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Theorem (6.8). For eachn ≥ 2, An is a normal subgroup ofSn

of index2 and|An| = |Sn|/2 = n!/2. Furthermore,An is the
only subgroup ofSn of index2.

In the proof of this Theorem, we need the following two
lemmas.

Lemma. If H is a subgroup of a groupG with [G : H] = 2, then
H ⊳ G.

Lemma. Forn ≥ 3, An is generated by all3-cycles.

Since we have shown these two lemmas last week, we are
ready to prove Theorem (6.8) now.
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Zp with p prime.

Proof. Note that in an abelian group, every subgroup is a normal
subgroup. Hence, ifG is a simple abelian group, thenG has no
proper subgroup. Thus,G must be cyclic, and soG ≃ Z or
G ≃ Zn. It is clear thatZ has proper subgroup, soG ≃ Z is
impossible. In the groupZmℓ with 1 < m < n = mℓ, m

generates a proper subgroup ofZmℓ, thusZmℓ has proper
subgroups,
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Simple Groups
Definition (6.9). A groupG is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Zp with p prime.

Proof. Note that in an abelian group, every subgroup is a normal
subgroup. Hence, ifG is a simple abelian group, thenG has no
proper subgroup. Thus,G must be cyclic, and soG ≃ Z or
G ≃ Zn. It is clear thatZ has proper subgroup, soG ≃ Z is
impossible. In the groupZmℓ with 1 < m < n = mℓ, m

generates a proper subgroup ofZmℓ, thusZmℓ has proper
subgroups, and soG ≃ Zmℓ is impossible.
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Simple Groups
Definition (6.9). A groupG is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Zp with p prime.

Proof. Note that in an abelian group, every subgroup is a normal
subgroup. Hence, ifG is a simple abelian group, thenG has no
proper subgroup. Thus,G must be cyclic, and soG ≃ Z or
G ≃ Zn. It is clear thatZ has proper subgroup, soG ≃ Z is
impossible. In the groupZmℓ with 1 < m < n = mℓ, m

generates a proper subgroup ofZmℓ, thusZmℓ has proper
subgroups, and soG ≃ Zmℓ is impossible. ThereforeG ≃ Zp

with p prime.
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Simple Groups
Definition (6.9). A groupG is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Zp with p prime.

Theorem (6.10). The alternating groupAn is simple
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Simple Groups
Definition (6.9). A groupG is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Zp with p prime.

Theorem (6.10). The alternating groupAn is simple if and only
if n 6= 4.
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Simple Groups
Definition (6.9). A groupG is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Zp with p prime.

Theorem (6.10). The alternating groupAn is simple if and only
if n 6= 4.

Proof.

• A2 = {e}
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Simple Groups
Definition (6.9). A groupG is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Zp with p prime.

Theorem (6.10). The alternating groupAn is simple if and only
if n 6= 4.

Proof.

• A2 = {e} andA3 = {e, (1, 2, 3), (1, 3, 2)} ≃ Z3.
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Simple Groups
Definition (6.9). A groupG is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Zp with p prime.

Theorem (6.10). The alternating groupAn is simple if and only
if n 6= 4.

Proof.

• A2 = {e} andA3 = {e, (1, 2, 3), (1, 3, 2)} ≃ Z3.

• If n ≥ 5, thenAn is simple.
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Simple Groups
Definition (6.9). A groupG is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Zp with p prime.

Theorem (6.10). The alternating groupAn is simple if and only
if n 6= 4.

Proof.

• A2 = {e} andA3 = {e, (1, 2, 3), (1, 3, 2)} ≃ Z3.

• If n ≥ 5, thenAn is simple.If you didn’t learn this before
and would like to see how to prove this fact, you can come to

me and I will show you the proof in my notes.
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Simple Groups
Definition (6.9). A groupG is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Zp with p prime.

Theorem (6.10). The alternating groupAn is simple if and only
if n 6= 4.

Proof.

• A2 = {e} andA3 = {e, (1, 2, 3), (1, 3, 2)} ≃ Z3.

• If n ≥ 5, thenAn is simple.

• H = {e, (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)} is a proper
normal subgroup ofA4,
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Simple Groups
Definition (6.9). A groupG is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Zp with p prime.

Theorem (6.10). The alternating groupAn is simple if and only
if n 6= 4.

Proof.

• A2 = {e} andA3 = {e, (1, 2, 3), (1, 3, 2)} ≃ Z3.

• If n ≥ 5, thenAn is simple.

