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• A subring S is a nonempty subset ofR such that

(i) S is closed under the operations of addition and
multiplication inR,

(ii) S is a ring under these operations.

• Let I be asubgroup of R.

⋆ I is aright ideal if r ∈ R anda ∈ I =⇒ ar ∈ I.

⋆ I is a left ideal if r ∈ R anda ∈ I =⇒ ra ∈ I.

⋆ I is anideal if it is both a left and right ideal.

Example. Every ring has two ideals, namelyR itself and the
trivial ideal {0}. We denote the trivial ideal0.
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Definition. A proper ideal is an idealI of R such thatI 6= 0

andI 6= R.

Remark. Let R be a ring with identity1R and letI be an ideal
of R. Then the following conditions are equivalent:

(i) I = R;

(ii) 1R ∈ I;

(iii) I contains a unit ofR.

Remark. Left proper ideals and right proper ideals are defined
similarly as in the aboveDefinition. The same statement as in
the aboveRemark holds true for both left ideals and right ideals.
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Definition (2.4)
Definition (2.4). Let X be a subset of a ringR and let
{Ai | i ∈ I} be the family of all (left or right) ideals inR which
containX. Then(X) :=

⋂

i∈I Ai is called the (left or right) ideal
generated by X. The elements ofX are calledgenerators of
the ideal(X).

• If X = {x1, . . . , xn}, then the ideal(X) is denoted by
(x1, . . . , xn) and is said to befinitely generated.

• An ideal(x), generated by a single element, is called a
principal ideal.

• A principal ideal ring is a ring in which every ideal is
principal.

• A principal ideal ring which is an integral domain is called a
principal ideal domain or simply aPID.
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Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.
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Let R be a ring,a ∈ R, andX ⊆ R.
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∑m
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riasi, wherer, s, ri, si ∈ R, n ∈ Z,
m ∈ N.
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Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
i=1

riasi, wherer, s, ri, si ∈ R, n ∈ Z,
m ∈ N.

⋆ If R has an identity,
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Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
i=1

riasi, wherer, s, ri, si ∈ R, n ∈ Z,
m ∈ N.

⋆ If R has an identity, then
(a) = {

∑m
i=1

riasi | ri, si ∈ R, m ∈ N}.
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i=1

riasi | ri, si ∈ R, m ∈ N}.
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Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
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riasi, wherer, s, ri, si ∈ R, n ∈ Z,
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∑m
i=1
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Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
i=1

riasi, wherer, s, ri, si ∈ R, n ∈ Z,
m ∈ N.

⋆ If R has an identity, then
(a) = {

∑m
i=1

riasi | ri, si ∈ R, m ∈ N}.
This is becausera = ra1R, as = 1Ras, and
na = (n1R)a1R.
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Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
i=1

riasi, wherer, s, ri, si ∈ R, n ∈ Z,
m ∈ N.

⋆ If R has an identity, then
(a) = {

∑m
i=1

riasi | ri, si ∈ R, m ∈ N}.

⋆ If a is in the center ofR,
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Let R be a ring,a ∈ R, andX ⊆ R.
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Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
i=1

riasi, wherer, s, ri, si ∈ R, n ∈ Z,
m ∈ N.

⋆ If R has an identity, then
(a) = {

∑m
i=1

riasi | ri, si ∈ R, m ∈ N}.

⋆ If a is in the center ofR, then
(a) = {ra + na | r ∈ R, n ∈ Z}.
This is becausea commutes with every element inR, and
so we havera + as +

∑m
i=1

riasi = ra + sa +
∑m

i=1
risia
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Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
i=1

riasi, wherer, s, ri, si ∈ R, n ∈ Z,
m ∈ N.

⋆ If R has an identity, then
(a) = {

∑m
i=1

riasi | ri, si ∈ R, m ∈ N}.

⋆ If a is in the center ofR, then
(a) = {ra + na | r ∈ R, n ∈ Z}.
This is becausea commutes with every element inR, and
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Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
i=1

riasi, wherer, s, ri, si ∈ R, n ∈ Z,
m ∈ N.

⋆ If R has an identity, then
(a) = {

∑m
i=1

riasi | ri, si ∈ R, m ∈ N}.

⋆ If a is in the center ofR, then
(a) = {ra + na | r ∈ R, n ∈ Z}.
This is becausea commutes with every element inR, and
so we havera + as +

∑m
i=1

riasi = ra + sa +
∑m

i=1
risia

=
(
r + s +

∑m
i=1

risi

)
a, which is an element of the form

ra.
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Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
i=1

riasi, wherer, s, ri, si ∈ R, n ∈ Z,
m ∈ N.

⋆ If R has an identity, then
(a) = {

∑m
i=1

riasi | ri, si ∈ R, m ∈ N}.

⋆ If a is in the center ofR, then
(a) = {ra + na | r ∈ R, n ∈ Z}.

• Ra = {ra | r ∈ R} is a left ideal ofR
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Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
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⋆ If R has an identity, thena ∈ Ra anda ∈ aR.
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Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +
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riasi, wherer, s, ri, si ∈ R, n ∈ Z,
m ∈ N.

