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Remark

You probably remember the following theorem that we
learned in undergraduate algebra classes.
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Remark

You probably remember the following theorem that we
learned in undergraduate algebra classes.

Theorem. Let H and K be subgroups of a group. Suppose
H < GandK <G,
HK =G, and
HNK ={e}.

ThenG =2 H x K.

This theorem gives us some conditions under which a group
(z Is iIsomorphic to the product of two subgroupsaf The next
theorem is a generalization of this theorem. More precisiely
gives us some conditions under which a gréus isomorphic
to the weak direct product of a family of its subgroups
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HK =G, and

HNK ={e}.
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Remark
Theorem. Let H and K be subgroups of a grou. Suppose

H < GandK <G,
HK =G, and
HNK ={e}.
ThenG = H x K.
Theorem (8.6). Let{N; |« € I} be a family of subgroups of a
groupG. Suppose
N, <G forallz e 1.
G = <Uz‘e[ Ni>’
foreachk € I, N, N <U7;¢k N;) = {e}.
ThenG = T2, N
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Theorem (8.6)
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Theorem (8.6)

Let{N; |« € I} be a family of normal subgroups of a groGp
Suppose

G = <Uz‘e[ Ni>’
foreachk € I, NN (U, Vi) = {e}.
ThenG = [[.%, N

Before we see the proof of Theorem (8.6), let’s first see a

much useful corollary which follows directly from
Theorem (8.6).
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Theorem (8.6)

Let{N; |« € I} be a family of normal subgroups of a groGp
Suppose

G = <U7j€[ Ni>’
foreachk € I, NN (U, Vi) = {e}.

ThenG = [[.%, N
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groupG such that
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Theorem (8.6)

Let{N; |« € I} be a family of normal subgroups of a groGp
Suppose

G = <U7j€[ Ni>’
foreachk € I, NN (U, Vi) = {e}.
ThenG = [[.%, N

Corollary (8.7). If Ny, Ns, ..., N, are normal subgroups of a
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Let{N; |« € I} be a family of normal subgroups of a groGp
Suppose

G = <U7j€[ Ni>’
foreachk € I, NN (U, Vi) = {e}.
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Theorem (8.6)

Let{N; |« € I} be a family of normal subgroups of a groGp
Suppose

G = <U7j€[ Ni>’
foreachk € I, NN (U, Vi) = {e}.
ThenG = [[.%, N

Corollary (8.7). If Ny, Ns, ..., N, are normal subgroups of a
groupG such that

G =N{N,---N,, and

foreachl <k <r, N,N(Ny--- Ng_1Npi1---N,.) ={e},
thenG = Ny x Ny X -+ X N,.
Recallthat K < GandN <G = (KUN)= KN <G.
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Theorem (8.6)

Let{N; |« € I} be a family of normal subgroups of a groGp
Suppose

G = <Uz‘e[ Ni>’
foreachk € I, NN (U, Vi) = {e}.

ThenG = [[.%, N

Because the notation for the proof of Theorem (8.6) Is
much more complicated than the concept behind the proof,
we will explain the concept behind the proof by reviewing
the proof of the "easier" version, namely the theorem you
learned in undergraduate algebra classes.
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Theorem. Let H and K be subgroups of a grou. Suppose
H < GandK « G,

HK = {d, and

HNK ={e}.
ThenG = H x K.
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In Theorem (5.3) we show that
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<G andk 4G, In Theorem (5.3) we show that

HK =G, and H<G K<G HNK = {e}
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Theorem. Let H and K be subgroups of a grou. Suppose

H K
<JGandk 26, In Theorem (5.3) we show that
HK =G, and H<G K<G HNK = {e}

HNK = {e}. = hk = kh,Vh € H andVk € K.
ThenG = H x K.

Proof. Consider the map : H x K — G defined by
(h, k) — hk. Thenf is a group homomorphism because
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= hikihoks = f((h1, k1)) f((he, k2)).
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Theorem. Let H and K be subgroups of a grou. Suppose

H K
<G andk 4G, In Theorem (5.3) we show that

HK =G, and H<G K<G HNK = {e}
HNK = {e}. = hk = kh,Vh € H andVk € K.
ThenG = H x K.

Proof. Consider the map : H x K — G defined by
(h, k) — hk. Thenf is a group homomorphism because
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= hikihoks = f((hy, k1)) f((he, k2)).
Moreover,H K = ( tells us thatf is onto.
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Proof. Consider the map : H x K — G defined by
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Theorem. Let H and K be subgroups of a grou. Suppose

H K
<G andk 4G, In Theorem (5.3) we show that

HK =G, and H<G K<G HNK = {e}
HNK = {e}. = hk = kh,Vh € H andVk € K.
ThenG = H x K.

Proof. Consider the map : H x K — G defined by
(h, k) — hk. Thenf is a group homomorphism because
f (R, k) (hay k) = f((hiha, kiks)) = hihokiks

= hikihoks = f((hu, k1)) f((ha, k).
Moreover,H K = G tells us thatf is onto.
Finally, if (h, k) € Ker f, thenhk = e and this implies
h=k1leHNK={e}andsoh =k =e.
Therefore,f is one-to-one
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Theorem. Let H and K be subgroups of a grou. Suppose

H K
<G andk 4G, In Theorem (5.3) we show that

HK =G, and H<G K<G HNK = {e}
HNK = {e}. = hk = kh,Vh € H andVk € K.
ThenG = H x K.

