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Today, we will continue the section

Section I.7:Categories: Products, Coproducts, and
Free Objects
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Today, we will continue the section

Section I.7:Categories: Products, Coproducts, and
Free Objects

and start to cover the section

Section I.8:Direct Products and Direct Sums
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Chapter I

Section I.7: Categories: Products, Coproducts, and
Free Objects
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Chapter I

Section I.7: Categories: Products, Coproducts, and
Free Objects

We first review some of the material that we covered last
week.
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Cartesian Products of Sets
Definition. Let {Ai | i ∈ I} be a family of sets indexed by a
nonempty setI.
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∏
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whereai = f(i) for all i ∈ I.
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∏

i∈I Ai → Ak defined by
f 7→ f(k), i.e.,(ai)i∈I 7→ ak, is called the (canonical)
projectionof the product

∏

i∈I Ai onto itsk-th component(or
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Theorem (Introduction, 5.2)
Let {Ai | i ∈ I} be a family of (nonempty) sets indexed by a
nonempty setI.
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OO

commutes for alli ∈ I.

Furthermore,D is uniquely determined up to a bijection.
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∏

i∈I Ai

together with the family of canonical projections
{πi :

∏

i∈I Ai → Ai | i ∈ I} satisfies the property for D.
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Theorem (7.3)
Let {Ai | i ∈ I} be a family of objects of a categoryC.
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Since(P, {πi}) is a product of the family{Ai | i ∈ I}, for the
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commutes for alli ∈ I.
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we have the fourth commutative diagram above for alli ∈ I. On
the other hand, it is clear that we have the fifth commutative
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Hence,P andQ are equivalent inC.
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Reversing the Arrows
Since abstract categories involve only objects and morphisms (no
elements), every statement about them has a dual statement,
obtained by reversing all the arrows (morphisms) in the original
statement. For example, the dual of Definition (7.2) is
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Reversing the Arrows
Since abstract categories involve only objects and morphisms (no
elements), every statement about them has a dual statement,
obtained by reversing all the arrows (morphisms) in the original
statement. For example, the dual of Definition (7.2) is
Definition (7.4), and the dual of Theorem (7.3) is Theorem (7.5).

Modern Algebra I – p. 8/27



Coproducts in a Category

Modern Algebra I – p. 9/27



Coproducts in a Category
Definition (7.4). Let C be a category and let{Ai | i ∈ I} be a
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Definition (7.4). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A coproduct for the family{Ai | i ∈ I}

is an objectS of C together with a family of morphisms
{ιi : Ai → S | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : Ai → B | i ∈ I} in C, there is a unique
morphismϕ : S → B
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Coproducts in a Category
Definition (7.4). Let C be a category and let{Ai | i ∈ I} be a
family of objects ofC. A coproduct for the family{Ai | i ∈ I}

is an objectS of C together with a family of morphisms
{ιi : Ai → S | i ∈ I} such thatfor any objectB and family of
morphisms{ϕi : Ai → B | i ∈ I} in C, there is a unique
morphismϕ : S → B such that the diagram

B S
ϕoo

Ai

ϕi

__>>>>>>>
ιi

OO

commutes for alli ∈ I.
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we can show the following theorem for coproducts.

Theorem (7.5). Let {Ai | i ∈ I} be a family of objects of a
categoryC.
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By reversing the arrows in the proof of the following
theorem for products,

Theorem (7.3). Let {Ai | i ∈ I} be a family of objects of a
categoryC. Suppose(P, {πi}) and(Q, {ψi}) are both products
of the family{Ai | i ∈ I}. ThenP andQ are equivalent inC.

we can show the following theorem for coproducts.

Theorem (7.5). Let {Ai | i ∈ I} be a family of objects of a
categoryC. Suppose(S, {ιi}) and(T, {λi}) are both coproducts
of the family{Ai | i ∈ I}.
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Concrete Categories
Roughly speaking, a concrete category C is a category
whose objects are some special kind of sets and whose
morphisms are some special kind of maps, and the
composite of two morphisms in C is the composition of
these two maps, and the identity morphisms are the
identity maps.

For example, the categories S, G, A, and T are all
concrete categories.

