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• If for eachi ∈ I, Ai is an ideal inRi, then
∏

i∈I Ai is an ideal
in

∏

i∈I Ri.

• Conversely, if|I| < ∞ and everyRi has an identity, then
every ideal in

∏

i∈I Ri is of the form
∏

i∈I Ai with Ai an ideal
in Ri.
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Theorem (2.23)
Let {Ri | i ∈ I} be a nonempty family of rings.
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i∈I Ri, a group
homomorphism, such thatπiϕ = ϕi ∀i ∈ I. Recall that
ϕ(a) =

(

ϕi(a)
)

i∈I
for all a ∈ S. It is easy to check thatϕ is

indeed a ring homomorphism. Thus
∏

i∈I Ri is a product in the
category of rings and therefore determined uniquely up to
isomorphism by Theorem (I.7.3).
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Review
Corollary (I.8.7). If N1, N2, . . . , Nr are normal subgroups of a
groupG such that

• G = N1N2 · · ·Nr, and

• Nk ∩ (N1 · · ·Nk−1Nk+1 · · ·Nr) = 〈e〉, ∀k = 1, . . . , r,

thenG ≃ N1 × N2 × · · · × Nr.
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Corollary (I.8.7). If N1, N2, . . . , Nr are normal subgroups of a
groupG such that

• G = N1N2 · · ·Nr, and

• Nk ∩ (N1 · · ·Nk−1Nk+1 · · ·Nr) = 〈e〉, ∀k = 1, . . . , r,

thenG ≃ N1 × N2 × · · · × Nr.

In the proof of this corollary, we proved that the map

ϕ : N1 × N2 × · · · × Nr −→ G

(a1, a2, . . . , ar) 7−→ a1a2 · · · ar

is a group isomorphism.
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b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Furthermore,b is uniquely determined up to congruence modulo
the idealA1 ∩ A2 ∩ · · · ∩ An.

Proof. We first show the uniqueness. Supposec ∈ R also
satisfies thatc ≡ bi (mod Ai) ∀i = 1, . . . , n.
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Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Furthermore,b is uniquely determined up to congruence modulo
the idealA1 ∩ A2 ∩ · · · ∩ An.

Proof. We first show the uniqueness. Supposec ∈ R also
satisfies thatc ≡ bi (mod Ai) ∀i = 1, . . . , n. Then
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Furthermore,b is uniquely determined up to congruence modulo
the idealA1 ∩ A2 ∩ · · · ∩ An.

Proof. We first show the uniqueness. Supposec ∈ R also
satisfies thatc ≡ bi (mod Ai) ∀i = 1, . . . , n. Then

b ≡ c (mod Ai) ∀i
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Furthermore,b is uniquely determined up to congruence modulo
the idealA1 ∩ A2 ∩ · · · ∩ An.

Proof. We first show the uniqueness. Supposec ∈ R also
satisfies thatc ≡ bi (mod Ai) ∀i = 1, . . . , n. Then

b ≡ c (mod Ai) ∀i =⇒ b − c ∈ Ai ∀i
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Furthermore,b is uniquely determined up to congruence modulo
the idealA1 ∩ A2 ∩ · · · ∩ An.

Proof. We first show the uniqueness. Supposec ∈ R also
satisfies thatc ≡ bi (mod Ai) ∀i = 1, . . . , n. Then

b ≡ c (mod Ai) ∀i =⇒ b − c ∈ Ai ∀i

=⇒ b − c ∈
⋂n

i=1
Ai
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Furthermore,b is uniquely determined up to congruence modulo
the idealA1 ∩ A2 ∩ · · · ∩ An.