Proof. Consider the map : H x K — G defined by
(h, k) — hk. Thenf is a group homomorphism because
f (R, k) (hay k) = f((hiha, kiks)) = hihokiks

= hikihoks = f((hl, kl))f((hg, ka2)).
Moreover,H K = ( tells us thatf is onto.
Finally, if (h, k) € Ker f, thenhk = e and this implies
h=k1leHNK={e}andsoh =k =e.
Therefore,f is one-to-one and thugis an isomorphism.
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = <U7j€[ Ni>’
for eachk € I, Ni, N (U Ni) = {e}-

ThenG = T2, N
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Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = <Uz‘e[ Ni>’
for eachk € I, Ni, N (U Ni) = {e}-

ThenG = T2, N

Proof. | need to remind you that you won’t have time to
take notes.
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = <Uz‘e[ Ni>’
for eachk € I, Ni, N (U Ni) = {e}-

ThenG = T2, N

Proof. First observe that for all. £ € I with 5 # k, we have
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = <Uz‘e[ Ni>’

for eachk € I, Ni, N (U Ni) = {e}-
ThenG = T2, N
Proof. First observe that for all. £ € I with 5 # k, we have
Nk < G, Nj < G, ande M Nj g Nk M <Uz7ék Nz> — {6}

Theorem (5.3) tells us thata;, = aia, forall a; € N; and
ar € Ng,
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = <Uz‘e[ Ni>’
for eachk € I, Ni, N (U Ni) = {e}-

ThenG = T2, N

Proof. First observe that for all. £ € I with 5 # k, we have

N <G, N; <G, andN, N N; © N N (U Ni) = {e}
Theorem (5.3) tells us thata;, = aia, forall a; € N; and

ar € Ng, 1.€., every element iV, commutes with every element
N Ne.
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = <Ui€[ Ni>’
for eachk € I, Ni, N (U Ni) = {e}-

ThenG = T2, N

Proof. All elements in/NV; commute with all element IV
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = (Uier Ni),
for eachk € I, Ni, N (U Ni) = {e}-

ThenG = [\, N,

Proof. All elements in/NV; commute with all element IV
For every(a;)icr € HZE[
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = <Ui€[ Ni>’
for eachk € I, Ni, N (U Ni) = {e}-
ThenG = [\, N,
Proof. All elements ian commute with all element ItV.

For every(a;)icr € [[4; Ni, the setl., = {i € T | a; # e} is
finite.
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subgroups of a grou@’. Suppose

G = <Uz‘e[ Ni>’
for eachk € I, Ni, N (U Ni) = {e}-
ThenG = [\, N,
Proof. All elements ian commute with all element ItV.

For every(a;)icr € [[4; Ni, the setl., = {i € T | a; # e} is
finite. Moreover, by our abovebservation
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Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = (Uier Ni),
for eachk € I, Ni, N (U Ni) = {e}-

ThenG = [\, N,

Proof. All elements ian commute with all element itV

For every(a;)icr € [[4; Ni, the setl., = {i € T | a; # e} is
finite. Moreover, by our abovebservationthe product of the
elements:; with ¢ € 1., does not dependent on the order of the
elements,,
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = (Uier Ni),
for eachk € I, Ni, N (U Ni) = {e}-

ThenG = [\, N,

Proof. All elements ian commute with all element itV

For every(a;)icr € [[4; Ni, the setl., = {i € T | a; # e} is
finite. Moreover, by our abovebservationthe product of the
elements:; with ¢ € 1., does not dependent on the order of the
elementsy;, so the notationj |. e, Ui makes sense for all

non-identity(a;);er € [1oe; Vi
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

- G = <Ui€[ Ni>’
- foreachk € I, N, N (U, Vi) = {e}.
ThenG = T2, N

Proof. All elements in/NV; commute with all element itV,.
The notation[ [, a; makes sense for all non-identity

(ai)ier € [Tie; Ni
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = <Ui€[ Ni>’
for eachk € I, Ni, N (U Ni) = {e}-
ThenG = T2, N

Proof. All elements in/NV; commute with all element itV,.
The notation[ [, a; makes sense for all non-identity

(a;)ier € [Tie; Ni-
Hence the may : [z, N; — G,
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = <Ui€[ Ni>’
for eachk € I, Ni, N (U Ni) = {e}-
ThenG = T2, N

Proof. All elements in/NV; commute with all element itV,.
The notation[ [, a; makes sense for all non-identity

(ai)ier € [1je; Ni-
Hence the may : []\L, N; — G, defined by(e)ic; — e
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = <Ui€[ Ni>’
for eachk € I, Ni, N (U Ni) = {e}-
ThenG = [\, N,

Proof. All elements in/NV; commute with all element itV,.
The notation[ [, a; makes sense for all non-identity

(ai)ier € H?G/IN
Hence the may : []iL, N; — G, defined by(e);c; +— e and
(ai)ier = 1lier,, @i for all non-identity(a;);e;s € HZE]
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = (Uier Ni),
for eachk € I, Ni, N (U Ni) = {e}-

ThenG = [\, N,

Proof. All elements in/NV; commute with all element itV,.
The notation[ [, a; makes sense for all non-identity

(ai)ier € H?G/IN
Hence the may : []iL, N; — G, defined by(e);c; +— e and

(ai)ier = 1lier,, @i for all non-identity(a;);e;s € HZE] N, is
well-defined.
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

* G = (Uier Vi),
- foreachk € I, N, N (U, Vi) = {e}.

