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We will cover the following sections today:

Section I.5:Normality, Quotient Groups, and
Homomorphisms
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Chapter I
Section I.5: Normality, Quotient Groups, and

Homomorphisms
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups,
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• If f : G→ H is a homomorphism of groups, thenKer f is a
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Proof. We already shown thatKer f is a subgroup ofG, so we
only need to show that∀g ∈ G and∀a ∈ Ker f , gag−1 ∈ Ker f .
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

Proof. We already shown thatKer f is a subgroup ofG, so we
only need to show that∀g ∈ G and∀a ∈ Ker f , gag−1 ∈ Ker f .
However, ifg ∈ G anda ∈ Ker f ,

f(gag−1)=f(g)f(a)f(g)−1

becausef is a homomorphism
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

Proof. We already shown thatKer f is a subgroup ofG, so we
only need to show that∀g ∈ G and∀a ∈ Ker f , gag−1 ∈ Ker f .
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

Proof. We already shown thatKer f is a subgroup ofG, so we
only need to show that∀g ∈ G and∀a ∈ Ker f , gag−1 ∈ Ker f .
However, ifg ∈ G anda ∈ Ker f ,

f(gag−1)=f(g)f(a)f(g)−1=f(g)ef(g)−1 = e
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

Proof. We already shown thatKer f is a subgroup ofG, so we
only need to show that∀g ∈ G and∀a ∈ Ker f , gag−1 ∈ Ker f .
However, ifg ∈ G anda ∈ Ker f ,

f(gag−1)=f(g)f(a)f(g)−1=f(g)ef(g)−1 = e

and this impliesgag−1 ∈ Ker f .
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG,
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .

Proof. We first show thatπ is a homomorphism.
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .

Proof. ∀a, b ∈ G,
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .

Proof. ∀a, b ∈ G, π(ab)

Modern Algebra I – p. 4/19



Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .

Proof. ∀a, b ∈ G, π(ab) = abN
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .

Proof. ∀a, b ∈ G, π(ab) = abN = (aN)(bN)

Modern Algebra I – p. 4/19



Theorem (5.5)
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• Conversely, ifN is a normal subgroup ofG, then the map
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .

Proof. ∀a, b ∈ G, π(ab) = abN = (aN)(bN) = π(a)π(b), soπ
is a homomorphism.
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .

Proof. ∀a, b ∈ G, π(ab) = abN = (aN)(bN) = π(a)π(b), soπ
is a homomorphism. Also,π is clearly onto.
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .

Proof. ∀a, b ∈ G, π(ab) = abN = (aN)(bN) = π(a)π(b), soπ
is a homomorphism. Also,π is clearly onto. Moreover,
a ∈ Kerπ
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• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .

Proof. ∀a, b ∈ G, π(ab) = abN = (aN)(bN) = π(a)π(b), soπ
is a homomorphism. Also,π is clearly onto. Moreover,
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .

Proof. ∀a, b ∈ G, π(ab) = abN = (aN)(bN) = π(a)π(b), soπ
is a homomorphism. Also,π is clearly onto. Moreover,
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .

Proof. ∀a, b ∈ G, π(ab) = abN = (aN)(bN) = π(a)π(b), soπ
is a homomorphism. Also,π is clearly onto. Moreover,
a ∈ Kerπ ⇐⇒ aN = N ⇐⇒ a ∈ N , soKer π = N .
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .
The mapπ : G→ G/N is called
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .
The mapπ : G→ G/N is called thecanonical epimorphism
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .
The mapπ : G→ G/N is called thecanonical epimorphism
or projection.
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .
The mapπ : G→ G/N is called thecanonical epimorphism
or projection.

Remark. From now on, unless stated otherwise,G→ G/N

always denotes the canonical epimorphism.
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Theorem (5.5)
• If f : G→ H is a homomorphism of groups, thenKer f is a

normal subgroup ofG.

• Conversely, ifN is a normal subgroup ofG, then the map
π : G→ G/N given byπ(a) = aN is an epimorphism with
kernelN , i.e.,Kerπ = N .
The mapπ : G→ G/N is called thecanonical epimorphism
or projection.

Remark. From now on, unless stated otherwise,G→ G/N

always denotes the canonical epimorphism.

The following theorem is an important and useful theorem.
We shall use this theorem to prove the First, Second, and
Third Isomorphism Theorems.
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Theorem (5.6)
Let f : G→ H be a homomorphism of groups
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Theorem (5.6)
Let f : G→ H be a homomorphism of groups and letN be a
normal subgroup ofG such thatN ⊆ Ker f .
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Theorem (5.6)
Let f : G→ H be a homomorphism of groups and letN be a
normal subgroup ofG such thatN ⊆ Ker f . Then there is a
unique homomorphism̄f : G/N → H
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Theorem (5.6)
Let f : G→ H be a homomorphism of groups and letN be a
normal subgroup ofG such thatN ⊆ Ker f . Then there is a
unique homomorphism̄f : G/N → H such that the diagram

G
f

//

π

��

H

G/N
f̄

==
{

{
{

{
{

{
{

{

is commutative,
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Theorem (5.6)
Let f : G→ H be a homomorphism of groups and letN be a
normal subgroup ofG such thatN ⊆ Ker f . Then there is a
unique homomorphism̄f : G/N → H such that the diagram

G
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π
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H
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{
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{
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{
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{
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is commutative,
i.e., f̄π = f ,
i.e., f̄(aN) = f(a) for all a ∈ G.
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Theorem (5.6)
Let f : G→ H be a homomorphism of groups and letN be a
normal subgroup ofG such thatN ⊆ Ker f . Then there is a
unique homomorphism̄f : G/N → H such that the diagram
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π
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{

{
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i.e., f̄π = f ,
i.e., f̄(aN) = f(a) for all a ∈ G.