In some sense, a concrete category is just a
“sub-category” of the category S of sets.
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Free Objects
Definition (7.7). Let F be an object in a concrete categoryC, let
X be a nonempty set, and leti : X → F be a map (of sets).F is
said to befree on the set X if for any objectA of C and map (of
sets)f : X → A, there exists a unique morphism̄f : F → A of
C such thatf̄ i = f (as a map of setsX → A), i.e.,

F
∃!f̄ //A

X

i
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f
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Definition (7.7). Let F be an object in a concrete categoryC, let
X be a nonempty set, and leti : X → F be a map (of sets).F is
said to befree on the set X if for any objectA of C and map (of
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Remark. The essential fact about a free objectF is that
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Definition (7.7). Let F be an object in a concrete categoryC, let
X be a nonempty set, and leti : X → F be a map (of sets).F is
said to befree on the set X if for any objectA of C and map (of
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Remark. The essential fact about a free objectF is thatin order
to define a morphism with domain F ,
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Free Objects
Definition (7.7). Let F be an object in a concrete categoryC, let
X be a nonempty set, and leti : X → F be a map (of sets).F is
said to befree on the set X if for any objectA of C and map (of
sets)f : X → A, there exists a unique morphism̄f : F → A of
C such thatf̄ i = f (as a map of setsX → A), i.e.,

F
∃!f̄ //A

X

i

OO

f

@@�������

Remark. The essential fact about a free objectF is thatin order
to define a morphism with domain F , it suffices to specify
the image of the subset i(X).
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Example. Consider the categoryV , whose objects are all vector
spaces overR and whose morphisms are linear transformations.
ThenV is aconcrete category. Note that ifB is a basis for a
vector spaceV , then any linear transformationT : V → W is
completely determined byT (B); in other words, for any vector
spaceW and mapf : B → W there exists a unique linear
transformationT : V → W such thatT (v) = f(v) ∀v ∈ B i.e.,
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wherei : B → V is the inclusion map.
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ThenV is aconcrete category. Note that ifB is a basis for a
vector spaceV , then any linear transformationT : V → W is
completely determined byT (B); in other words, for any vector
spaceW and mapf : B → W there exists a unique linear
transformationT : V → W such thatT (v) = f(v) ∀v ∈ B i.e.,
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wherei : B → V is the inclusion map.

Hence,V is free on the setB in the categoryV .
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A Familiar Example
Example. Consider the categoryV , whose objects are all vector
spaces overR and whose morphisms are linear transformations.
ThenV is aconcrete category. Note that ifB is a basis for a
vector spaceV , then any linear transformationT : V → W is
completely determined byT (B); in other words, for any vector
spaceW and mapf : B → W there exists a unique linear
transformationT : V → W such thatT (v) = f(v) ∀v ∈ B i.e.,

V
∃! T //W

B

i

OO

f

??�������
wherei : B → V is the inclusion map.

Hence,V is free on the setB in the categoryV .

In this catecoryV , except the object{0}, every object is a free
object.
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Theorem (7.8)
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Theorem (7.8)
LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.

You won’t have time to take notes for this proof. Please put
your pens down and pay attention to my presentation. If
you decide to take notes, you may sacrifice understanding
the proof.
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LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
Proof. Since|X| = |X ′|, there is a bijectionf : X → X ′ and
hencef−1 : X ′ → X exists.
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LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
Proof. Since|X| = |X ′|, there is a bijectionf : X → X ′ and
hencef−1 : X ′ → X exists. Leti : X → F andi′ : X ′ → F ′ be
the corresponding maps in the definition, i.e.,
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LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
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Proof. Since|X| = |X ′|, there is a bijectionf : X → X ′ and
hencef−1 : X ′ → X exists. Leti : X → F andi′ : X ′ → F ′ be
the corresponding maps in the definition, i.e.,
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X
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and F ′ ∃! g2 //A

X ′
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Takeg1 = i′ ◦ f : X → X ′ → F ′
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the corresponding maps in the definition, i.e.,
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Takeg1 = i′ ◦ f : X → X ′ → F ′ and
g2 = i ◦ f−1 : X ′ → X → F .
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LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
Proof. Since|X| = |X ′|, there is a bijectionf : X → X ′ and
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the corresponding maps in the definition, i.e.,