ThenG = [\, N,

Proof. All elements in/NV; commute with all element itV,.
The notation[ [, a; makes sense for all non-identity

(ai)ier € H:;ZJN
Hence the may : []iL, N; — G, defined by(e);c; +— e and

(ai)ier = 1lier,, @i for all non-identity(a;);e;s € 1L, Ni, is
well-defined. By the abovebservation

Modern Aloebra |l = n. 7/25



Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = (Uier Ni),
for eachk € I, Ni, N (U Ni) = {e}-

ThenG = [\, N,

Proof. All elements in/NV; commute with all element itV,.
The notation[ [, a; makes sense for all non-identity
(ai)ier € TTies N

Hence the may : []iL, N; — G, defined by(e);c; +— e and
(ai)ier = 1ier,, a: for all non-identity(a;);er € 1L, Ni, is
well-defined. By the abovebservationwe can see thatis a
group homomorphism.
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Proof of Theorem (8.6)

Theorem (8.6). Let{N; | < € I} be a family of normal
subgroups of a grou@’. Suppose

G = (Uier Ni),
for eachk € I, Ni, N (U Ni) = {e}-

ThenG = [\, N,

Proof. All elements in/NV; commute with all element itV,.
The notation[ [, a; makes sense for all non-identity
(ai)ier € TTies N

Hence the may : []iL, N; — G, defined by(e);c; +— e and
(ai)ier = 1ier,, a: for all non-identity(a;);er € 1L, Ni, is
well-defined. By the abovebservationwe can see thatis a
group homomorphism. Next we show thals one-to-one.
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS a group homomorphism.

Suppose that is not one-to-one.
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E]# a;, IS a group homomorphism.

Suppose that is not one-to-one.
Then there exist&u;);c; € Ker f with

Lie = {i1,ia, ... is} # 2.
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E]# a;, IS a group homomorphism.

Suppose that is not one-to-one.
Then there exist&u;);c; € Ker f with
]756 = {il,ig, Ce ,ig} # . Henceailaz-Q Ty, = €
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E]# a;, IS a group homomorphism.

Suppose that is not one-to-one.

Then there exist&; );c; € Ker f with

e ={i1,99,...,0} # @. Hencea;, a;, - - - a;, = e and this
impliesa;, - --a;, = a;l

Modern Aloebra | — n. 8/25



Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E]# a;, IS a group homomorphism.

Suppose that is not one-to-one.

Then there exist&; );c; € Ker f with

e ={i1,99,...,0} # @. Hencea;, a;, - - - a;, = e and this
impliesa;, -+~ a;, = a;" € N;; N (Ui, Ni)
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E]# a;, IS a group homomorphism.

Suppose that is not one-to-one.

Then there exist&; );c; € Ker f with

e ={i1,99,...,0} # @. Hencea;, a;, - - - a;, = e and this
impliesa;, -+~ a;, = a;" € N;; N (Ui, Ni) = {e};
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E]# a;, IS a group homomorphism.

Suppose that is not one-to-one.

Then there exist&; );c; € Ker f with

e ={i1,99,...,0} # @. Hencea;, a;, - - - a;, = e and this
impliesa,, - - - a;, = a;,* € Ny, N (U,;, Ni) = {e}; hence
a;

1:6

Modern Aloebra | — n. 8/25



Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS a group homomorphism.

Suppose that is not one-to-one.

Then there exist&; );c; € Ker f with

e ={i1,99,...,0} # @. Hencea;, a;, - - - a;, = e and this
impliesa,, - - - a;, = a;,* € Ny, N (U,;, Ni) = {e}; hence
= ¢ and this contradicts the definition &f..

az-l
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS a group homomorphism.

Suppose that is not one-to-one.

Then there exist&; );c; € Ker f with

e ={i1,99,...,0} # @. Hencea;, a;, - - - a;, = e and this
impliesa,, - - - a;, = a;,* € Ny, N (U,;, Ni) = {e}; hence

, = e and this contradicts the definition 6f.. Thereforef Is
a monomorphism.

a;
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS amonomorphism
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E]# a;, IS amonomorphism

Finally, becausé& = (|J,.; Vi), f is onto.
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E]# a;, IS amonomorphism

Finally, becausé& = (|J,.; Vi), f is onto. More precisely,
becausés = (| J,., V),
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS amonomorphism

Finally, becausé& = (|J,.; Vi), f is onto. More precisely,
becausés = ({ .., NV;), every element irdx is a finite product of
elements inJ,_; V;.
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All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
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All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS amonomorphism

Finally, becausé& = (|J,.; Vi), f is onto. More precisely,
becausés = ({ .., NV;), every element irdx is a finite product of
elementsin J,., N;. By theobservatiorat the beginning of the
proof and the fact that any finite product of elements in theesa

N; is again inV;,
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All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS amonomorphism

Finally, becausé& = (|J,.; Vi), f is onto. More precisely,
becausés = ({ .., NV;), every element irdx is a finite product of
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proof and the fact that any finite product of elements in theesa
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS amonomorphism

Finally, becausé& = (|J,.; Vi), f is onto. More precisely,
becausés = ({ .., NV;), every element irdx is a finite product of
elementsin J,., N;. By theobservatiorat the beginning of the
proof and the fact that any finite product of elements in theesa
N; is again inN;, every element in GG is of the form