Proof. We first show that̄f is well-defined.

Modern Algebra I – p. 5/19



Theorem (5.6)
Let f : G→ H be a homomorphism of groups and letN be a
normal subgroup ofG such thatN ⊆ Ker f . Then there is a
unique homomorphism̄f : G/N → H such that the diagram

G
f

//

π

��

H

G/N
f̄

==
{

{
{

{
{

{
{

{

is commutative,
i.e., f̄π = f ,
i.e., f̄(aN) = f(a) for all a ∈ G.

Proof. We first show that̄f is well-defined. Note that

Modern Algebra I – p. 5/19



Theorem (5.6)
Let f : G→ H be a homomorphism of groups and letN be a
normal subgroup ofG such thatN ⊆ Ker f . Then there is a
unique homomorphism̄f : G/N → H such that the diagram

G
f

//

π

��

H

G/N
f̄

==
{

{
{

{
{

{
{

{

is commutative,
i.e., f̄π = f ,
i.e., f̄(aN) = f(a) for all a ∈ G.

Proof. We first show that̄f is well-defined. Note that
aN = bN
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Theorem (5.6)
Let f : G→ H be a homomorphism of groups and letN be a
normal subgroup ofG such thatN ⊆ Ker f . Then there is a
unique homomorphism̄f : G/N → H such that the diagram

G
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==
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{
{

{
{
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i.e., f̄π = f ,
i.e., f̄(aN) = f(a) for all a ∈ G.

Proof. We first show that̄f is well-defined. Note that
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Let f : G→ H be a homomorphism of groups and letN be a
normal subgroup ofG such thatN ⊆ Ker f . Then there is a
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Moreover,
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aN ∈ Ker f̄ ⇐⇒ f̄(aN) = e ⇐⇒ f(a) = e
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Moreover,

• Im f̄ = Im f andKer f̄ = (Ker f)/N ;
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⇐⇒ a ∈ Ker f ⇐⇒ aN ∈ (Ker f)/N .
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i.e., f̄π = f ,
i.e., f̄(aN) = f(a) for all a ∈ G.

Moreover,

• Im f̄ = Im f andKer f̄ = (Ker f)/N ;

• f̄ is an isomorphism if and only iff is an epimorphism and
N = Ker f .

f̄ is an isomorphism⇐⇒ Im f̄ = H andKer f̄ = N/N
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First Isomorphism Theorem
Now, we use Theorem (5.6) to show the First Isomorphism
Theorem.
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Theorem (5.6). Let f : G→ H be a homomorphism of groups
and letN be a normal subgroup ofG such thatN ⊆ Ker f .
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First Isomorphism Theorem
Theorem (5.6). Let f : G→ H be a homomorphism of groups
and letN be a normal subgroup ofG such thatN ⊆ Ker f .
Then there is a unique homomorphism̄f : G/N → H such that
f̄(aN) = f(a) for all a ∈ G. Moreover,
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f : G→ H is a homomorphism of groups,
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First Isomorphism Theorem
Theorem (5.6). Let f : G→ H be a homomorphism of groups
and letN be a normal subgroup ofG such thatN ⊆ Ker f .
Then there is a unique homomorphism̄f : G/N → H such that
f̄(aN) = f(a) for all a ∈ G. Moreover,

• Im f̄ = Im f andKer f̄ = (Ker f)/N ;

• f̄ is an isomorphism if and only iff is an epimorphism and
N = Ker f .

Corollary (5.7). (First Isomorphism Theorem) If
f : G→ H is a homomorphism of groups, thenf induces an
isomorphismG/Ker f ∼= Im f .

Proof.
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First Isomorphism Theorem
Theorem (5.6). Let f : G→ H be a homomorphism of groups
and letN be a normal subgroup ofG such thatN ⊆ Ker f .
Then there is a unique homomorphism̄f : G/N → H such that
f̄(aN) = f(a) for all a ∈ G. Moreover,
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Corollary (5.7). (First Isomorphism Theorem) If
f : G→ H is a homomorphism of groups, thenf induces an
isomorphismG/Ker f ∼= Im f .

Proof. Note thatf : G→ Im f is an epimorphism.
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First Isomorphism Theorem
Theorem (5.6). Let f : G→ H be a homomorphism of groups
and letN be a normal subgroup ofG such thatN ⊆ Ker f .
Then there is a unique homomorphism̄f : G/N → H such that
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Corollary (5.7). (First Isomorphism Theorem) If
f : G→ H is a homomorphism of groups, thenf induces an
isomorphismG/Ker f ∼= Im f .

