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then]]..; R; has an identity 1y, );c; (resp. is commutative).

For everyk < I, the canonical projectiony, : [[.., R — R;
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For everyk € I, the canonical injectiony, : R, — [, ; I
with ay — (a;):cr, Wherea; = 0Vi # k, is a monomorphism
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Theorem (2.22) Let{R; | : € I} be a nonempty family of rings
and let] |,_, R; be the direct product of the additive abelian
groupsk;.
| L,c; 12 is aring with multiplication defined by
(ai)icr(bi)ier = (aibs)ier-
If R; has an identityl ;. (resp. is commutative) for adle 1,
then] [, , R; has anidentity1g, );c; (resp. is commutative).

Definition. Thering] [, R; is called the ¢xterna) direct
productof the family of rings{ R; | : € I}. Ifthe index setis
finite, sayl = {1,2,...,n}, then we sometimes write

Ry X Ry X -+- x R, instead of [\, R..
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If for eachi € I, A; is an ideal inRz;, then] [,_; A; is an ideal
in 1lier R;.
Conversely, iffI| < oo and everyR; has an identity, then
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If for eachi € I, A; is an ideal inRz;, then] [,_; A; is an ideal
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Conversely, iffI| < oo and everyR; has an identity, then
every ideal in] [,_, R, is of the form] [,_, A; with A; an ideal
n R;.
Proof. The first statement can be checked easily. We only show

the second statement here.

Let A be anideal in?; x Ry x --- X R,,. For each
k=1,2,...,n,let Ay = m,(A), wherer : [[[_, Ri — Ry is
the canonical epimorphism. Singg Is an epimorphism4,, is
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Note that ifa. = (ay,...,a,) € A,
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k=1,2,...,n,let Ay = mc(A), wheren,, : [[_, Ri — Ry iS
the canonical epimorphism. Singg is an epimorphismA,, is
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Note that ifa. = (a1, ...,a,) € A, ap = () € m(A) = Ay
foreachk =1,2,...,n. Hence, A C A; x Ay x --- X A,,.
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Proof. Let A be anideal InR; x Ry, x --- x R,,. For each
k=1,2,...,n,let Ay = mc(A), wheren,, : [[_, Ri — Ry iS
the canonical epimorphism. Singg is an epimorphismA,, is
an ideal ofR,. We clamthatd = 4; x 4, x --- x A,,.

Note that ifa. = (a1, ...,a,) € A, ap = () € m(A) = Ay
foreachk =1,2,...,n. Hence, A C A; x Ay x --- X A,,.
Conversely, leti; € A;. Thenda € A such that

a=(a1,ag,...,0,).
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Proof. Let A be anideal inR; x Ry x --- x R,,. For each
k=1,2,...,n,let Ay = mc(A), wheren,, : [[_, Ri — Ry iS
the canonical epimorphism. Singg is an epimorphismA,, is
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Note that ifa. = (a1, ...,a,) € A, ap = () € m(A) = Ay
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(a1,0,...,0) = (1g,,0,...,0)(a1,as, ...,a,) € A. Similarly,
we can show for eachthat if a, € Ax
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the canonical epimorphism. Singg is an epimorphismA,, is
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Note that ifa. = (a1, ...,a,) € A, ap = () € m(A) = Ay
foreachk =1,2,...,n. Hence, A C A; x Ay x --- X A,,.
Conversely, leti; € A;. Thenda € A such that

a = (ay,as,...,a,). Note that

(a1,0,...,0) = (1g,,0,...,0)(a1,as, ...,a,) € A. Similarly,
we can show for eachthat if a, € Ax then
(0,...,0,a4,0,...0) € A.
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k=1,2,...,n,let Ay = mc(A), wheren,, : [[_, Ri — Ry iS
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Note that ifa. = (a1, ...,a,) € A, ap = () € m(A) = Ay
foreachk =1,2,...,n. Hence, A C A; x Ay x --- X A,,.
Conversely, leti; € A;. Thenda € A such that

a = (ay,as,...,a,). Note that

(a1,0,...,0) = (1g,,0,...,0)(a1,as, ...,a,) € A. Similarly,
we can show for eachthat if a, € Ax then
(0,...,0,ax,0,...0) € A. Therefore, if