Uiy Aig =+~ i,
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS amonomorphism

Finally, becausé& = (|J,.; Vi), f is onto. More precisely,
becausés = ({ .., NV;), every element irdx is a finite product of
elementsin J,., N;. By theobservatiorat the beginning of the
proof and the fact that any finite product of elements in theesa
N; is again inN;, every element in GG is of the form

ai, G, - - - a;, WIth a;. € N;. andiy, 2o, . . ., 1, being distinct.
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS amonomorphism

Finally, becausé& = (|J,.; Vi), f is onto. More precisely,
becausés = ({ .., NV;), every element irdx is a finite product of
elementsin J,., N;. By theobservatiorat the beginning of the
proof and the fact that any finite product of elements in theesa
N; is again inN;, every element in GG is of the form

ai, G, -+ - a;, WIth a;, € N;. andiy, 2o, . . ., 1, being distinct. Take

(ai)ier € HZI N; such that{
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS amonomorphism

Finally, becausé& = (|J,.; Vi), f is onto. More precisely,
becausés = ({ .., NV;), every element irdx is a finite product of
elementsin J,., N;. By theobservatiorat the beginning of the
proof and the fact that any finite product of elements in theesa
N; is again inN;, every element in GG is of the form

ai, G, -+ - a;, WIth a;, € N;. andiy, 2o, . . ., 1, being distinct. Take

a; = a,;. If 1=1;for some;
(ai)iel S H?E/I N, such that{ J J )
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS amonomorphism

Finally, becausé& = (|J,.; Vi), f is onto. More precisely,
becausés = ({ .., NV;), every element irdx is a finite product of
elementsin J,., N;. By theobservatiorat the beginning of the
proof and the fact that any finite product of elements in theesa
N; is again inN;, every element in GG is of the form

ai, G, -+ - a;, WIth a;, € N;. andiy, 2o, . . ., 1, being distinct. Take
a; = a;; If 1 =1; for someyj

(ai)ier € [1,%; N: such that |
a; = e  otherwise
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS amonomorphism

Finally, becausé& = (|J,.; Vi), f is onto. More precisely,
becausés = ({ .., NV;), every element irdx is a finite product of
elementsin J,., N;. By theobservatiorat the beginning of the
proof and the fact that any finite product of elements in theesa
N; is again inN;, every element in GG is of the form

ai, G, -+ - a;, WIth a;, € N;. andiy, 2o, . . ., 1, being distinct. Take

a; = a;; If 1 =1; for someyj
a; = e  otherwise
Thenf((ai)iel) = Qjy Ay =+ - Ay, = Q.

(ai)ier € HZI N; such that{
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Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS amonomorphism

Finally, becausé& = (|J,.; Vi), f is onto. More precisely,
becausés = ({ .., NV;), every element irdx is a finite product of
elementsin J,., N;. By theobservatiorat the beginning of the
proof and the fact that any finite product of elements in theesa
N; is again inN;, every element in GG is of the form

ai, G, -+ - a;, WIth a;, € N;. andiy, 2o, . . ., 1, being distinct. Take
a; = a;; If 1 =1; for someyj

a; = e  otherwise
Thenf((a;)ier) = @i aq, - - - a;, = a. Hencef is onto

(ai)ier € HZI N; such that{

Modern Aloebra | — n. 8/25



Proof of Theorem (8.6)

All elements InN,; commute with all element IV, Vj # k.
The mapf : [[.L,; N; — G, defined by(e);c; — e and
(a;)ier — HZ.E[# a;, IS amonomorphism

Finally, becausé& = (|J,.; Vi), f is onto. More precisely,
becausés = ({ .., NV;), every element irdx is a finite product of
elementsin J,., N;. By theobservatiorat the beginning of the
proof and the fact that any finite product of elements in theesa
N; is again inN;, every element in GG is of the form

ai, G, -+ - a;, WIth a;, € N;. andiy, 2o, . . ., 1, being distinct. Take
a; = a;. If 1 =1; for somej

(ai)ier € HZI N; such that ’ ! /
a; = e  otherwise

Thenf((a;)ier) = @i a4, - - - a;, = a. Hencef is onto and thug
IS an iIsomorphism.
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Internal Weak Direct Products

Theorem (8.6). Let{N; |« € I} be a family of normal
subgroups of a grou@’. Suppose

« G = <Uz'e] Ni>’
- foreachk € I, Ny N (U Vi) = {e}.

ThenG = [[.%, N
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Internal Weak Direct Products

Theorem (8.6). Let{N; |« € I} be a family of normal
subgroups of a grou@’. Suppose

« G = <Uz'eINi>’
- foreachk € I, Ny N (U Vi) = {e}.

ThenG = [[i7, N

Definition (8.7). Let{N, | ¢ € I} be a family of normal
subgroups of a grou@ such that

© G = (Uje; Ni) and
- foreachk € I, N, N (U, Vi) = {e}.
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Theorem (8.6). Let{N; |« € I} be a family of normal
subgroups of a grou@’. Suppose

- G = <U7;e] Ni>’
- foreachk € I, Ny N (U Vi) = {e}.
ThenG = [[i7, N

Definition (8.7). Let{N, | ¢ € I} be a family of normal
subgroups of a grou@ such that

© G = (Uje; Ni) and
- foreachk € I, N, N (U, Vi) = {e}.
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Internal Weak Direct Products

Theorem (8.6). Let{N; |« € I} be a family of normal
subgroups of a grou@’. Suppose

« G = <U7;61Ni>1
- foreachk € I, Ny N (U Vi) = {e}.