Proof. We first show the uniqueness. Supposec ∈ R also
satisfies thatc ≡ bi (mod Ai) ∀i = 1, . . . , n. Then

b ≡ c (mod Ai) ∀i =⇒ b − c ∈ Ai ∀i

=⇒ b − c ∈
⋂n

i=1
Ai =⇒ b ≡ c (mod

⋂n

i=1
Ai).
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof.
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show that
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show thatR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n,
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show thatR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n,

then we have∀k = 1, . . . , n,
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show thatR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n,

then we have∀k = 1, . . . , n, bk = ak + rk for someak ∈ Ak and
rk ∈

⋂

i 6=k Ai.
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show thatR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n,

then we have∀k = 1, . . . , n, bk = ak + rk for someak ∈ Ak and
rk ∈

⋂

i 6=k Ai.

Modern Algebra I – p. 11/14



Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show thatR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n,

then we have∀k = 1, . . . , n, bk = ak + rk for someak ∈ Ak and
rk ∈

⋂

i 6=k Ai.

Modern Algebra I – p. 11/14



Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show thatR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n,

then we have∀k = 1, . . . , n, bk = ak + rk for someak ∈ Ak and
rk ∈

⋂

i 6=k Ai. Note that
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show thatR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n,

then we have∀k = 1, . . . , n, bk = ak + rk for someak ∈ Ak and
rk ∈

⋂

i 6=k Ai. Note that

rk ≡ bk (mod Ak)
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show thatR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n,

then we have∀k = 1, . . . , n, bk = ak + rk for someak ∈ Ak and
rk ∈

⋂

i 6=k Ai. Note that

rk ≡ bk (mod Ak) and rk ≡ 0 (mod Ai) ∀i 6= k.
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show thatR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n,

then we have∀k = 1, . . . , n, bk = ak + rk for someak ∈ Ak and
rk ∈

⋂

i 6=k Ai. Note that

rk ≡ bk (mod Ak) and rk ≡ 0 (mod Ai) ∀i 6= k.

Takeb = r1 + r2 + · · · + rn.
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show thatR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n,

then we have∀k = 1, . . . , n, bk = ak + rk for someak ∈ Ak and
rk ∈

⋂

i 6=k Ai. Note that

rk ≡ bk (mod Ak) and rk ≡ 0 (mod Ai) ∀i 6= k.

Takeb = r1 + r2 + · · · + rn.
Thenb ≡ b1 (mod A1),
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show thatR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n,

then we have∀k = 1, . . . , n, bk = ak + rk for someak ∈ Ak and
rk ∈

⋂

i 6=k Ai. Note that

rk ≡ bk (mod Ak) and rk ≡ 0 (mod Ai) ∀i 6= k.

Takeb = r1 + r2 + · · · + rn.
Thenb ≡ b2 (mod A2),
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show thatR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n,

then we have∀k = 1, . . . , n, bk = ak + rk for someak ∈ Ak and
rk ∈

⋂

i 6=k Ai. Note that

rk ≡ bk (mod Ak) and rk ≡ 0 (mod Ai) ∀i 6= k.

Takeb = r1 + r2 + · · · + rn.
Thenb ≡ bk (mod Ak), ∀k = 1, . . . , n.
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Then for anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Proof. If we show thatR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n,

then we have∀k = 1, . . . , n, bk = ak + rk for someak ∈ Ak and
rk ∈

⋂

i 6=k Ai. Note that

rk ≡ bk (mod Ak) and rk ≡ 0 (mod Ai) ∀i 6= k.

Hence it remains to showR = Ak +
(

⋂

i 6=k Ai

)

, ∀k = 1, . . . , n.
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Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2 = (A1 + A2)(A1 + A3)
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2 = (A1 + A2)(A1 + A3) = A2
1
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2 = (A1 + A2)(A1 + A3) = A2
1 + A1A3
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2 = (A1 + A2)(A1 + A3) = A2
1 + A1A3 + A2A1
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2 = (A1 + A2)(A1 + A3) = A2
1 + A1A3 + A2A1 + A2A3
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2 = (A1 + A2)(A1 + A3) = A2
1 + A1A3 + A2A1 + A2A3

⊆ A1
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2 = (A1 + A2)(A1 + A3) = A2
1 + A1A3 + A2A1 + A2A3

⊆ A1 + (A2 ∩ A3).
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2 = (A1 + A2)(A1 + A3) = A2
1 + A1A3 + A2A1 + A2A3

⊆ A1 + (A2 ∩ A3).