Proof. Note thatf : G→ Im f is an epimorphism. Apply
Theorem (5.6) withN = Ker f .
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First Isomorphism Theorem
Theorem (5.6). Let f : G→ H be a homomorphism of groups
and letN be a normal subgroup ofG such thatN ⊆ Ker f .
Then there is a unique homomorphism̄f : G/N → H such that
f̄(aN) = f(a) for all a ∈ G. Moreover,

• Im f̄ = Im f andKer f̄ = (Ker f)/N ;
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Corollary (5.7). (First Isomorphism Theorem) If
f : G→ H is a homomorphism of groups, thenf induces an
isomorphismG/Ker f ∼= Im f .

Proof. Note thatf : G→ Im f is an epimorphism. Apply
Theorem (5.6) withN = Ker f . Then we get that
f̄ : G/Ker f → Im f is an isomorphism.
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First Isomorphism Theorem
Theorem (5.6). Let f : G→ H be a homomorphism of groups
and letN be a normal subgroup ofG such thatN ⊆ Ker f .
Then there is a unique homomorphism̄f : G/N → H such that
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Second Isomorphism Theorem
We use the First Isomorphism Theorem to prove the
Second Isomorphism Theorem.
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Second Isomorphism Theorem
Corollary (5.7). (First Isomorphism Theorem)
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Second Isomorphism Theorem
Corollary (5.7). (First Isomorphism Theorem) If
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Second Isomorphism Theorem
Corollary (5.7). (First Isomorphism Theorem) If
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Second Isomorphism Theorem
Corollary (5.7). (First Isomorphism Theorem) If
f : G→ H is an epimorphism, thenG/Ker f ∼= H.

Corollary (5.9). (Second Isomorphism Theorem)
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Third Isomorphism Theorem
We use the First Isomorphism Theorem to prove the Third
Isomorphism Theorem.
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Remark
Assumef : G→ H is a homomorphism of groups.
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Proof. Forf(k) ∈ f(K) andf(a) ∈ f(G) with k ∈ K and
a ∈ G, f(a)f(k)f(a)−1 = f(aka−1)
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Assumef : G→ H is a homomorphism of groups.

(1) If K is a subgroup ofG, thenf(K) is a subgroup ofH.

(2) If K is a normal subgroup ofG, thenf(K) is a normal
subgroup off(G), butf(K) is NOT necessarily a normal
subgroup ofH.

Proof. Forf(k) ∈ f(K) andf(a) ∈ f(G) with k ∈ K and
a ∈ G, f(a)f(k)f(a)−1 = f(aka−1) ∈ f(K), because
aka−1 ∈ K.
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(3) If M is a subgroup ofH, thenf−1(M) is a subgroup ofG.
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(2) If K is a normal subgroup ofG, thenf(K) is a normal
subgroup off(G), butf(K) is NOT necessarily a normal
subgroup ofH.

(3) If M is a subgroup ofH, thenf−1(M) is a subgroup ofG.

(4) If M is a normal subgroup ofH, thenf−1(M) is a normal
subgroup ofG.

Proof. Fora ∈ f−1(M) andb ∈ G,
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Assumef : G→ H is a homomorphism of groups.

(1) If K is a subgroup ofG, thenf(K) is a subgroup ofH.

(2) If K is a normal subgroup ofG, thenf(K) is a normal
subgroup off(G), butf(K) is NOT necessarily a normal
subgroup ofH.

(3) If M is a subgroup ofH, thenf−1(M) is a subgroup ofG.

(4) If M is a normal subgroup ofH, thenf−1(M) is a normal
subgroup ofG.

Proof. Fora ∈ f−1(M) andb ∈ G,
f(bab−1) = f(b)f(a)f(b)−1
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(2) If K is a normal subgroup ofG, thenf(K) is a normal
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(3) If M is a subgroup ofH, thenf−1(M) is a subgroup ofG.
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M ⊳H,
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Remark
Assumef : G→ H is a homomorphism of groups.

(1) If K is a subgroup ofG, thenf(K) is a subgroup ofH.

(2) If K is a normal subgroup ofG, thenf(K) is a normal
subgroup off(G), butf(K) is NOT necessarily a normal
subgroup ofH.

(3) If M is a subgroup ofH, thenf−1(M) is a subgroup ofG.

(4) If M is a normal subgroup ofH, thenf−1(M) is a normal
subgroup ofG.

Hence, ifS(G) = {K | K ≤ G}
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(1) If K is a subgroup ofG, thenf(K) is a subgroup ofH.

(2) If K is a normal subgroup ofG, thenf(K) is a normal
subgroup off(G), butf(K) is NOT necessarily a normal
subgroup ofH.

(3) If M is a subgroup ofH, thenf−1(M) is a subgroup ofG.

(4) If M is a normal subgroup ofH, thenf−1(M) is a normal
subgroup ofG.