ThenG = [[i7, N

Definition (8.7). Let{N, | ¢ € I} be a family of normal
subgroups of a grou@ such that

© G = (Uje; Ni) and
- foreachk € I, N, N (U, Vi) = {e}.

Thend is said to be thenternal weak direct product of the
family {N; | i € I} (or theinternal direct sum if G is
(additive) abelian).
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Remark
Combining Definition (8.7) and the proof of Theorem (8.6),
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Combining Definition (8.7) and the proof of Theorem (8.6), we
get the following theorem:
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k=1,2,... 0.

Proof. “<": Since every element is a finite product of elements
inU,.; Vi, we haveG = (|J,.; V;). Moreover, using the
uniqueness of the expression, we can see that for/each,

Ni. 0 (Ui Ni) = {e}. More precisely, any nonidentity element
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Internal vs External

There is a distinction betweenternalandexternaklveak direct
products. If a groufg- Is the internal weak direct product of
groupsN;, then by definition eaclV; is actually a subgroup @F
andG' is isomorphic to the external weak direct prodfiEt, N;.
However, the external weak direct prodﬂfgl N, does not
actually contain the grougs;, but only isomorphic copies of
them (namely the;(N;)—see Theorem (8.4) and Exercise 10).
Practically speaking, this distinction is not very impattand the
adjectives “internal” and “external” will be omitted whereg no
confusion is possible. In fact we shall use the followingation.

Notation. We write G = H,L.VZI N; to indicate that the grou@' is

the internal direct product of the family of its subgroups
{N; |iel}.
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given by (a:)ic; — (fi(a:)),.,- Then

f 1s a homomorphism of groups,

f(HzVeVI G’i) C HZVEVI H;,
Ker f =] [;c; Ker f;,

Proof. This is because
(ai)ier € Ker f <= (fi(ai))iel = (en, )ier
<— fila;) =eg,Viel < a; € Ker f;Vi € I.
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Theorem (8.10)

Let{f;, : G; — H; | € I} be afamily of homomorphisms of
groups andlef = |],., fibethemad],.;G: — [ 1., Hi

given by (a;)icr — (fi(as)),.,- Then
f 1s a homomorphism of groups,
f(HZ-VEV] G;) C HZVEV] H,
Ker f =] [,; Ker f;,
Im f =]],c;Im f;.

Proof. This can be checked directly.
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Let{f;, : G; — H; | € I} be afamily of homomorphisms of
groups andlef = |],., fibethemad],.;G: — [ 1., Hi
given by (a:)ic; — (fi(a:)),.,- Then

f 1s a homomorphism of groups,

Ker f =] [,; Ker f;,

Im f =]],c;Im f;.

Consequentlyf is a monomorphism [resp. epimorphisn;
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Theorem (8.10)

Let{f;, : G; — H; | € I} be afamily of homomorphisms of
groups andlef = |],., fibethemad],.;G: — [ 1., Hi
given by (a:)ic; — (fi(a:)),.,- Then

f 1s a homomorphism of groups,

Ker f =] [,; Ker f;,

Im f =]],c;Im f;.
Consequentlyf is a monomorphism [resp. epimorphism] if and
only if eachf; Is.
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Corollary (8.11)

Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.
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Corollary (8.11)

Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.

(i) 11,c; Vi is a normal subgroup df]

zEI
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Corollary (8.11)

Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.

() 1L,c; Vi 1s a normal subgroup qf[z.e[ G, and
11:e] GZ/ Hie[ NZ = HiEI G@/NZ
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Corollary (8.11)

Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.

(i) 11,c; Vi is anormal subgroup df],_, G; and
.._.zEIG/HzEI 'erEIG/N
(ii) ....zel N, is a normal subgroup qﬂiel G
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Corollary (8.11)

Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.

(i) 11,c; Vi is anormal subgroup df],_, G; and
Llier G; /HzEI = r.zel GZ/N’L
(ii) __d_ZE[N is a normal subgroup df[\L, G; and
_._.zelG /Hzel = rzEIG /N
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Corollary (8.11)

Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.

(i) 11,c; Vi is anormal subgroup df],_, G; and
Llier G; /HzEI = r.zel GZ/N’L
(ii) ...zelN is a normal subgroup df[\L, G; and
_._.zelG /Hzel = rzEIG /N

Proof. For each € I,
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Corollary (8.11)

Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.

(1

(i1

11:c]

1 _.zel

N; 1S a normal su

11lierg G; /Hzel = T
N; is a normal su
....zEI G /Hzel = r

1 e]

ogroup dff,_, G; and
G;/N;.

ogroup df.L, G; and

G;/N;.

€1

Proof. Foreach € [, letn; : G; — G;/N; be the canonical
epimorphism.
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Corollary (8.11)

Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.

(1

(i1

11:e]

1lier G'/ Hie[ N; = f

L]

1 _.zel

....ie[ Gi/ Hie[ N; = T

N; Is a normal su

N; is a normal su

ogroup dff,_, G; and
G;/N;.

ogroup df.L, G; and

G;/N;.

€1

Proof. Foreach € [, letn; : G; — G;/N; be the canonical
epimorphism. By Theorem (8.10),
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Proof. Foreach € [, letn; : G; — G;/N; be the canonical
epimorphism. By Theorem (8.10), the map

Hie[ g Hie[ G; — Hie] G

/N; is an epimorphism
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Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.
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epimorphism. By Theorem (8.10), the map
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N;.

