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Dihedral Groups

Theorem(6.8). For eachn > 2, A,, iIs a normal subgroup &,
of index2 and|A,| = |S,|/2 = n!/2. FurthermoreA,, is the
only subgroup of5,, of index2.

In the proof of this Theorem, we need the following two
lemmas.

Lemma. If H is a subgroup of a grou@ with |G : H| = 2, then
H<d.

Lemma. Forn > 3, A,, is generated by all-cycles.

Since we have shown these two lemmas last week, we are
ready to prove Theorem (6.8) now.
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that if H is a normal subgroup a¥, thenH = G or H = {e}.
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subgroup. Hence, 7 is a simple abelian group, thérnhas no
proper subgroup. Thus; must be cyclic, and s6&' ~ Z or

G ~ Z,. ltis clear thatZ has proper subgroup, 60~ ZIs
Impossible.
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Simple Groups

Definition (6.9). A group( is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Z,, With p prime.

Proof. Note that in an abelian group, every subgroup is a normal
subgroup. Hence, 7 is a simple abelian group, thérnhas no
proper subgroup. Thus; must be cyclic, and s6&' ~ Z or

G ~ Z,. ltis clear thatZ has proper subgroup, 60~ ZIs
Impossible. In the grouf,,,, with 1 < m < n = m/,
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Simple Groups

Definition (6.9). A group( is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Z,, With p prime.

Proof. Note that in an abelian group, every subgroup is a normal
subgroup. Hence, 7 is a simple abelian group, thérnhas no
proper subgroup. Thus; must be cyclic, and s6&' ~ Z or

G ~ Z,. ltis clear thatZ has proper subgroup, 60~ ZIs
Impossible. In the grouf,,,, with 1 <m <n =mf, m

generates a proper subgroupgyf,,
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Simple Groups

Definition (6.9). A group( is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Z,, With p prime.

Proof. Note that in an abelian group, every subgroup is a normal
subgroup. Hence, 7 is a simple abelian group, thérnhas no
proper subgroup. Thus; must be cyclic, and s6&' ~ Z or

G ~ Z,. ltis clear thatZ has proper subgroup, 60~ ZIs
Impossible. In the grouf,,,, with 1 <m <n =mf, m

generates a proper subgroupg®f,, thusz,,, has proper
subgroups,
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Simple Groups

Definition (6.9). A group( is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Z,, With p prime.

Proof. Note that in an abelian group, every subgroup is a normal
subgroup. Hence, 7 is a simple abelian group, thérnhas no
proper subgroup. Thus; must be cyclic, and s6&' ~ Z or

G ~ Z,. ltis clear thatZ has proper subgroup, 60~ ZIs
Impossible. In the grouf,,,, with 1 <m <n =mf, m

generates a proper subgroupg®f,, thusz,,, has proper
subgroups, and G ~ Z,,, is impossible.
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Simple Groups

Definition (6.9). A group( is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Z,, With p prime.

Proof. Note that in an abelian group, every subgroup is a normal
subgroup. Hence, 7 is a simple abelian group, thérnhas no
proper subgroup. Thus; must be cyclic, and s6&' ~ Z or

G ~ Z,. ltis clear thatZ has proper subgroup, 60~ ZIs
Impossible. In the grouf,,,, with 1 <m <n =mf, m

generates a proper subgroupg®f,, thusz,,, has proper
subgroups, and 6 ~ Z,,, Is impossible. Therefor& ~ Z,

with p prime.
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Simple Groups

Definition (6.9). A group( is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Z,, With p prime.

Theorem (6.10) The alternating groug,, is simple
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Simple Groups

Definition (6.9). A group( is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Z,, With p prime.

Theorem(6.10) The alternating groug,, is simple if and only
If n # 4.
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Simple Groups

Definition (6.9). A group( is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Z,, With p prime.

Theorem(6.10) The alternating groug,, is simple if and only
If n # 4.
Proof.

Ay = {e}
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Simple Groups

Definition (6.9). A group( is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Z,, With p prime.

Theorem(6.10) The alternating groug,, is simple if and only
If n # 4.
Proof.

Ay = {e} andA; = {e, (1,2,3),(1,3,2)} ~ Zs.
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Simple Groups

Definition (6.9). A group( is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Z,, With p prime.

Theorem(6.10) The alternating groug,, is simple if and only
If n # 4.
Proof.