Hence, ifS(G) = {K | K ≤ G} andS(H) = {M |M ≤ H},
we have two mapsφ : S(G) → S(H) with φ(K) = f(K)
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(1) If K is a subgroup ofG, thenf(K) is a subgroup ofH.

(2) If K is a normal subgroup ofG, thenf(K) is a normal
subgroup off(G), butf(K) is NOT necessarily a normal
subgroup ofH.

(3) If M is a subgroup ofH, thenf−1(M) is a subgroup ofG.

(4) If M is a normal subgroup ofH, thenf−1(M) is a normal
subgroup ofG.

Hence, ifS(G) = {K | K ≤ G} andS(H) = {M |M ≤ H},
we have two mapsφ : S(G) → S(H) with φ(K) = f(K) ((1)
tells us thatφ is well-defined)
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(1) If K is a subgroup ofG, thenf(K) is a subgroup ofH.

(2) If K is a normal subgroup ofG, thenf(K) is a normal
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subgroup ofH.

(3) If M is a subgroup ofH, thenf−1(M) is a subgroup ofG.

(4) If M is a normal subgroup ofH, thenf−1(M) is a normal
subgroup ofG.

Hence, ifS(G) = {K | K ≤ G} andS(H) = {M |M ≤ H},
we have two mapsφ : S(G) → S(H) with φ(K) = f(K) and
ψ : S(H) → S(G) with ψ(M) = f−1(M) ((3) tells us thatψ is
well-defined).
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(1) If K is a subgroup ofG, thenf(K) is a subgroup ofH.

(2) If K is a normal subgroup ofG, thenf(K) is a normal
subgroup off(G), butf(K) is NOT necessarily a normal
subgroup ofH.

(3) If M is a subgroup ofH, thenf−1(M) is a subgroup ofG.

(4) If M is a normal subgroup ofH, thenf−1(M) is a normal
subgroup ofG.

Hence, ifS(G) = {K | K ≤ G} andS(H) = {M |M ≤ H},
we have two mapsφ : S(G) → S(H) with φ(K) = f(K) and
ψ : S(H) → S(G) with ψ(M) = f−1(M). Moreover,
M ⊳H =⇒ ψ(M) ⊳G (by (4))
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(4) If M is a normal subgroup ofH, thenf−1(M) is a normal
subgroup ofG.

Hence, ifS(G) = {K | K ≤ G} andS(H) = {M |M ≤ H},
we have two mapsφ : S(G) → S(H) with φ(K) = f(K) and
ψ : S(H) → S(G) with ψ(M) = f−1(M). Moreover,
M ⊳H =⇒ ψ(M) ⊳G andK ⊳G =⇒ φ(K) ⊳ f(G) (by
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(3) If M is a subgroup ofH, thenf−1(M) is a subgroup ofG.
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particular, iff is an epimorphism,
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(1) If K is a subgroup ofG, thenf(K) is a subgroup ofH.

(2) If K is a normal subgroup ofG, thenf(K) is a normal
subgroup off(G), butf(K) is NOT necessarily a normal
subgroup ofH.

(3) If M is a subgroup ofH, thenf−1(M) is a subgroup ofG.

(4) If M is a normal subgroup ofH, thenf−1(M) is a normal
subgroup ofG.

Hence, ifS(G) = {K | K ≤ G} andS(H) = {M |M ≤ H},
we have two mapsφ : S(G) → S(H) with φ(K) = f(K) and
ψ : S(H) → S(G) with ψ(M) = f−1(M). Moreover,
M ⊳H =⇒ ψ(M) ⊳G andK ⊳G =⇒ φ(K) ⊳ f(G). In
particular, iff is an epimorphism, thenK ⊳G =⇒ φ(K) ⊳H.
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Theorem (5.11)
If f : G→ H is an epimorphism of groups,
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If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K)
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If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence
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If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G}
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Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
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If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words,
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Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K)
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Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective.
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normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Modern Algebra I – p. 10/19



Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. From the previous Remark, we know thatφ is
well-defined
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If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. From the previous Remark, we know thatφ is
well-defined and thatK ⊳G =⇒ f(K) ⊳H.
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Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. From the previous Remark, we know thatφ is
well-defined and thatK ⊳G =⇒ f(K) ⊳H. Hence it remains
to show thatφ is bijective andK ⊳G⇐= f(K) ⊳H.
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Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. We first show thatφ is onto.
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φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
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Proof. We first show thatφ is onto. Note that

• sincef is onto,f(f−1(B)) = B for all B ⊆ H;

• if M ∈ S(H), thenf−1(M) is a subgroup ofG and
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If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. We first show thatφ is onto. Note that

• sincef is onto,f(f−1(B)) = B for all B ⊆ H;

• if M ∈ S(H), thenf−1(M) is a subgroup ofG and
f−1(M) ⊇ Ker f , thusf−1(M) ∈ Sf (G).

Hence, for allM ∈ S(H), ∃f−1(M) ∈ Sf (G) such that
φ(f−1(M)) = f(f−1(M)) = M .
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Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. We first show thatφ is onto. Note that

• sincef is onto,f(f−1(B)) = B for all B ⊆ H;

• if M ∈ S(H), thenf−1(M) is a subgroup ofG and
f−1(M) ⊇ Ker f , thusf−1(M) ∈ Sf (G).