(a1,a9,...,a,) € Ay X Ay x --- x A,, then(ay,as,...,a,) =
(a1,0,...,0)+(0,a2,0,...,0)+---4+(0,...,0,a,)
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k=1,2,...,n,let Ay = mc(A), wheren,, : [[_, Ri — Ry iS
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Note that ifa. = (a1, ...,a,) € A, ap = () € m(A) = Ay
foreachk =1,2,...,n. Hence, A C A; x Ay x --- X A,,.
Conversely, leti; € A;. Thenda € A such that

a = (ay,as,...,a,). Note that

(a1,0,...,0) = (1g,,0,...,0)(a1,as, ...,a,) € A. Similarly,
we can show for eachthat if a, € Ax then
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a = (ay,as,...,a,). Note that

(a1,0,...,0) = (1g,,0,...,0)(a1,as, ...,a,) € A. Similarly,
we can show for eachthat if a, € Ax then
(0,...,0,ax,0,...0) € A. Therefore, if
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Proof. Let A be anideal inR; x Ry x --- x R,,. For each
k=1,2,...,n,let Ay = mc(A), wheren,, : [[_, Ri — Ry iS
the canonical epimorphism. Singg is an epimorphismA,, is
an ideal ofR;,. We clamthatd = A; x A, x --- x A,,.

Note that ifa. = (a1, ...,a,) € A, ap = () € m(A) = Ay
foreachk =1,2,...,n. Hence, A C A; x Ay x --- X A,,.
Conversely, leti; € A;. Thenda € A such that

a = (ay,as,...,a,). Note that

(a1,0,...,0) = (1g,,0,...,0)(a1,as, ...,a,) € A. Similarly,
we can show for eachthat if a, € Ax then
(0,...,0,ax,0,...0) € A. Therefore, if

(a1,a9,...,a,) € Ay X Ay x --- x A,, then(ay,as,...,a,) =
(a1,0,...,0) + (0,a9,0,...,0) +---4+(0,...,0,a,) € A.
HenceAd; x A, x --- x A,, C A, and this completes the proof.
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If for eachi € I, A; is an ideal inRz;, then] [,_; A; is an ideal
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R;.

Conversely, iff/| < oo and everyR; has an identity,
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|deals In Direct Products
Remark. Let{R; | i € I} be afamily of rings.
If for eachi € I, A; is an ideal inRz;, then] [,_; A; is an ideal
in 1lier R;.

Conversely, iffI| < oo and everyR; has an identity, then
every ideal in] [,_, R, is of the form] [,_, A; with A; an ideal
n R;.
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Theorem (2.23)

Let{R; | ¢ € I} be a nonempty family of rings.
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Theorem (2.23)

Let{R;|: € I} be a nonempty family of rings. 1§ is a ring, and
if {;: S — R;|:¢€ I} afamily of homomorphisms of rings,
then there is a unique homomorphism of riggsS — | [..; R
such thatr; = ¢; Vi € 1. Moreover, therind [, R; is
uniquely determined up to isomorphism by this property. In
other words] [,_, R; is a product in the category of rings.

Proof.
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if {;: S — R;|:¢€ I} afamily of homomorphisms of rings,
then there is a unique homomorphism of riggsS — | [..; R
such thatr; = ¢; Vi € 1. Moreover, therind [, R; is
uniquely determined up to isomorphism by this property. In
other words] [,_, R; is a product in the category of rings.

Proof. By Theorem (1.8.2)3!¢ : S — [[..; Ri, a group
homomorphism,
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Theorem (2.23)

Let{R;|: € I} be a nonempty family of rings. 1§ is a ring, and
if {;: S — R;|:¢€ I} afamily of homomorphisms of rings,
then there is a unique homomorphism of riggsS — | [..; R
such thatr; = ¢; Vi € 1. Moreover, therind [, R; is
uniquely determined up to isomorphism by this property. In
other words] [,_, R; is a product in the category of rings.