Ay = {e} andA; = {e,(1,2,3),(1,3,2)} ~ Zs.
If n > 5, thenA,, is simple.
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Simple Groups

Definition (6.9). A group( is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Z,, With p prime.

Theorem(6.10) The alternating groug,, is simple if and only
If n # 4.
Proof.

° AQ — {6} andAg — {6, (1, 2, 3), (1, 3, 2)} ~ Zg.

- If n > 5, thenA,, i1s simple.|f you didn’t learn this before
and would like to see how to prove this fact, you can come to
me and | will show you the proof in my notes.
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Simple Groups

Definition (6.9). A group( is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Z,, With p prime.

Theorem(6.10) The alternating groug,, is simple if and only
If n # 4.
Proof.

Ay = {e} andA; = {e,(1,2,3),(1,3,2)} ~ Zs.

If n > 5, thenA,, is simple.

H = {e,(1,2)(3,4), (1,3)(2,4), (1,4)(2,3)} is a proper
normal subgroup ofl,,
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Simple Groups

Definition (6.9). A group( is said to besimpleif G has no
proper normal subgroups.

Remark. Every nontrivial simple abelian group is isomorphic to
Z,, With p prime.

Theorem(6.10) The alternating groug,, is simple if and only
If n # 4.
Proof.

Ay = {e} andA; = {e,(1,2,3),(1,3,2)} ~ Zs.

If n > 5, thenA,, is simple.

H = {e,(1,2)(3,4), (1,3)(2,4), (1,4)(2,3)} is a proper
normal subgroup ofl,, so A, Is not simple.
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Dihedral Groups

Definition. Thedihedral group of degree,
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,,
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup ob,, generated by
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2, 3,...,n)
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = H2§i§L”T_1J(ian+2 — 1)
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = H2§i§L”T_1J(ian+2 — 1)

(12 3 4 ... i v n—1 n
1l nn—-1n—2 -+ n+2—4 .- 3 2/
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = Hzgz‘gLnT—lJ(ian +2— 1)
B 1 2 3 4 7 o n—1 n

1l n n—1 n—=2 - n+2—4 --- 3 2 /)
Remark. D,, is isomorphic to the group of all symmetries of a
regular polygon withn sides
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = HzgigLnT—lJ(ian +2— 1)
B 1 2 3 4 ‘e 7 o n—1 n

1l n n—1 n—=2 - n+2—4 --- 3 2 /)
Remark. D,, is isomorphic to the group of all symmetries of a
regular polygon with sides and is usually identified with this

group.
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = Hzgz‘gLnT—lJ(ian +2— 1)
B 1 2 3 4 1 oo mn—1 n

1l n n—1n-2 - n+2—4 --- 3 2]
Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = Hzgz‘gLnT—lJ(ian +2— 1)
B 1 2 3 4 1 oo mn—1 n

1l n n—1n-2 - n+2—4 --- 3 2]
Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

() a™ = ¢
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = Hzgz‘gLnT—lJ(ian +2— 1)
B 1 2 3 4 1 oo mn—1 n

1l n n—1n-2 - n+2—4 --- 3 2]
Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

(i) a™ = e; b* = ¢;
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = Hzgz‘gLnT—lJ(ian +2— 1)
B 1 2 3 4 1 oo mn—1 n

1l n n—1n-2 - n+2—4 --- 3 2]
Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

(Ya" =¢; b?> =¢;if 0 <k <n,a" #e.
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = HzgigLnT—lJ(ian +2— 1)
B 1 2 3 4 1 oo mn—1 n

1l n n—1n-2 - n+2—4 --- 3 2]
Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

(Ya" =¢; b?> =¢;if 0 <k <n,a" #e.

(i) ba = a™ 1.
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = HzgigLnT—lJ(ian +2— 1)
B 1 2 3 4 1 oo mn—1 n

1l n n—1n-2 - n+2—4 --- 3 2]
Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

(Ya" =¢; b?> =¢;if 0 <k <n,a" #e.

(i) ba = a™ 1.
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = HzgigLnT—lJ(ian +2— 1)
B 1 2 3 4 1 oo mn—1 n

1l n n—1n-2 - n+2—4 --- 3 2]
Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

(Ya" =¢; b?> =¢;if 0 <k <n,a" #e.