F
∃! g1 //F ′

X

i

OO

i′◦f

??�������

and F ′ ∃! g2 //F

X ′

i′

OO

i◦f−1

??��������

They are the same as

Modern Algebra I – p. 15/27



Theorem (7.8)
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the corresponding maps in the definition, i.e.,
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LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
Proof. Since|X| = |X ′|, there is a bijectionf : X → X ′ and
hencef−1 : X ′ → X exists. Leti : X → F andi′ : X ′ → F ′ be
the corresponding maps in the definition, i.e.,
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Theorem (7.8)
LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
Proof. We already have these two commutative diagrams

F
g1 //F ′

X

i
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f
//X ′

i′

OO F ′ g2 //F

X ′
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//X

i

OO
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Theorem (7.8)
LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
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LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
Proof. Note thati ◦ f−1 ◦ f = i,
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Theorem (7.8)
LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
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Theorem (7.8)
LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
Proof. However, we also have the commutative diagram
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Theorem (7.8)
LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
Proof.
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F
1F //F

X

i

OO

i

@@�������

By the uniqueness of the morphismF → F which makes the
diagram work,
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By the uniqueness of the morphismF → F which makes the
diagram work, we haveg2 ◦ g1 = 1F .
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LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
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F
1F //F

X

i
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By the uniqueness of the morphismF → F which makes the
diagram work, we haveg2 ◦ g1 = 1F . With a similar discussion,
we can also show thatg1 ◦ g2 = 1F ′.
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Theorem (7.8)
LetF andF ′ be objects in a concrete categoryC. Suppose thatF
is free on the setX andF ′ is free on the setX ′. If |X| = |X ′|,
thenF andF ′ are equivalent.
Proof.

F
g1 //F ′

X

i

OO

f
//X ′

i′

OO F ′ g2 //F

X ′

i′

OO

f−1

//X

i
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X
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f
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//X

i

OO F
g2◦g1 //F

X
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F
1F //F

X

i

OO

i
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By the uniqueness of the morphismF → F which makes the
diagram work, we haveg2 ◦ g1 = 1F . With a similar discussion,
we can also show thatg1 ◦ g2 = 1F ′. Hence,F andF ′ are
equivalent.
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existence of certain uniquely determined morphisms.
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Universal Mapping Properties
Remark. Products, coproducts, and free objects are all defined
via universal mapping properties, that is, in terms of the
existence of certain uniquely determined morphisms. We have
also seen that any two products (or coproducts) for a given
family of objects are actually equivalent(Theorem (7.3) and
(7.5)).
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Universal Mapping Properties
Remark. Products, coproducts, and free objects are all defined
via universal mapping properties, that is, in terms of the
existence of certain uniquely determined morphisms. We have
also seen that any two products (or coproducts) for a given
family of objects are actually equivalent(Theorem (7.3) and
(7.5)). Similarly, any two free objects on the same set are
equivalent(Theorem (7.8)).
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Universal Mapping Properties
Remark. Products, coproducts, and free objects are all defined
via universal mapping properties, that is, in terms of the
existence of certain uniquely determined morphisms. We have
also seen that any two products (or coproducts) for a given
family of objects are actually equivalent(Theorem (7.3) and
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very similar.
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existence of certain uniquely determined morphisms. We have
also seen that any two products (or coproducts) for a given
family of objects are actually equivalent(Theorem (7.3) and
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Universal Mapping Properties
Remark. Products, coproducts, and free objects are all defined
via universal mapping properties, that is, in terms of the
existence of certain uniquely determined morphisms. We have
also seen that any two products (or coproducts) for a given
family of objects are actually equivalent(Theorem (7.3) and
(7.5)). Similarly, any two free objects on the same set are
equivalent(Theorem (7.8)). Furthermore, their proofs are all
very similar. In fact, they are special cases of a single concept.

Definition (7.9). Let C be a category.

• An objectI in C is said to beuniversal (or initial) if for each
objectC of C there exists one and only one morphismI → C.
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objectC of C there exists one and only one morphismI → C.
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Universal Mapping Properties
Definition (7.9). Let C be a category.