/N; is an epimorphism with kernel
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Corollary (8.11)

Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.

(i) 11,c; Vi is anormal subgroup df],_, G; and
1ljer Gi/ Hiel N; = r.iel G’L/N’L

(ii) ...zEIN is a normal su Dgroup df.L, G; and
....ie[ Gi/ Hie[ Ni = T icl G /N

Proof. Foreach € [, letn; : G; — G;/N; be the canonical
epimorphism. By Theorem (8.10), the map

[ L, mii 1Le; Gi — 11,c; Gi/N; is an epimorphism with kernel
lic; Ni. Thereforel [, G,/ | 1,c; Vi = 11,c; Gi/N; by the
Flrst Isomorphism Theorem,
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Corollary (8.11)

Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.

(i) 11,c; Vi is anormal subgroup df],_, G; and
1ljer Gi/ Hiel N; = r.iel G’L/N’L

(ii) ...zEIN is a normal su Dgroup df.L, G; and
....ie[ Gi/ Hie[ Ni = T icl G /N

Proof. Foreach € [, letn; : G; — G;/N; be the canonical
epimorphism. By Theorem (8.10), the map

[ L, mii 1Le; Gi — 11,c; Gi/N; is an epimorphism with kernel
lic; Ni. Thereforel [, G,/ | 1,c; Vi = 11,c; Gi/N; by the
Flrst Isomorphism Theorem, and this shows (i).
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Corollary (8.11)

Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.

(i) 11,c; Vi is anormal subgroup df],_, G; and
1ljer Gi/ Hiel N; = r.iel G’L/N’L

(ii) ...zEIN is a normal su Dgroup df.L, G; and
....ie[ Gi/ Hie[ Ni = T icl G /N

Proof. Foreach € [, letn; : G; — G;/N; be the canonical
epimorphism. By Theorem (8.10), the map

[ L, mii 1Le; Gi — 11,c; Gi/N; is an epimorphism with kernel
lic; Ni. Thereforel [, G,/ | 1,c; Vi = 11,c; Gi/N; by the
Flrst Isomorphism Theorem, and this shows (i). Again by

Theorem (8.10), we havg,_, 7; (Hzel ) C L%, Gi/Ns.
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Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.
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Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.
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€1

Proof. Foreach € [, letn; : G; — G;/N; be the canonical
epimorphism. Hence we have a group homomorphism

1% 1% 1%
Hie[ g Hie[ G; — Hie] G

/N;. It can be checked directly that

this map is indeed an epimorphism
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Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.
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G;/N;.

€1

Proof. Foreach € [, letn; : G; — G;/N; be the canonical
epimorphism. Hence we have a group homomorphism
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Hie[ g Hie[ G; — Hie] G

/N;. It can be checked directly that

this map is indeed an epimorphism with kerﬂaﬁfgl N;.
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Let{G, | i € I} and{N; | i € I} be families of groups such that
N; is a normal subgroup aF; for eachi € 1.
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€1

Proof. Foreach € [, letn; : G; — G;/N; be the canonical
epimorphism. Hence we have a group homomorphism

1% 1% 1%
Hie[ g Hie[ G; — Hie] G

/N;. It can be checked directly that

this map is indeed an epimorphism with kerﬂa}fgl N;. By the
First Isomorphism Theorem, we prove (ii).
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epimorphism. Hence we have a group homomorphism
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Hie[ g Hie[ G; — Hie] G

/N;. It can be checked directly that

this map is indeed an epimorphism with kerﬂa}fgl N;. By the
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Section Il.1: Free Abelian Groups

Remark. In this section, we will investigate free objects in
the category of abelian groups.
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Chapter Il
THE STRUCTURE OFGROUPS

Section Il.1: Free Abelian Groups

Remark. In this section, we will investigate free objects in
the category of abelian groups. Through out this section,
we will use additive notation. The following dictionary may
be helpful converting what we have seen in Chapter one.

Modern Alaoebral = np. 15/25



Multiplicative vs Additive
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Multiplicative vs Additive

multiplicative notation additive notation
ab a+0b
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Multiplicative vs Additive

multiplicative notation additive notation
ab a+0b

a L —a
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Multiplicative vs Additive

multiplicative notation additive notation
ab a+0b
a ! —a

e 0
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Multiplicative vs Additive

multiplicative notation additive notation
ab a+0b
a ! —a
e 0
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Multiplicative vs Additive

multiplicative notation additive notation
ab a+0b
a ! —a
e 0
a” na

ab™! a—>b
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Multiplicative vs Additive

multiplicative notation additive notation
ab a+0b
a ! —a
e 0
a” na
ab™1 a—>0b

HK H+ K
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Multiplicative vs Additive

multiplicative notation additive notation
ab a+0b
a ! —a
e 0
a” na
ab™1 a—>0b
HK H+ K

aH a-+ H
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Multiplicative vs Additive

multiplicative notation

ab

G x H

additive notation

a+b
—a
0
na
a—b
H+ K
a—+ H
Ge H
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Multiplicative vs Additive

multiplicative notation

ab

G x H
HV K

additive notation

a+b
—a
0
na
a—b
H+ K
a—+ H
Ge H
H+ K
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Multiplicative vs Additive

multiplicative notation

ab

G x H
HV K

H?e/f G;

a+b
—a

0

na

a—b
H+ K
a—+ H
Ge H
H+ K

Zie] G;

additive notation
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Multiplicative vs Additive

multiplicative notation

ab

aH
G x H
HYV K

H?e/f G;

weak direct product

additive notation

a+b
—a

0

na

a—b
H+ K
a—+ H
Ge H
H+ K

Zie] G;

direct sum
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Remark. Let G be an (additive) abelian group.
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Free Abelian Groups