(i) ba = a™ 1.
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = HzgigLnT—lJ(ian +2— 1)
B 1 2 3 4 1 oo mn—1 n

1l n n—1n-2 - n+2—4 --- 3 2]
Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

(i) a" =¢; b* = ¢;if 0 < k < n,a" # e. Clear!

(i) ba = a™ 1.
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.
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Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = Hzgz‘gLnT—lJ(ian +2— 1)
B 1 2 3 4 1 oo mn—1 n

1l n n—1n-2 - n+2—4 --- 3 2]
Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

(i) a" =¢; b* = ¢;if 0 < k < n,a" # e. Clear!

(i) ba = a~tb.i.e.,bab™t = a .
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:



Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,1,) € S, andT € S,,,
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,%,) € S, andT € 5, then

Tor = (7(i1),7(32), ..., 7(3,)).
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,%,) € S, andT € 5, then

Tor = (7(i1),7(32), ..., 7(3,)).

Recalla = (1,2,3,4,...,n—1,n) andb =

1 2 3 4 ... i i =1 n
1l n n—-1n—-2 -+ n+2—4 . 3 2/
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,%,) € S, andT € 5, then

Tor = (7(i1),7(32), ..., 7(3,)).

Recalla = (1,2,3,4,...,n—1,n) andb =
1 2 3 4 7 oo n—1 n
1l nn-1n-2 - n+2—4 -~ 3 2]

Thenbab™!
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,%,) € S, andT € 5, then

Tor = (7(i1),7(32), ..., 7(3,)).

Recalla = (1,2,3,4,...,n—1,n) andb =
1 2 3 4 7 oo n—1 n
1l nn-1n-2 - n+2—4 -~ 3 2]

Thenbab™! = (1,
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,%,) € S, andT € 5, then

Tor = (7(i1),7(32), ..., 7(3,)).

Recalla = (1,2,3,4,...,n—1,n) andb =
1 2 3 4 7 oo n—1 n
1l nn-1n-2 - n+2—4 -~ 3 2]

Thenbab™! = (1, n,
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,%,) € S, andT € 5, then

Tor = (7(i1),7(32), ..., 7(3,)).

Recalla = (1,2,3,4,...,n—1,n) andb =
1 2 3 4 7 oo n—1 n
1l nn-1n-2 - n+2—4 -~ 3 2]

Thenbab™! = (1,n,n — 1,
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,%,) € S, andT € 5, then

Tor = (7(i1),7(32), ..., 7(3,)).

Recalla = (1,2,3,4,...,n—1,n) andb =
1 2 3 4 7 oo n—1 n
1l nn-1n-2 - n+2—4 -~ 3 2]

Thenbab™ = (1,n,n — 1,n — 2,
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,%,) € S, andT € 5, then

Tor = (7(i1),7(32), ..., 7(3,)).

Recalla = (1,2,3,4,...,n—1,n) andb =
1 2 3 4 7 oo n—1 n
1l nn-1n-2 - n+2—4 -~ 3 2]

Thenbab™ = (I,n,n —1,n—2,...,
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,%,) € S, andT € 5, then

Tor = (7(i1),7(32), ..., 7(3,)).

Recalla = (1,2,3,4,...,n—1,n) andb =
1 2 3 4 7 oo n—1 n
1l nn-1n-2 - n+2—4 -~ 3 2]

Thenbab™ = (I,n,n —1,n—2,...,3,
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,%,) € S, andT € 5, then

Tor = (7(i1),7(32), ..., 7(3,)).

Recalla = (1,2,3,4,...,n—1,n) andb =
1 2 3 4 7 oo n—1 n
1l nn-1n-2 - n+2—4 -~ 3 2]

Thenbab™ = (I,n,n—1,n—2,...,3,2)
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,%,) € S, andT € 5, then

Tor = (7(i1),7(32), ..., 7(3,)).

Recalla = (1,2,3,4,...,n—1,n) andb =
1 2 3 4 7 oo n—1 n
1l nn-1n-2 - n+2—4 -~ 3 2]

Thenbab™ = (I,n,n—1,n—2,...,3,2) =a™ "
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,%,) € S, andT € 5, then

Tor b= (1(i1),7(i2), ..., 7(i)).
Recalla = (1,2,3,4,...,n—1,n) andb =
1 2 3 4 1 - n—1 n
1l nn-1n-2 - n+2—4 -~ 3 2]
Thenbab™ = (1,n,n —1,n —2,...,3,2) = a~'. Therefore,

ba = a~ b
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Proof of Theorem (6.13)

For (ii) ba = a~1b, we use the following Lemma:

Lemma. If 0 = (i1,19,...,%,) € S, andT € 5, then

Tor = (7(i1),7(32), ..., 7(3,)).