Hence, for allM ∈ S(H), ∃f−1(M) ∈ Sf (G) such that
φ(f−1(M)) = f(f−1(M)) = M . Therefore,φ is onto.
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Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. Next we show thatφ is one-to-one.
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If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. Next we show thatφ is one-to-one. Note that if
Ker f ⊆ K, thenf−1(f(K)) = K. This is because

a ∈ f−1(f(K))
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If f : G→ H is an epimorphism of groups, then the assignment
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Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
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Proof. Next we show thatφ is one-to-one. Note that if
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a ∈ f−1(f(K)) ⇐⇒ f(a) ∈ f(K)

Modern Algebra I – p. 10/19



Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. Next we show thatφ is one-to-one. Note that if
Ker f ⊆ K, thenf−1(f(K)) = K. This is because

a ∈ f−1(f(K)) ⇐⇒ f(a) ∈ f(K)

⇐⇒ f(a) = f(k) for somek ∈ K
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If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. Next we show thatφ is one-to-one. Note that if
Ker f ⊆ K, thenf−1(f(K)) = K. This is because

a ∈ f−1(f(K)) ⇐⇒ f(a) ∈ f(K)

⇐⇒ f(a) = f(k) for somek ∈ K

⇐⇒ ak−1 ∈ Ker f ⊆ K for somek ∈ K

⇐⇒ a ∈ K.
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Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. Next we show thatφ is one-to-one. Note that if
Ker f ⊆ K, thenf−1(f(K)) = K. Hence, ifK1,K2 ∈ Sf (G)

such thatφ(K1) = φ(K2),
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Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. Next we show thatφ is one-to-one. Note that if
Ker f ⊆ K, thenf−1(f(K)) = K. Hence, ifK1,K2 ∈ Sf (G)

such thatφ(K1) = φ(K2), then

f(K1) = f(K2) ⇒ f−1(f(K1)) = f−1(f(K2))
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Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.
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Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. Next we show thatφ is one-to-one. Note that if
Ker f ⊆ K, thenf−1(f(K)) = K. Hence, ifK1,K2 ∈ Sf (G)

such thatφ(K1) = φ(K2), then

f(K1) = f(K2) ⇒ f−1(f(K1)) = f−1(f(K2)) ⇒ K1 = K2.

Therefore,φ is one-to-one.

Modern Algebra I – p. 10/19



Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. Next we show thatφ is one-to-one. Note that if
Ker f ⊆ K, thenf−1(f(K)) = K. Hence, ifK1,K2 ∈ Sf (G)

such thatφ(K1) = φ(K2), then

f(K1) = f(K2) ⇒ f−1(f(K1)) = f−1(f(K2)) ⇒ K1 = K2.

Therefore,φ is one-to-one. Hence,φ is bijective.
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Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. Next we show thatφ is one-to-one. Note that if
Ker f ⊆ K, thenf−1(f(K)) = K. Finally, we already know
thatf(K) ⊳H =⇒ f−1(f(K)) ⊳G.
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If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. Next we show thatφ is one-to-one. Note that if
Ker f ⊆ K, thenf−1(f(K)) = K. Finally, we already know
thatf(K) ⊳H =⇒ f−1(f(K)) ⊳G. But we also have
f−1(f(K)) = K,
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Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. Next we show thatφ is one-to-one. Note that if
Ker f ⊆ K, thenf−1(f(K)) = K. Finally, we already know
thatf(K) ⊳H =⇒ f−1(f(K)) ⊳G. But we also have
f−1(f(K)) = K, so we havef(K) ⊳H =⇒ K ⊳G,

Modern Algebra I – p. 10/19



Theorem (5.11)
If f : G→ H is an epimorphism of groups, then the assignment
K 7→ f(K) defines a one-to-one correspondence between
Sf (G) = {K | Ker f ≤ K ≤ G} andS(H) = {M |M ≤ H};
in other words, the mapφ : Sf (G) → S(H) defined by
φ(K) = f(K) is bijective. Moreover, under this correspondence,
normal subgroups correspond to normal subgroups, i.e.,
K ⊳G ⇐⇒ f(K) ⊳H.

Proof. Next we show thatφ is one-to-one. Note that if
Ker f ⊆ K, thenf−1(f(K)) = K. Finally, we already know
thatf(K) ⊳H =⇒ f−1(f(K)) ⊳G. But we also have
f−1(f(K)) = K, so we havef(K) ⊳H =⇒ K ⊳G, and this
completes the proof.
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Corollary (5.12)
Next we will use Theorem (5.11) to investigate the
subgroups and normal subgroups of a quotient group G/N .
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Corollary (5.12)Theorem (5.11). If f : G→ H is an epimorphism of groups,
then the assignmentK → f(K) defines a one-to-one
correspondence
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normal subgroups correspond to normal subgroups.
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Corollary (5.12)Theorem (5.11). If f : G→ H is an epimorphism of groups,
then the assignmentK → f(K) defines a one-to-one
correspondence betweenSf (G) = {K | Ker f ≤ K ≤ G} and
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Corollary (5.12). If N is a normal subgroup of a groupG, then
every subgroup ofG/N is of the formK/N whereK is a
subgroup ofG that containsN .

