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Today, we will continue the section

Section |.7:Categories: Products, Coproducts, and
Free Objects
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Chapter |

Section I.7: Categories: Products, Coproducts, and
Free Objects

We first review some of the material that we covered last
week.
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Cartesian Products of Sets

Definition. Let{A; | - € I} be a family of sets indexed by a
nonempty sef.
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Cartesian Products of Sets

Definition. Let{A; | - € I} be a family of sets indexed by a
nonempty sef.

The Cartesian produdt],_, A; of the sets4; is the set of all
functionsf : I — (J,.; A; such thatf (i) € A; forall ¢ € 1.

We write the elemenf : I — | J,.; A; of | [..; Ai as(a;)icr,
wherea; = f(¢) forall; € I.
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Cartesian Products of Sets

Definition. Let{A; | - € I} be a family of sets indexed by a
nonempty sef.

The Cartesian produdt],_, A; of the sets4; is the set of all
functionsf : I — (J,.; A; such thatf (i) € A; forall ¢ € 1.

We write the elemenf : I — | J,.; A; of | [..; Ai as(a;)icr,
wherea; = f(¢) forall; € I.

For eachk € I,
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Cartesian Products of Sets

Definition. Let{A; | - € I} be a family of sets indexed by a
nonempty sef.

The Cartesian produdt],_, A; of the sets4; is the set of all
functionsf : I — (J,.; A; such thatf (i) € A; forall ¢ € 1.

We write the elemenf : I — (J,_; A; of | |
wherea; = f(i) forall ¢ € 1.

el A; as(a;)ier,

For eacht c I, the mapry, : | [,.; Ai — A defined by
f= f(k),
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Cartesian Products of Sets
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The Cartesian produdt],_, A; of the sets4; is the set of all
functionsf : I — (J,.; A; such thatf (i) € A; forall ¢ € 1.
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For eacht c I, the mapry, : | [,.; Ai — A defined by
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projectionof the product [._, A;
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We write the elemenf : I — (J,_; A; of | |
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Cartesian Products of Sets

Definition. Let{A; | - € I} be a family of sets indexed by a
nonempty sef.

The Cartesian produdt],_, A; of the sets4; is the set of all
functionsf : I — (J,.; A; such thatf (i) € A; forall ¢ € 1.

We write the elemenf : I — (J,_; A; of | |
wherea; = f(i) forall ¢ € 1.

el A; as(a;)ier,
For eacht c I, the mapry, : | [,.; Ai — A defined by
f— f(k),i.e. (a;)icr — ayg, is called the ¢anonica)
projectionof the produc{ [,_, A; onto itsk-th componen(or
k-th factol).

Modern Aloebra l = n. 4/27



Theorem (Introduction, 5.2)

Let{A; | i € I} be a family of (nonempty) sets indexed by a
nonempty sef.
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Theorem (Introduction, 5.2)

Let{A; | i € I} be a family of (nonempty) sets indexed by a
nonempty sef. Then there exists a sét, together with a family
of maps{m; : D — A; | i € I} satisfying the following property:
for any set” and family of mapqy, : ' — A; | i € I}, there
exists a unigue map : C' — D such that the diagram

X T% commutes for alt € I.

C
FurthermoreD is uniquely determined up to a bijection.

In fact, we proved that the Cartesian product [ [._; A;
together with the family of canonical projections
{mi 1L, Ai — Ai | 1 € 1} satisfies the property for D.
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Theorem (7.3)

Let{A; | i € I} be a family of objects of a catego€y
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family

{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

O—2p
N
A,

Since(P,{m;}) is a product of the familf A; | i € I}, for the
object() and the family of morphismé, : () — A, | i € I},
there exists a morphism : () — P such that the above diagram
commutes for alt € 1.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
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Proof.
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N
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Since(P,{m;}) is a product of the familf A; | i € I}, for the
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there exists a morphism : () — P such that the above diagram

commutes for alf € I. Similarly, since(@, {v;}) is also a
product of{ A; | i € I},
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P,{m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.
Y T

NN

A, A

Since(P,{m;}) is a product of the familf A; | i € I}, for the
object() and the family of morphismé, : () — A, | i € I},
there exists a morphism : () — P such that the above diagram
commutes for alf € 1. Similarly, since(Q, {;}) is also a
product of{ A; | i € I}, there exists a morphism: P — ()

such that the second diagram above commutes forall.
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.
Y T

NN

A, A

Combine the above two commutative diagrams
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Let{A; | « € I} be a family of objects of a categofy Suppose
(P, {m;}) and(Q, {;}) are both products of the family
{A; |+ € I}. ThenP and(Q are equivalentirt.