Recalla = (1,2,3,4,...,n—1,n) andb =

1 2 3 4 1 - n—1 n

1l nn-1n-2 - n+2—4 -~ 3 2]
Thenbab™ = (1,n,n —1,n —2,...,3,2) = a~'. Therefore,
ba = a~'b and we proved (ii).

Modern Aloebra |l = n. 7/23



Proof of Theorem (6.13)

Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

(i a" =e; b? =€ if 0 <k <n,ad" #e.
(i) ba = a~ 1.

Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.
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Proof of Theorem (6.13)

Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group oforder2n whose generatorsandb satisfy

(ia" =e; b? =€ if 0 <k <n,ad" #e.
(i) ba = a~ 1.

Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.
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Proof of Theorem (6.13)

Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group oforder2n whose generatorsandb satisfy

(ia" =e; b? =€ if 0 <k <n,ad" #e.

(i) ba = a~ 1.
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.

Using (i) and(ii),
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Proof of Theorem (6.13)

Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group oforder2n whose generatorsandb satisfy

(ia" =e; b? =€ if 0 <k <n,ad" #e.

(i) ba = a~ 1.
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.
Using (i) and(il), we have

D, = (a,b) ={a’'¥ |0<i<n—1,0<j<1}
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Proof of Theorem (6.13)

Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group oforder2n whose generatorsandb satisfy

(ia" =e; b? =€ if 0 <k <n,ad" #e.
(i) ba = a~ 1.
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.
Using (i) and(il), we have
D,={(a,b)={a¥ |0<i<n—1,0<j<1}

Thus,

D,| < 2n.
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Proof of Theorem (6.13)

Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group oforder2n whose generatorsandb satisfy

(ia" =e; b? =€ if 0 <k <n,ad" #e.
(i) ba = a~ 1.
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.
Using (i) and(il), we have
D,={(a,b)={a¥ |0<i<n—1,0<j<1}

Thus,|D,| < 2n. If we showa't?! = a*b’
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Proof of Theorem (6.13)

Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group oforder2n whose generatorsandb satisfy

(ia" =e; b? =€ if 0 <k <n,ad" #e.
(i) ba = a~ 1.
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.
Using (i) and(il), we have
D,={(a,b)={a¥ |0<i<n—1,0<j<1}

Thus,|D,| < 2n. If we showa't? = a*b* with 0 <i,s <n —1
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Proof of Theorem (6.13)

Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group oforder2n whose generatorsandb satisfy

(ia" =e; b? =€ if 0 <k <n,ad" #e.
(i) ba = a~ 1.
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.
Using (i) and(il), we have
D,={(a,b)={a¥ |0<i<n—1,0<j<1}

Thus,|D,| < 2n. If we showa't? = a*b* with 0 <i,s <n —1
and0 < 5.t <1
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Proof of Theorem (6.13)

Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group oforder2n whose generatorsandb satisfy

(ia" =e; b? =€ if 0 <k <n,ad" #e.
(i) ba = a~ 1.
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.
Using (i) and(il), we have
D,={(a,b)={a¥ |0<i<n—1,0<j<1}

Thus,|D,| < 2n. If we showa't? = a*b* with 0 <i,s <n —1
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Using (i) and(il), we have
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First, note that ifz* = b° with k., ¢ € Z, thena” = b* = e.

Now, assume‘t’ = a*b* with 0 < i,s <n —1and0 < j,t < 1.
Thena* =b"7 = a"*=b"7 =e¢ = i =sandj =t.
ThusD,, = {(a,b) ={a't |0<i<n—1,0<j<1}and
these elements are distinct. Therefdrgis a group of orden.
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Proof of Theorem (6.13)

Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

(i a" =e; b? =€ if 0 <k <n,ad" #e.
(i) ba = a~ 1.

Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.
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Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

(i a" =e; b? =€ if 0 <k <n,ad" #e.

(i) ba = a~ 1.
Any groupG which is generated by elements) € G satisfying
(1) and(ii) for somen > 3 is isomorphic taD,,.