Proof. By Theorem (1.8.2)3!¢ : S — [[..; Ri, a group
homomorphism, such thaty = ¢, Vi € I. Recall that

pla) = (gpz-(a))iel foralla € S.
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Theorem (2.23)

Let{R;|: € I} be a nonempty family of rings. 1§ is a ring, and
if {;: S — R;|:¢€ I} afamily of homomorphisms of rings,
then there is a unique homomorphism of riggsS — | [..; R
such thatr; = ¢; Vi € 1. Moreover, therind [, R; is
uniquely determined up to isomorphism by this property. In
other words] [,_, R; is a product in the category of rings.

Proof. By Theorem (1.8.2)3!¢ : S — [[..; Ri, a group
homomorphism, such thaty = ¢, Vi € I. Recall that

p(a) = (pi(a)), , foralla € S. Itis easy to check that is
indeed a ring homomorphism. Thyi§,_, 1z; is a product in the
category of rings and therefore determined uniquely up to
Isomorphism by Theorem (1.7.3).
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Review

Corollary (1.8.7). If N1, N,, ..., N, are normal subgroups of a
groupG such that

G:NlNQ---NT,and
Ny (Ny - NgoiNisr - N,) = {e), Yk =1,...,r,
thenG2N1><N2X°'°XNT.
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Review

Corollary (1.8.7). If N1, N,, ..., N, are normal subgroups of a
groupG such that

G:NlNz“'Nr,and
Ny (Ny - NgoiNisr - N,) = {e), Yk =1,...,r,
thenGﬁN1XN2X°'°XNT.

In the proof of this corollary, we proved that the map

w : Ny XNyx--+-xXN, — G

(a1, a9, ..., a,) —  a1Qo - - Qy

IS a group isomorphism.
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Akﬂ(A1—|——|—Ak—1‘|‘Ak+1—|—An):O,\V/k:1,,n
ThenR ~ A; x Ay x --- x A,, asrings.

Proof. We have shown that the map
o A XAy x---xX A, — R

(a17a27"'7a’n) — ap T+ a1 T Gy
IS an iIsomorphism of groups.
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Internal Direct Products
Theorem(2.24) Let A,, ..., A, beideals in aring? such that
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ThenR ~ A; x Ay x --- x A,, asrings.
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Theorem(2.24) Let A,, ..., A, beideals in aring? such that
Ai+Ay+---+ A, = Rand
AgN(Ay 4+ + A 1+ A1 +--A) =0,V =1,....n.
ThenR ~ A; x Ay x --- x A,, asrings.
Proof. We have shown that the map
o A XAy x---xX A, — R

(a1, a9, ...,a,) — a1 +ay+---+a,
IS an iIsomorphism of groups. Moreover,
(a1 +az+-+an)(bi+ba+-+b,) =30 >0 ab;
= a101 + asby + - - - + a,b,,.
Note thatvi # 7, a;b; € A; N A; =0, sowe have”
Thereforey is also a ring homomorphism and hence is a ring
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Internal Direct Products
Theorem(2.24) Let A,,..., A, beideals in a ring? such that

A +As+---+ A, = Rand
Akﬂ(A1—|——|—Ak—1—|‘Ak+1—|—An):O,\V/k:1,,n
ThenR ~ A; x Ay x --- x A,, asrings.

Definition. If Risaring and4,, ..., A, are ideals inRk that
satisfy the hypothesis of Theorem (2.24),
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satisfy the hypothesis of Theorem (2.24), thers said to be the
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Internal Direct Products
Theorem(2.24) Let A,,..., A, beideals in a ring? such that

A +As+---+ A, = Rand
Akﬂ(A1—|——|—Ak—1‘|‘Ak+1—|—An):O,\V/k:1,,n
ThenR ~ A; x Ay x --- x A,, asrings.

Definition. If Risaring and4,, ..., A, are ideals inRk that
satisfy the hypothesis of Theorem (2.24), thers said to be the
(interna) direct producof the ideals4;.