• An objectI in C is said to beuniversal (or initial) if for each
objectC of C there exists one and only one morphismI → C.

• An objectT in C is said to becouniversal (or terminal) if
for each objectC of C there exists one and only one
morphismC → T .

Remark. In your book, you can see that products, coproducts,
and free objects may be considered as (co)universal objectsin
suitably chosen categories.
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Universal Mapping Properties
Definition (7.9). Let C be a category.

• An objectI in C is said to beuniversal (or initial) if for each
objectC of C there exists one and only one morphismI → C.

• An objectT in C is said to becouniversal (or terminal) if
for each objectC of C there exists one and only one
morphismC → T .

Remark. In your book, you can see that products, coproducts,
and free objects may be considered as (co)universal objectsin
suitably chosen categories. We will skip this part to save some
time.
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objectC of C there exists one and only one morphismI → C.

• An objectT in C is said to becouniversal (or terminal) if
for each objectC of C there exists one and only one
morphismC → T .

Example. In the categoryG of groups, the trivial group{e} is
both universal and couniversal.

Proof. It is clear that for any groupG, there is one and only one
group homomorphism{e} → G, namely the map defined by
e 7→ e.
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Proof. It is clear that for any groupG, there is one and only one
group homomorphism{e} → G, namely the map defined by
e 7→ e. Hence{e} is universal. It is also clear that for any group
G, the only group homomorphismG→ {e} is the map defined
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Universal Mapping Properties
Definition (7.9). Let C be a category.

• An objectI in C is said to beuniversal (or initial) if for each
objectC of C there exists one and only one morphismI → C.

• An objectT in C is said to becouniversal (or terminal) if
for each objectC of C there exists one and only one
morphismC → T .

Example. In the categoryG of groups, the trivial group{e} is
both universal and couniversal.

Proof. It is clear that for any groupG, there is one and only one
group homomorphism{e} → G, namely the map defined by
e 7→ e. Hence{e} is universal. It is also clear that for any group
G, the only group homomorphismG→ {e} is the map defined
by a 7→ e for all a ∈ G. Hence,{e} is couniversal.
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Uniqueness of universal objects
Theorem (7.10). Any two universal[resp. couniversal]objects
in a categoryC are equivalent.
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Uniqueness of universal objects
Theorem (7.10). Any two universal[resp. couniversal]objects
in a categoryC are equivalent.

Proof. Let I andJ be universal objects inC. SinceI is
universal, there is a unique morphismf : I → J . Similarly,
sinceJ is universal, there is a unique morphismg : J → I.
The compositeg ◦ f : I → I is a morphism ofC. But,
1I : I → I is also a morphism ofC. The universality ofI implies
that there is a unique morphismI → I, whenceg ◦ f = 1I .
Similarly, sincef ◦ g : J → J and1J : J → J are both
morphisms ofC, by the uniqueness of the morphismJ → J , we
havef ◦ g = 1J . Therefore,I andJ are equivalent.

By “reversing the arrows”, we have a proof for couniversal
objects being unique.
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Exercise for Section I.7
1, 2, 3, 4, 7, 8.
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Chapter I
Section I.8: Direct Products and Direct Sums
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Direct Products of Groups
Definition/Remark. Let {Gi | i ∈ I} be a family of groups.
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Direct Products of Groups
Definition/Remark. Let {Gi | i ∈ I} be a family of groups.

• Define a binary operation on the Cartesian product
∏

i∈I Gi

as follows: for(ai)i∈I , (bi)i∈I ∈
∏
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Theorem (8.2)
Let {Gi | i ∈ I} be a family of groups.
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• If all the groupsGi are (additive) abelian,
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i∈I Gi is usually
called the (external) direct sumand is denoted

∑

i∈I Gi (or
⊕

i∈I Gi).

Remark. If I is finite, the weak direct product and the direct
product coincide.

Next, we will show that
∏W

i∈I Gi is a normal subgroup of
∏

i∈I Gi and construct, for each k ∈ I, the canonical
injection ιk : Gk →

∏W

i∈I Gi.
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