• H = {e, (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)} is a proper
normal subgroup ofA4, soA4 is not simple.
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Dihedral Groups
Definition. Thedihedral group of degreen,
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn,
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated by

Modern Algebra I – p. 6/23



Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n)
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)

=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)

=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Remark. Dn is isomorphic to the group of all symmetries of a
regular polygon withn sides
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)

=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Remark. Dn is isomorphic to the group of all symmetries of a
regular polygon withn sides and is usually identified with this
group.
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)

=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)

=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy

(i) an = e;
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)

=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy

(i) an = e; b2 = e;
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)

=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)

=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.

(ii) ba = a−1b.
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)

=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.

(ii) ba = a−1b.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)

=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.

(ii) ba = a−1b.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)

=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e. Clear!

(ii) ba = a−1b.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.
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Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)

=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e. Clear!

(ii) ba = a−1b. i.e.,bab−1 = a−1.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn,
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn, then

τστ−1 = (τ(i1), τ(i2), . . . , τ(ir)).
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn, then

τστ−1 = (τ(i1), τ(i2), . . . , τ(ir)).

Recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn, then

τστ−1 = (τ(i1), τ(i2), . . . , τ(ir)).

Recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Thenbab−1
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn, then

τστ−1 = (τ(i1), τ(i2), . . . , τ(ir)).

Recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Thenbab−1 = (1,
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn, then

τστ−1 = (τ(i1), τ(i2), . . . , τ(ir)).

Recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Thenbab−1 = (1, n,
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn, then

τστ−1 = (τ(i1), τ(i2), . . . , τ(ir)).

Recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Thenbab−1 = (1, n, n − 1,
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn, then

τστ−1 = (τ(i1), τ(i2), . . . , τ(ir)).

Recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Thenbab−1 = (1, n, n − 1, n − 2,
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn, then

τστ−1 = (τ(i1), τ(i2), . . . , τ(ir)).

Recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn, then

τστ−1 = (τ(i1), τ(i2), . . . , τ(ir)).

Recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Thenbab−1 = (1, n, n − 1, n − 2, . . . , 3,
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn, then

τστ−1 = (τ(i1), τ(i2), . . . , τ(ir)).

Recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Thenbab−1 = (1, n, n − 1, n − 2, . . . , 3, 2)
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn, then

τστ−1 = (τ(i1), τ(i2), . . . , τ(ir)).

Recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Thenbab−1 = (1, n, n − 1, n − 2, . . . , 3, 2) = a−1.
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn, then

τστ−1 = (τ(i1), τ(i2), . . . , τ(ir)).

Recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Thenbab−1 = (1, n, n − 1, n − 2, . . . , 3, 2) = a−1. Therefore,
ba = a−1b
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Proof of Theorem (6.13)
For (ii) ba = a−1b, we use the following Lemma:

Lemma. If σ = (i1, i2, . . . , ir) ∈ Sn andτ ∈ Sn, then

τστ−1 = (τ(i1), τ(i2), . . . , τ(ir)).

Recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Thenbab−1 = (1, n, n − 1, n − 2, . . . , 3, 2) = a−1. Therefore,
ba = a−1b and we proved (ii).
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Proof of Theorem (6.13)
Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.

(ii) ba = a−1b.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.
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Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group oforder2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.

(ii) ba = a−1b.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.
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Proof of Theorem (6.13)
Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group oforder2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.

(ii) ba = a−1b.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.

Using(i) and(ii),
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Proof of Theorem (6.13)
Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group oforder2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.

(ii) ba = a−1b.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.

Using(i) and(ii), we have

Dn = 〈a, b〉 = {aibj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1}.
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Proof of Theorem (6.13)
Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group oforder2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.

(ii) ba = a−1b.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.

Using(i) and(ii), we have

Dn = 〈a, b〉 = {aibj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1}.

Thus,|Dn| ≤ 2n.
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Proof of Theorem (6.13)
Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group oforder2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.

(ii) ba = a−1b.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.

Using(i) and(ii), we have

Dn = 〈a, b〉 = {aibj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1}.

Thus,|Dn| ≤ 2n. If we showaibj = asbt
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Proof of Theorem (6.13)
Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group oforder2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.

(ii) ba = a−1b.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.

Using(i) and(ii), we have

Dn = 〈a, b〉 = {aibj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1}.
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Using(i) and(ii), we have
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Proof of Theorem (6.13)
Now, let’s show thatif aibj = asbt with 0 ≤ i, s ≤ n − 1 and
0 ≤ j, t ≤ 1, theni = s andj = t.
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Now, let’s show thatif aibj = asbt with 0 ≤ i, s ≤ n − 1 and
0 ≤ j, t ≤ 1, theni = s andj = t.

Again, recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.
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First, note that ifak = bℓ with k, ℓ ∈ Z, thenak = bℓ = e.