Notation. We write R =[]\, A4,
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Let A, Ao, ..., A, beideals in a ring? such that
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R2—|—Az :R,\V/Z: 1,2,...,71,
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Let A, Ao, ..., A, beideals in a ring? such that
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Ai+A; =R, Vi #j.
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Let A, Ao, ..., A, beideals in a ring? such that

R+ A, =R,Vi=1,2,...,n,
Ai+A; =R, Vi #j.
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R+ A, =R, Vi=1,2,...,n,
A+ A, =R, Vi#j.
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R+ A, =R, Vi=1,2,...,n,
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Proof. We first show thal?R = A; + (A, N --- N A,).
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Let A, Ao, ..., A, beideals in a ring? such that

R+ A, =R, Vi=1,2,...,n,
A+ A, =R, Vi#j.
Proof. We first show thal?R = A; + (A, N --- N A,).
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Theorem (2.25,Chinese Remainder Theorem).
Let A, Ao, ..., A, beideals in a ring? such that

R4+ A, =R Vi=1,2,...,n,
A+ A, =R, Vi#j.
Proof. We first show thal?R = A; + (A, N --- N A,).
Sinced; + A, = RandA; + A; = R,
R? = (A + A)) (A + Ag) = A% + Aj Az + Ay A + Ay A
C A+ (AN A3).
Moreover, since?? + A, = R,
R=R"4+A CA+(ANA)CR
—> R=A;+ (A2N A3).
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RQ—I—AZ-:R,W:LQ,...,%,
A+ A =R\Vi#j.

Proof. We first show thal?R = A; + (A, N --- N A,).
Assume inductively thak = A; + (As N - N Ag_q).

Modern Aloebral = po. 11/14



Chinese Remainder Theorem

Theorem (2.25,Chinese Remainder Theorem).
Let A, Ao, ..., A, beideals in a ring? such that

RQ—I—AZ-:R,W:LQ,...,%,
A+ A =R\Vi#j.

Proof. We first show thal?R = A; + (A, N --- N A,).
Assume inductively thak = A; + (As N ---N Ax_1). Then

Modern Aloebral = po. 11/14



Chinese Remainder Theorem

Theorem (2.25,Chinese Remainder Theorem).
Let A, Ao, ..., A, beideals in a ring? such that

RQ—I—AZ-:R,W:LQ,...,%,
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Let A, Ao, ..., A, beideals in a ring? such that

RQ—I—AZ-:R,W:LQ,...,%,
A+ A =R\Vi#j.

Proof. We first show thal?R = A; + (A, N --- N A,).
Assume inductively thak = A; + (A; N --- N Ag_1). Then
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Theorem (2.25,Chinese Remainder Theorem).
Let A, Ao, ..., A, beideals in a ring? such that

RQ—I—AZ-:R,W:LQ,...,%,
A+ A =R\Vi#j.

Proof. We first show thal?R = A; + (A, N --- N A,).
Assume inductively thak = A; + (A; N --- N Ag_1). Then

R = (A1 + (AN NAe)) (A + Ay)
C A+ (AN NAg_1 N Ag)
— R=R’+A CA+(AN---NA,)CR
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Modern Aloebral = po. 11/14



Chinese Remainder Theorem

Theorem (2.25,Chinese Remainder Theorem).
Let A, Ao, ..., A, beideals in a ring? such that

RQ—I—AZ-:R,W:LQ,...,%,
A+ A =R\Vi#j.

Proof. We first show thal?R = A; + (A, N --- N A,).
Assume inductively thak = A; + (A; N --- N Ag_1). Then

R* = (Ai+ (AN - NA)) (A + Ar)
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and the induction step is proved.
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Theorem (2.25,Chinese Remainder Theorem).
Let A, Ao, ..., A, beideals in a ring? such that

RQ—I—AZ-:R,W:LQ,...,%,
A+ A =R\Vi#j.

Proof. We first show thal?R = A; + (A, N --- N A,).
Assume inductively thak = A; + (A; N --- N Ag_1). Then

R* = (Ai+ (AN - NA)) (A + Ar)
C A+ (AN NAg_1 N Ag)
— R:R2+A1§A1+(A2ﬂﬂAk)§R

— R:A1+(A2ﬂﬂAk),
and the induction step is proved. Hence we can prove indlgtiv
thatR = A, + (As N --- N Ay).
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Theorem (2.25,Chinese Remainder Theorem).
Let A, Ao, ..., A, beideals in a ring? such that

R2—|—Az :R,\V/Z: 1,2,...,71,
Ai+A; =R, Vi #j.
Proof. We first show thal?R = A; + (A, N --- N A,).