So far, we have shown the first statement.
Now, let's show the second statement.
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Proof of Theorem (6.13)

Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

(i a" =e; b? =€ if 0 <k <n,ad" #e.
(i) ba = a~ 1.

Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.

Suppos€- Is a group generated hy, 5 € G satisfying that for
somen > 3,

(i) a"=e€;B*=¢€if 0<k <n,a" #e;

(i) Ba = a 14.
We claim that? = D,,.
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Proof of Theorem (6.13)

Suppose&- is a group generated hy, G € G satisfying that for
somen > 3,

(i) a"=e€; B =¢cif0<k<n,af#e;

(i) Ba=a 1p5.
We claim that? = D,,.
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Suppose&- is a group generated hy, G € G satisfying that for
somen > 3,

(i) a"=e€; B =¢cif0<k<n,af#e;

(i) Ba=a 1p5.
We claim that? = D,,.

Similarly as we did forD,,, using (i) and (i) forGG, we have
G=(a,p)={F |0<i<n-—1,0<j<1}
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composition of group homomorphisms is again a group
homomorphism, so the above function is well-defined.
Moreover, for everyB € G, the identity mapg g : B — Bisa
group homomorphism. Hence, with the same argument as we di
for the categorys of sets,G is a category whosebjects are all
groups and whoseaiorphisms are all group homomorphisms,
and the composite of two morphisms is just the composition of
these two group homomorphisms, and the identity map is the
identity morphism.

Modern Alaoebral = p. 14/23



Equivalences

Definition. In a category,

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalence

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — AinC

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that

gof=1a

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that

gof=14andfog=1g.

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f:A— B,

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences,

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined,

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Let f; : A — Bandf, : B — C be two equivalences.

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Let f; : A — Bandf, : B — C be two equivalences.
We want to show thaf; o f; : A — C'is again an equivalence.

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Let f; : A — Bandf, : B — C be two equivalences.
We want to show thaf; o f; : A — C'is again an equivalence.
Supposey; : B — Aandg, : C' — B are morphisms

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Let f; : A — Bandf, : B — C be two equivalences.
We want to show thaf; o f; : A — C'is again an equivalence.
Supposey;, : B — A andg, : C — B are morphisms such that

Jiog1 = 1p,

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Let f; : A — Bandf, : B — C be two equivalences.
We want to show thaf; o f; : A — C'is again an equivalence.
Supposey;, : B — A andg, : C — B are morphisms such that

f1 091:13,910f1:1A,

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Let f; : A — Bandf, : B — C be two equivalences.
We want to show thaf; o f; : A — C'is again an equivalence.
Supposey;, : B — A andg, : C — B are morphisms such that

fiogr =1p,q10 f1 = 14,andfy0 g, = 1¢,

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Let f; : A — Bandf, : B — C be two equivalences.
We want to show thaf; o f; : A — C'is again an equivalence.
Supposey;, : B — A andg, : C — B are morphisms such that

fiocgi=1p,g10fi=14,andfy 09, =10, 920 fo = 15.

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Let f; : A — Bandf, : B — C be two equivalences.
We want to show thaf; o f; : A — C'is again an equivalence.
Supposey;, : B — A andg, : C — B are morphisms such that
ficgi=1g,g10 fi =1x,andfy0g9s = 1c, g2 0 fo = 1. We
claim that the morphism;o0¢g, : C — A

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Let f; : A — Bandf, : B — C be two equivalences.
We want to show thaf; o f; : A — C'is again an equivalence.
Supposey;, : B — A andg, : C — B are morphisms such that
ficgi=1p,gio fi=1a,andfs0g, = 1¢, g2 0 fo = 1. We
claim that the morphism; o g5 : C' — A satisfies

(f20 fi)o(g1092) = 1c

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Let f; : A — Bandf, : B — C be two equivalences.
We want to show thaf; o f; : A — C'is again an equivalence.
Supposey;, : B — A andg, : C — B are morphisms such that
ficgi=1p,gio fi=1a,andfs0g, = 1¢, g2 0 fo = 1. We
claim that the morphism; o g5 : C' — A satisfies

(fao fi)o(g10g2) = lcand(g; o g2) o (f20 f1) = 1a.