Modern Algebra I – p. 11/19



Corollary (5.12)Theorem (5.11). If f : G→ H is an epimorphism of groups,
then the assignmentK → f(K) defines a one-to-one
correspondence betweenSf (G) = {K | Ker f ≤ K ≤ G} and
S(H) = {M |M ≤ H}. Moreover, under this correspondence
normal subgroups correspond to normal subgroups.

Corollary (5.12). If N is a normal subgroup of a groupG, then
every subgroup ofG/N is of the formK/N whereK is a
subgroup ofG that containsN . Furthermore,K/N is a normal
subgroup ofG/N
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Corollary (5.12)Theorem (5.11). If f : G→ H is an epimorphism of groups,
then the assignmentK → f(K) defines a one-to-one
correspondence betweenSf (G) = {K | Ker f ≤ K ≤ G} and
S(H) = {M |M ≤ H}. Moreover, under this correspondence
normal subgroups correspond to normal subgroups.

Corollary (5.12). If N is a normal subgroup of a groupG, then
every subgroup ofG/N is of the formK/N whereK is a
subgroup ofG that containsN . Furthermore,K/N is a normal
subgroup ofG/N if and only ifK is normal inG.
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Corollary (5.12)Theorem (5.11). If f : G→ H is an epimorphism of groups,
then the assignmentK → f(K) defines a one-to-one
correspondence betweenSf (G) = {K | Ker f ≤ K ≤ G} and
S(H) = {M |M ≤ H}. Moreover, under this correspondence
normal subgroups correspond to normal subgroups.

Corollary (5.12). If N is a normal subgroup of a groupG, then
every subgroup ofG/N is of the formK/N whereK is a
subgroup ofG that containsN . Furthermore,K/N is a normal
subgroup ofG/N if and only ifK is normal inG.

Proof.
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Corollary (5.12)Theorem (5.11). If f : G→ H is an epimorphism of groups,
then the assignmentK → f(K) defines a one-to-one
correspondence betweenSf (G) = {K | Ker f ≤ K ≤ G} and
S(H) = {M |M ≤ H}. Moreover, under this correspondence
normal subgroups correspond to normal subgroups.

Corollary (5.12). If N is a normal subgroup of a groupG, then
every subgroup ofG/N is of the formK/N whereK is a
subgroup ofG that containsN . Furthermore,K/N is a normal
subgroup ofG/N if and only ifK is normal inG.

Proof. Consider the canonical epimorphismπ : G→ G/N .
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Corollary (5.12)Theorem (5.11). If f : G→ H is an epimorphism of groups,
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subgroup ofG that containsN . Furthermore,K/N is a normal
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Proof. Consider the canonical epimorphismπ : G→ G/N .
Note thatKerπ = N ,
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Corollary (5.12)Theorem (5.11). If f : G→ H is an epimorphism of groups,
then the assignmentK → f(K) defines a one-to-one
correspondence betweenSf (G) = {K | Ker f ≤ K ≤ G} and
S(H) = {M |M ≤ H}. Moreover, under this correspondence
normal subgroups correspond to normal subgroups.

Corollary (5.12). If N is a normal subgroup of a groupG, then
every subgroup ofG/N is of the formK/N whereK is a
subgroup ofG that containsN . Furthermore,K/N is a normal
subgroup ofG/N if and only ifK is normal inG.

Proof. Consider the canonical epimorphismπ : G→ G/N .
Note thatKerπ = N , and ifN ≤ K ≤ G thenπ(K) = K/N .
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Corollary (5.12)Theorem (5.11). If f : G→ H is an epimorphism of groups,
then the assignmentK → f(K) defines a one-to-one
correspondence betweenSf (G) = {K | Ker f ≤ K ≤ G} and
S(H) = {M |M ≤ H}. Moreover, under this correspondence
normal subgroups correspond to normal subgroups.

Corollary (5.12). If N is a normal subgroup of a groupG, then
every subgroup ofG/N is of the formK/N whereK is a
subgroup ofG that containsN . Furthermore,K/N is a normal
subgroup ofG/N if and only ifK is normal inG.

Proof. Consider the canonical epimorphismπ : G→ G/N .
Note thatKerπ = N , and ifN ≤ K ≤ G thenπ(K) = K/N .
Theorem (5.11) tells us that the mapφ : Sπ(G) → S(G/N) is
onto,
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Corollary (5.12)Theorem (5.11). If f : G→ H is an epimorphism of groups,
then the assignmentK → f(K) defines a one-to-one
correspondence betweenSf (G) = {K | Ker f ≤ K ≤ G} and
S(H) = {M |M ≤ H}. Moreover, under this correspondence
normal subgroups correspond to normal subgroups.

