z be such that

{

ak = 1

ai = 0 ∀i 6= k.

Let a ∈ F be a nonzero element.
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Hence,{ϕ(ei) | i ∈ I} generatesF . Therefore,{ϕ(ei) | i ∈ I}

is linearly independent.Hence,{ϕ(ei) | i ∈ I} is a basis ofF .
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Theorem (1.1)
The following conditions on an abelian groupF are equivalent:

(i) F has a nonempty basis.

(ii) F is the (internal) direct sum of a family of infinite cyclic
subgroups.

(iii) F is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.,F ∼=

∑

i∈I Z for some index setI.

(iv) F is a free object in the category of abelian groups, i.e.,
there exists a nonempty setX and a functionι : X → F

with the following property: given an abelian groupG and
functionf : X → G, there exists a unique homomorphism
of groupsf̄ : F → G such thatf̄ ι = f .

Proof. We have shown (i) ⇒ (ii) ⇒ (iii)⇒ (i) ⇒ (iv) ⇒ (iii).
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