Now, assumeaibj = asbt with 0 ≤ i, s ≤ n − 1 and0 ≤ j, t ≤ 1.
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0 ≤ j, t ≤ 1, theni = s andj = t.

Again, recalla = (1, 2, 3, 4, . . . , n − 1, n) andb =
(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

First, note that ifak = bℓ with k, ℓ ∈ Z, thenak = bℓ = e.

Now, assumeaibj = asbt with 0 ≤ i, s ≤ n − 1 and0 ≤ j, t ≤ 1.
Thenai−s = bt−j =⇒ ai−s = bt−j = e =⇒ i = s andj = t.
ThusDn = 〈a, b〉 = {aibj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1} and
these elements are distinct.
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)
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First, note that ifak = bℓ with k, ℓ ∈ Z, thenak = bℓ = e.

Now, assumeaibj = asbt with 0 ≤ i, s ≤ n − 1 and0 ≤ j, t ≤ 1.
Thenai−s = bt−j =⇒ ai−s = bt−j = e =⇒ i = s andj = t.
ThusDn = 〈a, b〉 = {aibj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1} and
these elements are distinct. ThereforeDn is a group of order2n.
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Proof of Theorem (6.13)
Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.

(ii) ba = a−1b.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.
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Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.

(ii) ba = a−1b.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.

So far, we have shown the first statement.
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Proof of Theorem (6.13)
Theorem (6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy

(i) an = e; b2 = e; if 0 < k < n, ak 6= e.

(ii) ba = a−1b.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.

So far, we have shown the first statement.
Now, let’s show the second statement.
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SupposeG is a group generated byα, β ∈ G satisfying that for
somen ≥ 3,

(i) αn = e; β2 = e; if 0 < k < n, αk 6= e;

(ii) βα = α−1β.

We claim thatG ∼= Dn.

Similarly as we did forDn, using (i) and (ii) forG, we have

G = 〈α, β〉 = {αiβj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1}.
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SinceDn = 〈a, b〉 = {aibj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1} and
these elements are distinct,f is well-defined.
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SupposeG is a group generated byα, β ∈ G satisfying that for
somen ≥ 3,

(i) αn = e; β2 = e; if 0 < k < n, αk 6= e;

(ii) βα = α−1β.

We claim thatG ∼= Dn.

Similarly as we did forDn, using (i) and (ii) forG, we have

G = 〈α, β〉 = {αiβj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1}.

Consider the mapf : Dn → G with aibj 7→ αiβj .
SinceDn = 〈a, b〉 = {aibj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1} and
these elements are distinct,f is well-defined. Also, it is clear that
f is onto.
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We claim thatG ∼= Dn.

Similarly as we did forDn, using (i) and (ii) forG, we have

G = 〈α, β〉 = {αiβj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1}.

Consider the mapf : Dn → G with aibj 7→ αiβj .
SinceDn = 〈a, b〉 = {aibj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1} and
these elements are distinct,f is well-defined. Also, it is clear that
f is onto. Moreover, sinceba = a−1b andβα = α−1β, we see
thatf is a homomorphism.

Modern Algebra I – p. 10/23



Proof of Theorem (6.13)
SupposeG is a group generated byα, β ∈ G satisfying that for
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(i) αn = e; β2 = e; if 0 < k < n, αk 6= e;

(ii) βα = α−1β.

We claim thatG ∼= Dn.

Similarly as we did forDn, using (i) and (ii) forG, we have

G = 〈α, β〉 = {αiβj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1}.

Consider the mapf : Dn → G with aibj 7→ αiβj .
SinceDn = 〈a, b〉 = {aibj | 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1} and
these elements are distinct,f is well-defined. Also, it is clear that
f is onto. Moreover, sinceba = a−1b andβα = α−1β, we see
thatf is a homomorphism. Thus,f is an epimorphism.
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Chapter I

Section I.7: Categories: Products, Coproducts, and
Free Objects
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whereg ◦ f is the composition map off andg. Note that the
composition of group homomorphisms is again a group
homomorphism, so the above function is well-defined.
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In the Category of Sets S
• The objects are all sets.

• The morphisms are all maps.

• The composite of two morphismsf : A → B andg : B → C

is the composition mapg ◦ f : A → C.

• The identity morphism1B : B → B is the identity map1B.

Note that a morphismf of S is an equivalence if and only iff is
a bijection.This is because that a morphismf : A → B is an
equivalence if and only if there exists a morphismg : B → A

such thatf ◦ g = 1B andg ◦ f = 1A, i.e., there exists a function
g : B → A such thatf ◦ g = 1B andg ◦ f = 1A, i.e.,f has an
inverse functiong : B → A, and this is equivalent to the
condition thatf is a bijection.
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In the Category of Groups G
• The objects are all groups.