Remark. Let G be an (additive) abelian group. Then for all
a,b € Gandm,n € Z, (m + n)a = ma + na and
m(a + b) = ma + mb.
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Free Abelian Groups
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Remark. Let G be an (additive) abelian group. Then for all
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m(a + b) = ma + mb. If X is a nonempty subset ¢f, the
subgroup(.X') generated by consists of all
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Free Abelian Groups

Remark. Let G be an (additive) abelian group. Then for all

a,b € Gandm,n € Z, (m + n)a = ma + na and
m(a + b) = ma +mb. If X isanonempty subset ¢f, the

subgroup(.X') generated by consists of alllinear
combinations nyxy + noxy + - - - + N,
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a,b € Gandm,n € Z, (m +n)a = ma + na and
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r; € X. Inparticular, the cyclic groupr) is {nx | n € Z}.
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Free Abelian Groups

Remark. Let G be an (additive) abelian group. Then for all
a,b € Gandm,n € Z, (m +n)a = ma + na and

m(a + b) = ma + mb. If X is a nonempty subset ¢f, the
subgroup(.X') generated by consists of alllinear
combinations nyxy + nexs + - - - + npxr, With n, € Z and

r; € X. Inparticular, the cyclic groupr) is {nx | n € Z}.

Definition. Let G be an abelian group and lat C G.
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Remark. Let G be an (additive) abelian group. Then for all
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Free Abelian Groups

Remark. Let G be an (additive) abelian group. Then for all
a,b € Gandm,n € Z, (m +n)a = ma + na and

m(a + b) = ma + mb. If X is a nonempty subset ¢f, the
subgroup(.X') generated by consists of alllinear
combinations nyxy + nexs + - - - + npxr, With n, € Z and

r; € X. Inparticular, the cyclic groupr) is {nx | n € Z}.

Definition. Let G be an abelian group and lat C G.

X islinearly independent if for any distinct
x1,Ts,...,T, € X andn; € Z,
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Free Abelian Groups

Remark. Let G be an (additive) abelian group. Then for all
a,b € Gandm,n € Z, (m +n)a = ma + na and

m(a + b) = ma + mb. If X is a nonempty subset ¢f, the
subgroup(.X') generated by consists of alllinear
combinations nyxy + nexs + - - - + npxr, With n, € Z and

r; € X. Inparticular, the cyclic groupr) is {nx | n € Z}.

Definition. Let G be an abelian group and lat C G.

X islinearly independent if for any distinct
x1,Ta,...,2, € X andn; € Z,
niriy + noxs + - - + N, = 0 = n; = 0 for everyz.
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Remark. Let G be an (additive) abelian group. Then for all
a,b € Gandm,n € Z, (m +n)a = ma + na and
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subgroup(.X') generated by consists of alllinear
combinations nyxy + nexs + - - - + npxr, With n, € Z and
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Remark. Let G be an (additive) abelian group. Then for all
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subgroup(.X') generated by consists of alllinear
combinations nyxy + nexs + - - - + npxr, With n, € Z and
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Free Abelian Groups

Remark. Let G be an (additive) abelian group. Then for all
a,b € Gandm,n € Z, (m +n)a = ma + na and

m(a + b) = ma + mb. If X is a nonempty subset ¢f, the
subgroup(.X') generated by consists of alllinear
combinations nyxy + nexs + - - - + npxr, With n, € Z and

r; € X. Inparticular, the cyclic groupr) is {nx | n € Z}.

Definition. Let G be an abelian group and lat C G.

X islinearly independent if for any distinct
x1,Ta,...,2, € X andn; € Z,

nix1 + neTs + - - - + npxry = 0 = n; = 0 for everys:.
X Isabasis of G If

(i) X generategs, i.e.,(X) = G, and

(i) X is linearly independent.
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Free Abelian Groups

Definition. Let G be an abelian group and lat C G.

X Islinearly independent if for any distinct
x1,%a,...,Tr € X andn; € Z,

niTiy + oo + - - + N, = 0 = n; = 0 for everyx.
X Isabasis of G If

(i) X generategs, i.e.,(X) = G, and

(i) X is linearly independent.

Definition. An abelian grou¥’ is called afree abelian group
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Free Abelian Groups

Definition. Let G be an abelian group and lat C G.

X Islinearly independent if for any distinct
T1,%2,...,Tr € X andn,; € Z,
niTiy + oo + - - + N, = 0 = n; = 0 for everyx.
X Isabasis of G If
(i) X generategs, i.e.,(X) = G, and
(i) X is linearly independent.
Definition. An abelian grou¥’ is called afree abelian group
If £ has a basis.
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Free Abelian Groups

Definition. Let G be an abelian group and lat C G.

X Islinearly independent if for any distinct
x1,%a,...,Tr € X andn; € Z,
niTiy + oo + - - + N, = 0 = n; = 0 for everyx.
X Isabasis of G If
(i) X generategs, i.e.,(X) = G, and
(i) X is linearly independent.
Definition. An abelian grou¥’ is called afree abelian group
If F' has a basis.
Example. The trivial group{0} is a free abelian group,
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Free Abelian Groups

Definition. Let G be an abelian group and lat C G.