The proofs ofR = Ay + (., A: for k = 2,...,n are practically
the same,
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Theorem (2.25,Chinese Remainder Theorem).
Let A, Ao, ..., A, beideals in a ring? such that

R2—|—Az :R,\V/Z: 1,2,...,71,

Ai+ A =R, Vi # 3.
Proof. We first show thal?R = A; + (A, N --- N A,).
The proofs ofR = Ay + (., A: for k = 2,...,n are practically
the same, simply by exchanging the rolesdefand A, in our
proof above.
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Chinese Remainder Theorem

Theorem (2.25,Chinese Remainder Theorem).
Let A, Ao, ..., A, beideals in a ring? such that

R2—|—Az :R,\V/Z: 1,2,...,71,
Ai+A; =R, Vi#j.
Proof. We first show thal?R = A; + (A, N --- N A,).
The proofs ofR = Ay + (., A: for k = 2,...,n are practically

the same, simply by exchanging the rolesAgefand A;, in our
proof above. This completes the proof@RT.
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Theorem (2.25,Chinese Remainder Theorem).
Let A, Ao, ..., A, beideals in a ring? such that

R+ A, =R, Vi=1,2,...,n,
A+ A, =R, Vi#j.
For anyb,, by, ...,b, € R, there exist$ € R such that
b=b;, (mod A;) Vi=1,2,... n.
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Chinese Remainder Theorem

Theorem (2.25,Chinese Remainder Theorem).
Let A, Ao, ..., A, beideals in a ring? such that

R+ A, =R,Vi=1,2,...,n,
A+ A, =R, Vi#j.
For anyb,, by, ...,b, € R, there exist$ € R such that
b=b;, (mod A;) Vi=1,2,... n.

Furthermore) is uniquely determined up to congruence modulo
the ideald, N A, N---NA,,.
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that(m;, m;) = 1 Vi # j. For anyby, b, . .

of congruences

XEbl
XEbQ
X =0,

(mod my)

(mod my)

(mod m,,)

., m,, be positive integers such
., b, € Z, the system
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CRT in Number Theory

Corollary (2.26) Letmq, mo,...,m, be positive integers such
that(m;, m;) = 1Vi # j. For anyby, by, ..., b, € Z, the system
of congruences

X = bl (mod ml)

X = by (mod my)

X =0, (mod m,,)

has an integral solution that is uniquely determined modulo
M = M1Mso + * * My,.

Proof.
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Corollary (2.26) Letmq, mo,...,m, be positive integers such
that(m;, m;) = 1Vi # j. For anyby, by, ..., b, € Z, the system
of congruences

X = bl (mod ml)

X = by (mod my)

X =0, (mod m,,)

has an integral solution that is uniquely determined modulo
M = M1Mso + * * My,.

Proof. Foreachh =1, ... . n,
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Corollary (2.26) Letmq, mo,...,m, be positive integers such
that(m;, m;) = 1Vi # j. For anyby, by, ..., b, € Z, the system
of congruences

X = bl (mod ml)

X = by (mod my)

X =0, (mod m,,)

has an integral solution that is uniquely determined modulo

m = miMoy - My,.

Proof. Foreachh = 1,...,n, consider the ideald; = (m;) in
the ringZ.
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CRT in Number Theory

Corollary (2.26) Letmq, mo,...,m, be positive integers such
that(m;, m;) = 1Vi # j. For anyby, by, ..., b, € Z, the system
of congruences

X = bl (mod ml)

X = by (mod my)

X =0, (mod m,,)

has an integral solution that is uniquely determined modulo

m = miMoy - My,.