Corollary (5.12). If N is a normal subgroup of a groupG, then
every subgroup ofG/N is of the formK/N whereK is a
subgroup ofG that containsN . Furthermore,K/N is a normal
subgroup ofG/N if and only ifK is normal inG.

Proof. Consider the canonical epimorphismπ : G→ G/N .
Note thatKerπ = N , and ifN ≤ K ≤ G thenπ(K) = K/N .
Theorem (5.11) tells us that the mapφ : Sπ(G) → S(G/N) is
onto, so every subgroup ofG/N is of the formK/N with
N ≤ K ≤ G.
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Corollary (5.12)Theorem (5.11). If f : G→ H is an epimorphism of groups,
then the assignmentK → f(K) defines a one-to-one
correspondence betweenSf (G) = {K | Ker f ≤ K ≤ G} and
S(H) = {M |M ≤ H}. Moreover, under this correspondence
normal subgroups correspond to normal subgroups.

Corollary (5.12). If N is a normal subgroup of a groupG, then
every subgroup ofG/N is of the formK/N whereK is a
subgroup ofG that containsN . Furthermore,K/N is a normal
subgroup ofG/N if and only ifK is normal inG.

Proof. Consider the canonical epimorphismπ : G→ G/N .
Note thatKerπ = N , and ifN ≤ K ≤ G thenπ(K) = K/N .
Theorem (5.11) tells us that the mapφ : Sπ(G) → S(G/N) is
onto, so every subgroup ofG/N is of the formK/N with
N ≤ K ≤ G. Furthermore, the second statement follows
directly from Theorem (5.11).
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Corollary (5.12)Theorem (5.11). If f : G→ H is an epimorphism of groups,
then the assignmentK → f(K) defines a one-to-one
correspondence betweenSf (G) = {K | Ker f ≤ K ≤ G} and
S(H) = {M |M ≤ H}. Moreover, under this correspondence
normal subgroups correspond to normal subgroups.

Corollary (5.12). If N is a normal subgroup of a groupG, then
every subgroup ofG/N is of the formK/N whereK is a
subgroup ofG that containsN . Furthermore,K/N is a normal
subgroup ofG/N if and only ifK is normal inG.

Remark. This Corollary is very important.
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Corollary (5.12)Theorem (5.11). If f : G→ H is an epimorphism of groups,
then the assignmentK → f(K) defines a one-to-one
correspondence betweenSf (G) = {K | Ker f ≤ K ≤ G} and
S(H) = {M |M ≤ H}. Moreover, under this correspondence
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Modern Algebra I – p. 11/19



Chapter I: Groups

Modern Algebra I – p. 12/19



Chapter I: Groups
Section I.6: Symmetric, Alternating, and

Dihedral Groups

Modern Algebra I – p. 12/19



Chapter I: Groups
Section I.6: Symmetric, Alternating, and

Dihedral Groups

Definition. Let S be a nonempty set

Modern Algebra I – p. 12/19



Chapter I: Groups
Section I.6: Symmetric, Alternating, and

Dihedral Groups

Definition. Let S be a nonempty set and letA(S) be the set of
all bijectionsS → S,

Modern Algebra I – p. 12/19



Chapter I: Groups
Section I.6: Symmetric, Alternating, and

Dihedral Groups

Definition. Let S be a nonempty set and letA(S) be the set of
all bijectionsS → S, i.e.,A(S) = {σ : S → S | σ is bijective}.

Modern Algebra I – p. 12/19



Chapter I: Groups
Section I.6: Symmetric, Alternating, and

Dihedral Groups

Definition. Let S be a nonempty set and letA(S) be the set of
all bijectionsS → S, i.e.,A(S) = {σ : S → S | σ is bijective}.

• A(S) is a group under the operation of composition of
functions.

Modern Algebra I – p. 12/19



Chapter I: Groups
Section I.6: Symmetric, Alternating, and

Dihedral Groups

Definition. Let S be a nonempty set and letA(S) be the set of
all bijectionsS → S, i.e.,A(S) = {σ : S → S | σ is bijective}.

• A(S) is a group under the operation of composition of
functions.

• The elements ofA(S) are calledpermutations

Modern Algebra I – p. 12/19



Chapter I: Groups
Section I.6: Symmetric, Alternating, and

Dihedral Groups

Definition. Let S be a nonempty set and letA(S) be the set of
all bijectionsS → S, i.e.,A(S) = {σ : S → S | σ is bijective}.

• A(S) is a group under the operation of composition of
functions.

• The elements ofA(S) are calledpermutationsandA(S) is
called thegroup of permutations onthe setS.

Modern Algebra I – p. 12/19



Chapter I: Groups
Section I.6: Symmetric, Alternating, and

Dihedral Groups

Definition. Let S be a nonempty set and letA(S) be the set of
all bijectionsS → S, i.e.,A(S) = {σ : S → S | σ is bijective}.

• A(S) is a group under the operation of composition of
functions.

• The elements ofA(S) are calledpermutationsandA(S) is
called thegroup of permutations onthe setS.