• The morphisms are all group homomorphisms.

• The composite of two morphismsf : A → B andg : B → C

is the composition mapg ◦ f : A → C.

• The identity morphism1B : B → B is the identity map1B.

• A morphismf of G is an equivalence if and only iff is an
isomorphism.

Example (The category of abelian groups).
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In the Category of Groups G
• The objects are all groups.

• The morphisms are all group homomorphisms.

• The composite of two morphismsf : A → B andg : B → C

is the composition mapg ◦ f : A → C.

• The identity morphism1B : B → B is the identity map1B.

• A morphismf of G is an equivalence if and only iff is an
isomorphism.

Example (The category of abelian groups). The category
A of all abelian groups is defined similarly. More precisely, the
only difference betweenA andG is that the objects ofA are all
abelian groups.
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hom(A,B) be the set of all continuous mapsf : A → B. Then
T is a category whose objects are all topological spaces and
whose morphisms are continuous maps. Moreover, a morphism
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the class of all topological spaces, and for allA,B ∈ T , let
hom(A,B) be the set of all continuous mapsf : A → B. Then
T is a category whose objects are all topological spaces and
whose morphisms are continuous maps. Moreover, a morphism
f of T is an equivalence if and only iff is a homeomorphism.

Example (The category of partially ordered sets). Let C
be the class of all partially ordered sets(S,≤), and for two
partially ordered setsS, T , let hom(S, T ) be the set of all order
preserving mapsf : S → T , i.e., forx, y ∈ S,
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A groupG can be considered as a category as follows:

• G is the only object;

• hom(G,G) is the set of elements ofG, i.e.,hom(G,G) = G

as sets;

• the composite of two morphismsa, b is the productab given
by the binary operation inG; note that the binary operation in
G is associative;

• the identity elemente of G is the identity morphism1G.

Note that in this category,every morphism is an equivalence,
because every element ofG has an inverse.
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• for two objectsf : A → B andg : C → D of D, i.e., two
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of D, i.e., three morphisms ofC, for two morphisms ofD,
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Let C be a category. We define a new categoryD as follows:
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• for two objectsf : A → B andg : C → D of D, i.e., two
morphisms ofC, hom(f, g) consists of all pairs(α, β), where
α : A → C andβ : B → D are morphism ofC such that the
diagram A
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//
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��
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��

C
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commutes,

i.e., g ◦ α = β ◦ f ;

• if f : A → B, g : C → D, andh : E → F are three objects
of D, i.e., three morphisms ofC, for two morphisms ofD,
(α, β) ∈ hom(f, g) and(γ, δ) ∈ hom(g, h), their composite
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= δ ◦ (β ◦ f) = (δ ◦ β) ◦ f.

We need to check the diagram below is commutative,

A
f

//

γ◦α

��

B

δ◦β
��

E h
// F

i.e., (γ ◦ α, δ ◦ β) ∈ hom(f, h).
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A Category of Morphisms
Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β),
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A Category of Morphisms
Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A → B of C,
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A Category of Morphisms
Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A → B of C, the
identity morphism is1f = (1A, 1B), where1A and1B are the
identity morphisms for the objectsA andB in C, respectively;
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A Category of Morphisms
Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A → B of C, the
identity morphism is1f = (1A, 1B), where1A and1B are the
identity morphisms for the objectsA andB in C, respectively;

• if (α, β) : f → g, (γ, δ) : g → h, and(ε, ρ) : h → k are three
morphisms ofD,
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A Category of Morphisms
Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:
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identity morphisms for the objectsA andB in C, respectively;
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morphisms ofD, then
(

(ε, ρ) ◦ (γ, δ)
)

◦ (α, β)
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)
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)
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Moreover, since the composite of two morphisms ofD is
(γ, δ) ◦ (α, β) = (γ ◦ α, δ ◦ β), we see the following:

• for every object ofD, i.e., a morphismf : A → B of C, the
identity morphism is1f = (1A, 1B), where1A and1B are the
identity morphisms for the objectsA andB in C, respectively;

• if (α, β) : f → g, (γ, δ) : g → h, and(ε, ρ) : h → k are three
morphisms ofD, then
(

(ε, ρ) ◦ (γ, δ)
)
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=
(

(ε ◦ γ) ◦ α, (ρ ◦ δ) ◦ β
)

=
(

ε ◦ (γ ◦ α), ρ ◦ (δ ◦ β)
)

= (ε, ρ) ◦ (γ ◦ α, δ ◦ β) = (ε, ρ) ◦
(

(γ, δ) ◦ (α, β)
)

;

• a morphism(α, β) of D is an equivalence if and only ifα and
β are both equivalence ofC.
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