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Assumef; o g1=1p, g1 © fi=14, andfy o go=1,
g2 o fo=15. We want to show thatf; o f1) o (g1 0 g2) = 1 and

(grog2) 0 (fa0 f1) = 1a.

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that

gof=14andf og = 1g. If there exists an equivalence
f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Assumef; o g1=1p, g1 o f1=14, andfs o go=1,,

g2 o fo=1p. We want to show thatf; o f1) o (g1 0 g2) = 1¢ and
(g1092) 0 (f20 f1) = 14.

(f20 f1) o (g1092)

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that

gof=14andf og = 1g. If there exists an equivalence
f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Assumef; o g1=1p, g1 o f1=14, andfs o go=1,,

g2 o fo=1g. We want to show thatf,; o f1) o (g1 0 g2) = 1¢ and
(g10g2) 0 (fa0 f1) = 14.

(f2o f1)o(g1092) = f20 (fi10(g10g2)) by the associativity

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that

gof=14andf og = 1g. If there exists an equivalence
f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Assumef; o g1=1p, g1 o f1=14, andfs o go=1,,
g2 o fo=1g. We want to show thatf,; o f1) o (g1 0 g2) = 1¢ and
(g1092) 0 (fa0o f1) =1a.
(f20 fi)o(gi0g2) = f20 (fio(g1092))
= f20 ((f10q1) o g2) by the associativity

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that

gof=14andf og = 1g. If there exists an equivalence
f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Assumef; o g1=1p, g1 o f1=14, andfs o go=1,,
g2 o fo=1g. We want to\show thatf, o f1) o (g1 0 g2) = 1< and
(g1092) 0 (fa0 f1) =1a.
(f20 fi)o(g10g2) = f20\fi0(g1092))
= fa 0 f1091)092)
= fao(1pogs)

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that

gof=14andf og = 1g. If there exists an equivalence
f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Assumef; o g1=1p, g1 o f1=14, andfs o go=1,,
g2 o fo=1g. We want to show thatf,; o f1) o (g1 0 g2) = 1¢ and
(g10g2) 0 (fa0 f1) = 14.
(fao fi)o(giog2) = fao (fl o (g1 092))
= fa0 ((f1 0 gp) o 92)
= foo(lpogs) = faogo

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Assumef; o g1=1p, g1 o f1=14, andfs o go=1,,
g2 o fo=1g. We want to show thatf, o f1) o (g1 0 ¢b) = 1¢ and
(g1092) 0 (fa0o f1) =1a.
(f20 fi)o(gi0g2) = f20 (fio(g1092))
= fa0 ((f1 0 gp) o 92)
= fao(lpogy) = faoge =lc.

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that

gof=14andf og = 1g. If there exists an equivalence
f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Assumef; o g1=1p, g1 o f1=14, andfs o go=1,,

g2 o fo=1p. We want to show thatf; o f1) o (g1 0 g2) = 1¢ and
(g1 0 92) (f2 o f1) = 1a.

(91092) o (f20 f1)

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that

gof=14andf og = 1g. If there exists an equivalence
f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Assumef; o g1=1p, g1 o f1=14, andfs o go=1,,

g2 o fo=1p. We want to show thatf; o f1) o (g1 0 g2) = 1¢ and
(g10g2) 0 (fa0 f1) = 14.

(g10g2) 0 (fao fi) =g10 (g20(f20 f1)) by the associativity

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that

gof=14andf og = 1g. If there exists an equivalence
f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Assumef; o g1=1p, g1 o f1=14, andfs o go=1,,
g2 o fo=1g. We want to show thatf,; o f1) o (g1 0 g2) = 1¢ and
(g1092) 0 (fa0o f1) =1a.
(g10g2) o (fa0 fi) =g10(ga0(fao f1))
= g1 0 ((g2 0 f2) o f1) by the associativity

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that

gof=14andf og = 1g. If there exists an equivalence
f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Assumef; o g1=1p, g1 © fi=14, andfy o go=1,
g2 o fo=15. We want to show thatf; o f1) o (g1 0 g2) = 1 and

g1 ;> (92 © (f2 O fl))
© ((92 O fz) O f1)

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that

gof=14andf og = 1g. If there exists an equivalence
f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Assumef; o g1=1p, g1 o f1=14, andfs o go=1,,
g2 o fo=1g. We want to show thatf,; o f1) o (g1 0 g2) = 1¢ and
(g10g2) 0 (fa0 f1) = 14.
(grog2)o(fao fi)=g10 (92 o(fr0 fl))
— 01 ° ((92 o fa) 0 f1)
=gio(lgpofi)=gi0fi

Modern Alaoebral = p. 15/23



Equivalences

Definition. In a categoryC, a morphismf : A — B is called an
equivalencaf there is a morphisng : B — A in C such that
gof=14andf og = 1g. If there exists an equivalence

f: A— B, AandB are said to bequivalent

Remark. The composite of two equivalences, when defined, is
again an equivalence.