• If S = {1, 2, . . . , n},

Modern Algebra I – p. 12/19



Chapter I: Groups
Section I.6: Symmetric, Alternating, and

Dihedral Groups

Definition. Let S be a nonempty set and letA(S) be the set of
all bijectionsS → S, i.e.,A(S) = {σ : S → S | σ is bijective}.

• A(S) is a group under the operation of composition of
functions.

• The elements ofA(S) are calledpermutationsandA(S) is
called thegroup of permutations onthe setS.

• If S = {1, 2, . . . , n}, thenA(S) is called thesymmetric group
onn letters

Modern Algebra I – p. 12/19



Chapter I: Groups
Section I.6: Symmetric, Alternating, and

Dihedral Groups

Definition. Let S be a nonempty set and letA(S) be the set of
all bijectionsS → S, i.e.,A(S) = {σ : S → S | σ is bijective}.

• A(S) is a group under the operation of composition of
functions.

• The elements ofA(S) are calledpermutationsandA(S) is
called thegroup of permutations onthe setS.

• If S = {1, 2, . . . , n}, thenA(S) is called thesymmetric group
onn lettersand denotedSn.

Modern Algebra I – p. 12/19



Chapter I: Groups
Section I.6: Symmetric, Alternating, and

Dihedral Groups

Definition. Let S be a nonempty set and letA(S) be the set of
all bijectionsS → S, i.e.,A(S) = {σ : S → S | σ is bijective}.

• A(S) is a group under the operation of composition of
functions.

• The elements ofA(S) are calledpermutationsandA(S) is
called thegroup of permutations onthe setS.

• If S = {1, 2, . . . , n}, thenA(S) is called thesymmetric group
onn lettersand denotedSn. Note that|Sn| = n!.

Modern Algebra I – p. 12/19
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Section I.6: Symmetric, Alternating, and

Dihedral Groups

Definition. Let S be a nonempty set and letA(S) be the set of
all bijectionsS → S, i.e.,A(S) = {σ : S → S | σ is bijective}.

• A(S) is a group under the operation of composition of
functions.

• The elements ofA(S) are calledpermutationsandA(S) is
called thegroup of permutations onthe setS.

• If S = {1, 2, . . . , n}, thenA(S) is called thesymmetric group
onn lettersand denotedSn. Note that|Sn| = n!.

Remark. n! is read “n factorial”.
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elements ofIn = {1, 2, . . . , n}.
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Cycles and Transpositions
Definition (6.1). Let i1, i2, . . . , ir, with r ≤ n, be distinct
elements ofIn = {1, 2, . . . , n}.

• (i1, i2, . . . , ir) denotes the permutation that mapsi1 7→ i2,
i2 7→ i3, · · · , ir−1 7→ ir, ir 7→ i1 and maps every other
element ofIn onto itself.

• (i1, i2, . . . , ir) is called acycle of lengthr or anr-cycle.

• A 2-cycle is called atransposition.
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Disjoint Cycles
Theorem (6.3). Every nonidentity permutation inSn is uniquely
(up to the order of the factors) a product of disjoint cycles,each
of which has length at least2.

Corollary (6.4). The order of a permutationσ ∈ Sn is the least
common multiple of the orders of its disjoint cycles.

If we want to give a complete proof for the above two
theorems, we need to spend more time than I would like to
spend. Since supposedly you have learned them before, I
would leave out the proofs here.
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(i1, i2, i3) = (i1, i3)(i1, i2),
(i1, i2, i3, i4) = (i1, i4)(i1, i3)(i1, i2),
and in general,
(i1, i2, . . . , ir) = (i1, ir)(i1, ir−1) · · · (i1, i2).
Hence we see that every cycle inSn can be written as a product
of transpositions. However, Theorem (6.3) tells us that every
permutation inSn can be written as a product of disjoint cycles.
Combine this with what we proved above, then we see that every
permutation inSn can be written as a product of transpositions.
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Even and Odd Permutations
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Corollary (6.5). Every permutation inSn can be written as a
product of transpositions, (not necessarily disjoint).

Definition (6.6). A permutationτ ∈ Sn is said to beeven(resp.
odd) if τ can be written as a product of an even (resp. odd)
number of transpositions.

Theorem (6.7). A permutation inSn (n ≥ 2) cannot be both
even and odd.

Definition. Thesignof a permutationτ , denotedsgn τ , is
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Definition. For eachn ≥ 2, An = {σ ∈ Sn | σ is even} is a
group and is called thealternating group onn lettersor the
alternating group of degreen.

Theorem (6.8). For eachn ≥ 2, An is a normal subgroup ofSn

of index2 and|An| = |Sn|/2 = n!/2. Furthermore,An is the
only subgroup ofSn of index2.

In the proof of this Theorem, we need the following two
lemmas.

Lemma. If H is a subgroup of a groupG with [G : H] = 2, then
H ⊳G.

Lemma. Forn ≥ 3, An is generated by all3-cycles.
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Proof. Note that forn ≥ 3, every even permutation is a product
of permutations of the form(a1, a2)(a3, a4). Moreover,
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Hence forn ≥ 3, An is generated by all3-cycles.

We are finally ready to prove Theorem (6.8).
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