Moreover,
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2 = (A1 + A2)(A1 + A3) = A2
1 + A1A3 + A2A1 + A2A3

⊆ A1 + (A2 ∩ A3).

Moreover, sinceR2 + A1 = R,
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2 = (A1 + A2)(A1 + A3) = A2
1 + A1A3 + A2A1 + A2A3

⊆ A1 + (A2 ∩ A3).

Moreover, sinceR2 + A1 = R,

R = R2 + A1
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2 = (A1 + A2)(A1 + A3) = A2
1 + A1A3 + A2A1 + A2A3

⊆ A1 + (A2 ∩ A3).

Moreover, sinceR2 + A1 = R,

R = R2 + A1 ⊆ A1 + (A2 ∩ A3)
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2 = (A1 + A2)(A1 + A3) = A2
1 + A1A3 + A2A1 + A2A3

⊆ A1 + (A2 ∩ A3).

Moreover, sinceR2 + A1 = R,

R = R2 + A1 ⊆ A1 + (A2 ∩ A3) ⊆ R
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
SinceA1 + A2 = R andA1 + A3 = R,

R2 = (A1 + A2)(A1 + A3) = A2
1 + A1A3 + A2A1 + A2A3

⊆ A1 + (A2 ∩ A3).

Moreover, sinceR2 + A1 = R,

R = R2 + A1 ⊆ A1 + (A2 ∩ A3) ⊆ R

=⇒ R = A1 + (A2 ∩ A3).
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Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
Assume inductively thatR = A1 + (A2 ∩ · · · ∩ Ak−1).
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Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,
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• R2 + Ai = R, ∀i = 1, 2, . . . , n,
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Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
Assume inductively thatR = A1 + (A2 ∩ · · · ∩ Ak−1). Then
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(
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)

⊆ A1 + (A2 ∩ · · · ∩ Ak−1 ∩ Ak)

=⇒ R = R2 + A1
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
Assume inductively thatR = A1 + (A2 ∩ · · · ∩ Ak−1). Then

R2 =
(

A1 + (A2 ∩ · · · ∩ Ak−1)
)(

A1 + Ak

)

⊆ A1 + (A2 ∩ · · · ∩ Ak−1 ∩ Ak)

=⇒ R = R2 + A1 ⊆ A1 + (A2 ∩ · · · ∩ Ak)
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• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
Assume inductively thatR = A1 + (A2 ∩ · · · ∩ Ak−1). Then
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(
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
Assume inductively thatR = A1 + (A2 ∩ · · · ∩ Ak−1). Then

R2 =
(

A1 + (A2 ∩ · · · ∩ Ak−1)
)(

A1 + Ak

)

⊆ A1 + (A2 ∩ · · · ∩ Ak−1 ∩ Ak)

=⇒ R = R2 + A1 ⊆ A1 + (A2 ∩ · · · ∩ Ak) ⊆ R

=⇒ R = A1 + (A2 ∩ · · · ∩ Ak),

and the induction step is proved.
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
Assume inductively thatR = A1 + (A2 ∩ · · · ∩ Ak−1). Then

R2 =
(

A1 + (A2 ∩ · · · ∩ Ak−1)
)(

A1 + Ak

)

⊆ A1 + (A2 ∩ · · · ∩ Ak−1 ∩ Ak)

=⇒ R = R2 + A1 ⊆ A1 + (A2 ∩ · · · ∩ Ak) ⊆ R

=⇒ R = A1 + (A2 ∩ · · · ∩ Ak),

and the induction step is proved. Hence we can prove inductively
thatR = A1 + (A2 ∩ · · · ∩ An).
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
The proofs ofR = Ak +