Proof. Assumef; o g1=1p, g1 o f1=14, andfs o go=1,,

g2 o fo=1g. We want to show thatf,x f1) o (g1 0 g2) = 1¢ and

(g10g2) 0 (fa0 f1) = 14.

(grog2)o(fao fi)=g10 (92 o(fr0 fl))
— 0§10 ((gzofz) f)
=g10(lgo fi) =g o fi =1a.

Modern Alaoebral = p. 15/23



In the Category of Sets S

eeeeeeeeeeeeeeeeeeeeee



In the Category of Sets S

The objects are all sets.



In the Category of Sets S

The objects are all sets.

The morphisms are all maps.

Modern Alaoebral = p. 16/23



In the Category of Sets S

The objects are all sets.

The morphisms are all maps.

The composite of two morphisms: A — Bandg : B — C
IS the composition mapo f: A — C.

Modern Alaoebral = p. 16/23



In the Category of Sets S

The objects are all sets.

The morphisms are all maps.

The composite of two morphisms: A — Bandg : B — C
IS the composition mapo f: A — C.

The identity morphisnig : B — B is the identity map z.

Modern Alaoebral = p. 16/23



In the Category of Sets S

The objects are all sets.

The morphisms are all maps.

The composite of two morphisms: A — Bandg : B — C
IS the composition mapo f: A — C.

The identity morphisnig : B — B is the identity map z.

Note that a morphisnt of S Is an equivalence

Modern Alaoebral = p. 16/23



In the Category of Sets S

T
T
T

ne objects are all sets.

ne morphisms are all maps.

ne composite of two morphisnys: A — Bandg : B — C

IS the composition mapo f: A — C.

The identity morphisnig : B — B is the identity map z.

Note that a morphisnt of S is an equivalence if and only if is
a bijection.

Modern Alaoebral = p. 16/23



In the Category of Sets S

T
T
T

ne objects are all sets.

ne morphisms are all maps.

ne composite of two morphisnys: A — Bandg : B — C

IS the composition mapo f: A — C.

The identity morphisnig : B — B is the identity map z.

Note that a morphisnt of S is an equivalence if and only if is
a bijection.This is because that a morphisim A — B is an
equivalence

Modern Alaoebral = p. 16/23



In the Category of Sets S

The objects are all sets.

The morphisms are all maps.

The composite of two morphisms: A — Bandg : B — C
IS the composition mapo f: A — C.

The identity morphisnig : B — B is the identity map z.
Note that a morphisnt of S is an equivalence if and only if is
a bijection.This is because that a morphisim A — B is an

equivalence if and only If there exists a morphismB — A
suchthatf og =1gandgo f = 14,

Modern Alaoebral = p. 16/23



In the Category of Sets S

The objects are all sets.

The morphisms are all maps.

The composite of two morphisms: A — Bandg : B — C
IS the composition mapo f: A — C.

The identity morphisnig : B — B is the identity map z.

Note that a morphisnt of S is an equivalence if and only if is
a bijection.This is because that a morphisim A — B is an
equivalence if and only If there exists a morphismB — A
suchthatf o g = 1g andg o f = 14, i.e., there exists a function

g: B — Asuchthatf og=1gandgo f = 14,

Modern Alaoebral = p. 16/23



In the Category of Sets S

The objects are all sets.

The morphisms are all maps.

The composite of two morphisms: A — Bandg : B — C
IS the composition mapo f: A — C.

The identity morphisnig : B — B is the identity map z.

Note that a morphisnt of S is an equivalence if and only if is
a bijection.This is because that a morphisim A — B is an
equivalence if and only If there exists a morphismB — A
suchthatf o g = 1g andg o f = 14, i.e., there exists a function
g: B — Asuchthatf og=1gandgo f = 14, I.e., f has an
Inverse functiory : B — A,

Modern Alaoebral = p. 16/23



In the Category of Sets S

The objects are all sets.