X Islinearly independent if for any distinct
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(i) F'Is the (internal) direct sum of a family of infinite cyclic
subgroups.

(i) Fi1s (iIsomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.f' = ) ., Z for some index set.

(iv) F'is a free object in the category of abelian groups, i.e.,
there exists a nonempty s&tand a function : X — F
with the following property: given an abelian grotgpand
function f : X — G, there exists a unigue homomorphism
of groupsf : F — G such thatf. = f.
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Theorem (1.1)

The following conditions on an abelian grotkpare equivalent:
() F' has a nonempty basis.

(i) F'Is the (internal) direct sum of a family of infinite cyclic
subgroups.

(i) Fi1s (iIsomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.fJ' = > ., Z for some index sef.
(iv) F'is a free object in the category of abelian groups, i.e.,
there exists a nonempty s&tand a function : X — F
with the following property: given an abelian grogpand
function f : X — G, there exists a unigue homomorphism

of groupsf : F — G such thatf. = f.

Proof. We have shown (1) = (i) = (i) = (1) = (iv) = (lii).
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Proof of (iii) = (i)

() F' has a nonempty basis.

(i) F'is (isomorphic to) a direct sum of copies of the additive

groupsZ of integers, i.e.}J' = » . _, Z for some index sef.
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() F' has a nonempty basis.

(i) F'is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.}J' = » . _, Z for some index sef.

Proof. Supposep : ) ., Z — F'is a group isomorphism. Let

ak:1

e, = (ai)ier € ) _..; Z be such tha
b= (e € 2ie {ai() Vi # k.

Using the factthate; | i € I} isabasisob ., Z andyis a
group isomorphism, we will show thaty(e;) | « € I} is a basis
of F'.
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() F' has a nonempty basis.

(i) F'is (isomorphic to) a direct sum of copies of the additive

groupsZ of integers, i.e.}J' = » . _, Z for some index sef.
Proof. Supposep : ) ., Z — F'is a group isomorphism. Let
A — 1

e, = (a;)icr € ) .., Z be such tha
= (ader € Luier {aiO Vi # k.
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Proof of (iii) = (i)
() F' has a nonempty basis.

(i) F'is (isomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.}J' = » . _, Z for some index sef.

Proof. Supposep : ) ., Z — F'is a group isomorphism. Let
A — 1

e, = (a;)icr € ) .., Z be such tha
= (ader € Luier {aiO Vi # k.

Leta € F be anonzero element. Singas onto,

o ((ni)ier) = a, for some(n;)ier € >_,c; Z. Since
(ni)iel = Zz‘elﬂ) n;e;, Wherel#() = {Z el ‘ 1n; # O},
a = 90(("%)7;61) = 90( Zz‘ezﬂ, ”v:ev:) = Zz’EI;ﬁO nip(e;).
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(i) F'is (isomorphic to) a direct sum of copies of the additive

groupsZ of integers, i.e.}J' = » . _, Z for some index sef.

Proof. Supposep : ) ., Z — F'is a group isomorphism. Let
A — 1

e, = (a;)icr € ) .., Z be such tha
= (ader € Luier {aiO Vi # k.

Leta € F be anonzero element. Singas onto,
o ((ni)ier) = a, for some(n;)ier € >_,c; Z. Since
(ni)iel = Zz‘elﬂ) n;e;, Wherel#() = {Z el ‘ 1n; # O},

a = @((ni)iel) — 90( Zz‘elﬂ) mei) — Zz.d#o nigp(ei). Hence,
{o(e;) | i € I} generated.
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Proof. Supposep : ) ., Z — F'is a group isomorphism. Let
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e, = (a;)ier € ) ;o7 Z be sucht a\{ n=0 Vidth

Hence{y(e;) | i € I} generated’. Suppose

nilgp(eh) + 727;2@(67;2) T+t nzkgp(ezk) = 0 where

o€, ), pley,), ..., p(e;,) aredistinct and; , n,,, ..., n; € Z.

Theny(n;, e;, + ny,e, +---+n;e;, ) = 0. Sincep is
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Theny(n;, e;, + ny,e, +---+n;e;, ) = 0. Sincep is
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e, = (ai)ier € ) _..; Z be such tha
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Proof of (iii) = (i)
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(i) F'is (isomorphic to) a direct sum of copies of the additive

groupsZ of integers, i.e.}J' = » . _, Z for some index sef.

Proof. Supposep : ) ., Z — F'is a group isomorphism. Let
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Hence{y(e;) | i € I} generated’. Therefore{p(e;) |i € I}
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Theorem (1.1)

The following conditions on an abelian grotkpare equivalent:
() F' has a nonempty basis.

(i) F'Is the (internal) direct sum of a family of infinite cyclic
subgroups.

(i) Fi1s (iIsomorphic to) a direct sum of copies of the additive
groupsZ of integers, i.e.fJ' = > ., Z for some index sef.
(iv) F'is a free object in the category of abelian groups, i.e.,
there exists a nonempty s&tand a function : X — F
with the following property: given an abelian grogpand
function f : X — G, there exists a unigue homomorphism

of groupsf : F — G such thatf. = f.

Proof. We have shown (i) = (ii) = ()= (1) = (iv) = (iil).
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