Proof.

NNk

Combine the above two commutative diagrams and we have the
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Theorem (7.3)

Let{A; | « € I} be a family of objects of a categofy Suppose
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Reversing the Arrows

Since abstract categories involve only objects and monph(®10
elements), every statement about them has a dual statement,
obtained by reversing all the arrows (morphisms) in theioailg
statement. For example, the dual of Definition (7.2) is
Definition (7.4), and the dual of Theorem (7.3) is Theorerb).7.
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Concrete Categories

Roughly speaking, a concrete category C Is a category
whose objects are some special kind of sets and whose
morphisms are some special kind of maps, and the
composite of two morphisms in C is the composition of
these two maps, and the identity morphisms are the
identity maps.

For example, the categories S, G, A, and 7 are all
concrete categories.

In some sense, a concrete category Is just a
“sub-category” of the category S of sets.
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said to beree on the set X if for any object4 of C and map (of
sets)/ : X — A, there exists a unique morphism F — A of

C such thatfi = f (as a map of set¥ — A), i.e.,

P4

/7

X

Remark. The essential fact about a free objécis thatin order
to define a morphism with domain F, it suffices to specify
the image of the subset +(X).
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Example. Consider the category, whose objects are all vector
spaces oveR and whose morphisms are linear transformations.
ThenV is aconcrete category. Note that I8 is a basis for a
vector spacé’, then any linear transformatiahi: V. — W is
completely determined by (B); in other words, for any vector
spacell” and mapf : B — 11/ there exists a unique linear
transformatior’” : V' — W such thatl'(v) = f(v) Vv € B l.e.,

1% =1 W
zT % where:; : B — V' Is the inclusion map.
B Hence,V Is free on the seB Iin the category .

In this catecory), except the object0}, every object is a free
object.
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Isomorphism.

If two vector spaces have the same dimensions, i.e., their
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Exercise for Section |.7
1,2, 3,4, 7, 8.



Chapter |

Section 1.8: Direct Products and Direct Sums
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The direct product |, G; is a group.

For eacht € I, the canonical projection;, : |[..; Gi: — G
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Proof. 7 IS a group homomorphism because
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Let{G; | © € I} be afamily of groups. Suppose

{o; : H— G; | 1€ I}isafamily of group homomorphisms.
Thenthere exists a unique homomorphism 4 — [ ],., G,
such thatr,o = ; forall - € 7, wherer; : | [..; G; — G, is the
canonical projection. Moreover, this property determines

| L;c; G uniquely up to isomorphism. In particuldr,_, G; is a
product in the category of groups.

Proof. Hence, in the category of groups,] [..; G; is a
product. Since in this categogy, an equivalence is an
isomorphism of groups, by Theorem (7.8],_, G; is uniquely
determined up to isomorphism.
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Definition (8.3). Let{G; | ¢« € I} be a family of groups.

The xterna) weak direct producdf {G; | i € I}, denoted
[1.L, G, is the set of alla,)ser € [[,.; Gi such that; = e,
for all but finitely many; € 1.

If all the groups(z; are (additive) abeliarHW (7; Is usually

el
called the éxterna) direct sumand is denoted ,_, G; (or

@ie[ Gi)'

Remark. If I is finite, the weak direct product and the direct
product coincide.

Next, we will show that HZ.VEVI (; Is a normal subgroup of

| I,c; Gi and construct, for each k& € I, the canonical
injection ¢ : Gy — [[z, Gi.
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Through out this proof, all groups will be written additiygel.e.,
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family of homomorphisms. We claim that there exists a unique
homomorphismp : > ., A, — B such thatp,; = ; Vi € 1.

Note that if(a;)icr € ) ,.; Ai Is nonzero, then there are only
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