Proof. Foreachh = 1,...,n, consider the ideald; = (m;) in
the ringZ. SinceA; + A; = Z Vi # 7,
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CRT in Number Theory

Corollary (2.26) Letmq, mo,...,m, be positive integers such
that(m;, m;) = 1Vi # j. For anyby, by, ..., b, € Z, the system
of congruences

X = bl (mod ml)

X = by (mod my)

X =0, (mod m,,)

has an integral solution that is uniquely determined modulo

me =M1« My

Proof. For eachh = 1, ..., n, consider the ideald; = (m;) in
the ringZ. SinceA; + A, = Z Vi # j, we can apply
Theorem 2.25 to finish the proof.
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0 : R/(Ain---NA,) — R/A; x---xXR/A,
a+(A1N---NA,) — (a+ A, ...,a+A,)
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Chinese Remainder Theorem
Corollary (2.27) If A, As, ..., A, areideals in arind?, then

0 : R/(Ain---NA,) — R/A; x---xXR/A,
a+(A1N---NA,) — (a+ A, ...,a+A,)

is a monomorphism of rings. B? + A, = RVi=1,2,....n
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a+(A1N---NA,) — (a+ A, ...,a+A,)

is a monomorphism of rings. B2 + A, = RVi=1,2,...,n
andA; + A; = R Vi # j, thend Is an isomorphism of rings.
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Chinese Remainder Theorem
Corollary (2.27) If A, As, ..., A, areideals in arind?, then

0 : R/(Ain---NA,) — R/A; x---xXR/A,
a+(A1N---NA,) — (a+ A, ...,a+A,)

is a monomorphism of rings. B2 + A, = RVi=1,2,...,n
andA; + A; = R Vi # j, thend Is an isomorphism of rings.
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Chinese Remainder Theorem
Corollary (2.27) If A, As, ..., A, areideals in arind?, then

0 : R/(Ain---NA,) — R/A; x---xXR/A,
a+(A1N---NA,) — (a+ A, ...,a+A,)

is a monomorphism of rings. B2 + A, = RVi=1,2,...,n
andA; + A; = R Vi # j, thend Is an isomorphism of rings.

Remark.

We also refer to Corollary (2.27) as tRdinese Remainder
Theorem.
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Chinese Remainder Theorem
Corollary (2.27) If A, As, ..., A, areideals in arind?, then

0 : R/(Ain---NA,) — R/A; x---xXR/A,
a+(A1N---NA,) — (a+ A, ...,a+A,)

is a monomorphism of rings. B2 + A, = RVi=1,2,...,n
andA; + A; = R Vi # j, thend Is an isomorphism of rings.
Remark.

We also refer to Corollary (2.27) as tRdinese Remainder
Theorem.

Theorem (2.25) and Corollary (2.27) are practically the@sam
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Chinese Remainder Theorem
Corollary (2.27) If A, As, ..., A, areideals in arind?, then

0 : R/(Ain---NA,) — R/A; x---xXR/A,
a+ (A1N---NA,) — (a+Ay,...,a+A,)
is a monomorphism of rings. B2 + A, = RVi=1,2,...,n
andA; + A; = R Vi # j, thend Is an isomorphism of rings.
Remark.

We also refer to Corollary (2.27) as tRdinese Remainder
Theorem.

Theorem (2.25) and Corollary (2.27) are practically the@sam
They are just stated in different “languages”.
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Chinese Remainder Theorem
Corollary (2.27) If A, As, ..., A, areideals in arind?, then

0 : R/(Ain---NA,) — R/A; x---xXR/A,
a+(A1N---NA,) — (a+ A, ...,a+A,)

is a monomorphism of rings. B2 + A, = RVi=1,2,...,n
andA; + A; = R Vi # j, thend Is an isomorphism of rings.

Proof.
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Chinese Remainder Theorem
Corollary (2.27) If A, As, ..., A, areideals in arind?, then

0 : R/(Ain---NA,) — R/A; x---xXR/A,
a+(A1N---NA,) — (a+ A, ...,a+A,)

is a monomorphism of rings. B2 + A, = RVi=1,2,...,n
andA; + A; = R Vi # j, thend Is an isomorphism of rings.

Proof. By Theorem (2.23), the canonical epimorphisms
e R— R/Ag, k=1,2,...,n,
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Chinese Remainder Theorem
Corollary (2.27) If A, As, ..., A, areideals in arind?, then

0 : R/(Ain---NA,) — R/A; x---xXR/A,
a+(A1N---NA,) — (a+ A, ...,a+A,)

is a monomorphism of rings. B2 + A, = RVi=1,2,...,n
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Exercise for Section 1ll.2
1,2, 3,10, 11, 13, 16, 18.
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