⋂n

i 6=k Ai for k = 2, . . . , n are practically
the same,
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
The proofs ofR = Ak +

⋂n

i 6=k Ai for k = 2, . . . , n are practically
the same, simply by exchanging the roles ofA1 andAk in our
proof above.
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

Proof. We first show thatR = A1 + (A2 ∩ · · · ∩ An).
The proofs ofR = Ak +

⋂n

i 6=k Ai for k = 2, . . . , n are practically
the same, simply by exchanging the roles ofA1 andAk in our
proof above. This completes the proof ofCRT.
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

For anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.
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Chinese Remainder Theorem
Theorem (2.25,Chinese Remainder Theorem).
Let A1, A2, . . . , An be ideals in a ringR such that

• R2 + Ai = R, ∀i = 1, 2, . . . , n,

• Ai + Aj = R, ∀i 6= j.

For anyb1, b2, . . . , bn ∈ R, there existsb ∈ R such that

b ≡ bi (mod Ai) ∀i = 1, 2, . . . , n.

Furthermore,b is uniquely determined up to congruence modulo
the idealA1 ∩ A2 ∩ · · · ∩ An.
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CRT in Number Theory
Corollary (2.26). Let m1,m2, . . . ,mn be positive integers
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Corollary (2.26). Let m1,m2, . . . ,mn be positive integers such
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












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X ≡ b1 (mod m1)

X ≡ b2 (mod m2)
...

X ≡ bn (mod mn)

has an integral solution that is uniquely determined modulo
m = m1m2 · · ·mn.

Proof.
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Corollary (2.26). Let m1,m2, . . . ,mn be positive integers such
that(mi,mj) = 1 ∀i 6= j. For anyb1, b2, . . . , bn ∈ Z, the system
of congruences
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
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








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X ≡ b1 (mod m1)

X ≡ b2 (mod m2)
...

X ≡ bn (mod mn)

has an integral solution that is uniquely determined modulo
m = m1m2 · · ·mn.

Proof. For eachi = 1, . . . , n, consider the idealsAi = (mi) in
the ringZ.
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CRT in Number Theory
Corollary (2.26). Let m1,m2, . . . ,mn be positive integers such
that(mi,mj) = 1 ∀i 6= j. For anyb1, b2, . . . , bn ∈ Z, the system
of congruences



























X ≡ b1 (mod m1)

X ≡ b2 (mod m2)
...

X ≡ bn (mod mn)

has an integral solution that is uniquely determined modulo
m = m1m2 · · ·mn.

Proof. For eachi = 1, . . . , n, consider the idealsAi = (mi) in
the ringZ. SinceAi + Aj = Z ∀i 6= j, we can apply
Theorem 2.25 to finish the proof.
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Chinese Remainder Theorem
Corollary (2.27). If A1, A2, . . . , An are ideals in a ringR,
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Corollary (2.27). If A1, A2, . . . , An are ideals in a ringR, then

θ : R/(A1 ∩ · · · ∩ An) −→ R/A1 × · · · × R/An

a + (A1 ∩ · · · ∩ An) 7−→ (a + A1, . . . , a + An)
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Chinese Remainder Theorem
Corollary (2.27). If A1, A2, . . . , An are ideals in a ringR, then

θ : R/(A1 ∩ · · · ∩ An) −→ R/A1 × · · · × R/An

a + (A1 ∩ · · · ∩ An) 7−→ (a + A1, . . . , a + An)

is a monomorphism of rings. IfR2 + Ai = R ∀i = 1, 2, . . . , n

andAi + Aj = R ∀i 6= j, thenθ is an isomorphism of rings.

Remark.