The morphisms are all maps.

The composite of two morphisnms: A — Bandg: B — C
IS the composition mapo f: A — C.
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equivalence if and only If there exists a morphismB — A
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The morphisms are all group homomorphisms.

The composite of two morphisms: A — Bandg : B — C
IS the composition mapo f: A — C.

The identity morphisnig : B — B is the identity map z.

A morphismf of G is an equivalence if and only if is an
Isomorphism.

Example (The category of abelian groups). The category
A of all abelian groups is defined similarly. More precisdhe t
only difference betweenl andg is that the objects ofl are all
abelian groups.
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f f:A— B,g:(C — D,andh : E — F are three objects
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(@, 3) € hom(f, g) and(~,0) € hom(g, h),
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A Category of Morphisms

Let C be a category. We define a new categbrgs follows:
the objects irnD are the morphisms df;

for two objectsf : A — Bandg : C — D of D, I.e., two
morphisms of’, hom( f, g) consists of all pairéa, ), where
a:A— Candg: B— D are morphism of such that the

diagram A f b commutes
U |

Yo b degoa=pgof;

f f:A— B,g:(C — D,andh : E — F are three objects
of D, I.e., three morphisms d@f, for two morphisms ofD,
(ar, B) € hom(f,g) and(~,d) € hom(g, h), their composite
is defined agvy,d) o (o, 8) = (yoa, d 0 ). We need to
check thatvy o a, d o 3) € hom(f, h).
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, ) € hom(f,g) and(v,d) € hom(g, h).
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f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:
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We need to check the diagram below is commutative,
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f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:
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f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:
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We need to check the diagram below is commutative,
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Check (v o a, d o 3) € hom(f,h)

f:A— B,g:C — D,andh : E — F are three objects a@p,
and(a, 3) € hom(f,g) and(v,d) € hom(g, h). In other words,
we have the following commutative diagrams:

f
A4 5 Note thatgoa = o fandhoy=4dog.
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We need to check the diagram below is commutative,
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A Category of Morphisms

Moreover, since the composite of two morphismg>ois
(7,0) o (@, 3) = (yoa, 60f),
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(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, i.e., a morphisny : A — B of C, the
identity morphism isl; = (14, 15), wherel 4 and1p are the
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A Category of Morphisms

Moreover, since the composite of two morphismg>ois

(7v,0) o (e, ) = (y o, 0 0(3), we see the following:
for every object ofD, i.e., a morphisny : A — B of C, the
identity morphism isl; = (14, 15), wherel 4 and1p are the
identity morphisms for the object$ and B in C, respectively;

if (o,3):f—g9,(v,0):9— h,and(e,p) : h — k are three
morphisms ofD, then

((£,p) 0 (7,0)) o (e, 5)
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identity morphism isl; = (14, 15), wherel 4 and1p are the
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Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, i.e., a morphisny : A — B of C, the
identity morphism isl; = (14, 15), wherel 4 and1p are the
identity morphisms for the object$ and B in C, respectively;

if (o,3):f—gq,(v,0):9— h,and(e,p) : h — k are three
morphisms ofD, then

((5,p) 0 (7,0)) o (a, B) = (e 07, p06) o (a, 5)
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Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, i.e., a morphisny : A — B of C, the
identity morphism isl; = (14, 15), wherel 4 and1p are the
identity morphisms for the object$ and B in C, respectively;

if (o,3):f—gq,(v,0):9— h,and(e,p) : h — k are three
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A Category of Morphisms

Moreover, since the composite of two morphismg>ois
(7v,8) 0 (o, B) = (y o, § 0 3), we see the following:

for every object ofD, I.e., a morphisny : A — B of C, the
identity morphism isl; = (14, 15), wherel 4 and1p are the
identity morphisms for the object$ and B in C, respectively;
if (o,3):f—gq,(v,0):9— h,and(e,p) : h — k are three
morphisms ofD, then

((g,p) 0 (7,9)) o (e, 3) = (07, p0d) o (a, B)

= ((e07)oa,(pod)of) = (co(yoa),po(iop))

= (e,p) o (yoa,d00) = (e,p) o ((7,0) o (a, B));

a morphism(a, 3) of D is an equivalence if and only if and
(3 are both equivalence of.
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