• We also refer to Corollary (2.27) as theChinese Remainder
Theorem.
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Chinese Remainder Theorem
Corollary (2.27). If A1, A2, . . . , An are ideals in a ringR, then

θ : R/(A1 ∩ · · · ∩ An) −→ R/A1 × · · · × R/An

a + (A1 ∩ · · · ∩ An) 7−→ (a + A1, . . . , a + An)

is a monomorphism of rings. IfR2 + Ai = R ∀i = 1, 2, . . . , n

andAi + Aj = R ∀i 6= j, thenθ is an isomorphism of rings.

Remark.

• We also refer to Corollary (2.27) as theChinese Remainder
Theorem.

• Theorem (2.25) and Corollary (2.27) are practically the same.
They are just stated in different “languages”.
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Chinese Remainder Theorem
Corollary (2.27). If A1, A2, . . . , An are ideals in a ringR, then

θ : R/(A1 ∩ · · · ∩ An) −→ R/A1 × · · · × R/An

a + (A1 ∩ · · · ∩ An) 7−→ (a + A1, . . . , a + An)

is a monomorphism of rings. IfR2 + Ai = R ∀i = 1, 2, . . . , n

andAi + Aj = R ∀i 6= j, thenθ is an isomorphism of rings.

Proof.
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θ : R/(A1 ∩ · · · ∩ An) −→ R/A1 × · · · × R/An

a + (A1 ∩ · · · ∩ An) 7−→ (a + A1, . . . , a + An)

is a monomorphism of rings. IfR2 + Ai = R ∀i = 1, 2, . . . , n

andAi + Aj = R ∀i 6= j, thenθ is an isomorphism of rings.

Proof. By Theorem (2.23), the canonical epimorphisms
πk : R → R/Ak, k = 1, 2, . . . , n,
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Chinese Remainder Theorem
Corollary (2.27). If A1, A2, . . . , An are ideals in a ringR, then

θ : R/(A1 ∩ · · · ∩ An) −→ R/A1 × · · · × R/An

a + (A1 ∩ · · · ∩ An) 7−→ (a + A1, . . . , a + An)

is a monomorphism of rings. IfR2 + Ai = R ∀i = 1, 2, . . . , n

andAi + Aj = R ∀i 6= j, thenθ is an isomorphism of rings.

Proof. By Theorem (2.23), the canonical epimorphisms
πk : R → R/Ak, k = 1, 2, . . . , n, induce a ring homomorphism

θ1 : R −→ R/A1 × R/A2 × · · · × R/An

r 7−→ (r + A1, r + A2, . . . , r + An)
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Chinese Remainder Theorem
Corollary (2.27). If A1, A2, . . . , An are ideals in a ringR, then

θ : R/(A1 ∩ · · · ∩ An) −→ R/A1 × · · · × R/An

a + (A1 ∩ · · · ∩ An) 7−→ (a + A1, . . . , a + An)

is a monomorphism of rings. IfR2 + Ai = R ∀i = 1, 2, . . . , n

andAi + Aj = R ∀i 6= j, thenθ is an isomorphism of rings.

Proof. By Theorem (2.23), the canonical epimorphisms
πk : R → R/Ak, k = 1, 2, . . . , n, induce a ring homomorphism

θ1 : R −→ R/A1 × R/A2 × · · · × R/An

r 7−→ (r + A1, r + A2, . . . , r + An)

Clearly,Ker θ1 = A1 ∩ A2 ∩ · · · ∩ An.
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Proof. Moreover, ifR2 + Ai = R, ∀i = 1, . . . , n, and if
Ai + Aj = R ∀i 6= j, Theorem (2.25) tells us that for any
b1, b2, . . . , bn ∈ R, ∃b ∈ R such thatb ≡ bi (mod Ai) for all i.
Hence for any(b1 + A1, . . . , bn + An) ∈ R/A1 × · · · × R/An
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Exercise for Section III.2
1, 2, 3, 10, 11, 13, 16, 18.
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