⋆ If R has an identity, then
(a) = {

∑m
i=1

riasi | ri, si ∈ R, m ∈ N}.

⋆ If a is in the center ofR, then
(a) = {ra + na | r ∈ R, n ∈ Z}.

• Ra = {ra | r ∈ R} is a left ideal ofR and
aR = {ar | r ∈ R} is a right ideal ofR.

⋆ If R has an identity, thena ∈ Ra anda ∈ aR.

⋆ If R has an identity anda is in the center ofR, then
Ra = (a) = aR.
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• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
i=1

riasi, wherer, s, ri, si ∈ R, n ∈ Z,
m ∈ N.

⋆ If R has an identity, then
(a) = {

∑m
i=1

riasi | ri, si ∈ R, m ∈ N}.

⋆ If a is in the center ofR, then
(a) = {ra + na | r ∈ R, n ∈ Z}.

• If R has an identity

Modern Algebra I – p. 7/38



Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
i=1

riasi, wherer, s, ri, si ∈ R, n ∈ Z,
m ∈ N.

⋆ If R has an identity, then
(a) = {

∑m
i=1

riasi | ri, si ∈ R, m ∈ N}.

⋆ If a is in the center ofR, then
(a) = {ra + na | r ∈ R, n ∈ Z}.

• If R has an identity andX is in the center ofR,

Modern Algebra I – p. 7/38



Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
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⋆ If R has an identity, then
(a) = {

∑m
i=1

riasi | ri, si ∈ R, m ∈ N}.
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Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
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i=1

riasi | ri, si ∈ R, m ∈ N}.

⋆ If a is in the center ofR, then
(a) = {ra + na | r ∈ R, n ∈ Z}.

• If R has an identity andX is in the center ofR, then the
ideal(X) consists of all finite sumsr1a1 + · · · + rmam

with m ∈ N,

Modern Algebra I – p. 7/38



Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
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m ∈ N.

⋆ If R has an identity, then
(a) = {

∑m
i=1

riasi | ri, si ∈ R, m ∈ N}.

⋆ If a is in the center ofR, then
(a) = {ra + na | r ∈ R, n ∈ Z}.

• If R has an identity andX is in the center ofR, then the
ideal(X) consists of all finite sumsr1a1 + · · · + rmam

with m ∈ N, r1, . . . , rm ∈ R,

Modern Algebra I – p. 7/38



Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
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riasi, wherer, s, ri, si ∈ R, n ∈ Z,
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i=1

riasi | ri, si ∈ R, m ∈ N}.

⋆ If a is in the center ofR, then
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• If R has an identity andX is in the center ofR, then the
ideal(X) consists of all finite sumsr1a1 + · · · + rmam

with m ∈ N, r1, . . . , rm ∈ R, a1, . . . , am ∈ X.
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Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
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If a, b ∈ R are in the center ofR,
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Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.
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Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
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Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
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⋆ If a is in the center ofR, then
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• every element in(ab) is of the formrab + nab with r ∈ R,

n ∈ Z, andrab + nab = (ra)b + (na)b ∈ (a)(b);
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Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
i=1

riasi, wherer, s, ri, si ∈ R, n ∈ Z,
m ∈ N.

⋆ If R has an identity, then
(a) = {

∑m
i=1

riasi | ri, si ∈ R, m ∈ N}.

⋆ If a is in the center ofR, then
(a) = {ra + na | r ∈ R, n ∈ Z}.
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Theorem (2.7)
Let R be a ring and letI be an ideal ofR.
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Moreover, ifR is commutative or has identity, then the same is
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Theorem (2.8)
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If f : R → S is a homomorphism of rings, thenKer f is an ideal
in R. Conversely, ifI is an ideal inR, then the map

π : R −→ R/I

r 7−→ r + I

is an epimorphism of rings with kernelI.

Definition. The mapπ is called thecanonical epimorphism or
thecanonical projection.

Modern Algebra I – p. 11/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f ,

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f ,

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is a unique
homomorphism of rings

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is a unique
homomorphism of ringsf : R/I → S

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is a unique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is aunique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is aunique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

In particular,Im f = Im f

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is aunique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

In particular,Im f = Im f andKer f = (Ker f)/I.

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is aunique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

In particular,Im f = Im f andKer f = (Ker f)/I.
Hence,f is an isomorphism

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is aunique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

In particular,Im f = Im f andKer f = (Ker f)/I.
Hence,f is an isomorphism if and only iff is an epimorphism

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is aunique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

In particular,Im f = Im f andKer f = (Ker f)/I.
Hence,f is an isomorphism if and only iff is an epimorphism
andI = Ker f .

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is aunique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

In particular,Im f = Im f andKer f = (Ker f)/I.
Hence,f is an isomorphism if and only iff is an epimorphism
andI = Ker f .

Proof. SinceI is a normal subgroup ofR with I ⊆ Ker f ,

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is aunique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

In particular,Im f = Im f andKer f = (Ker f)/I.
Hence,f is an isomorphism if and only iff is an epimorphism
andI = Ker f .

Proof. SinceI is a normal subgroup ofR with I ⊆ Ker f , using
Theorem (I.5.6),

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is aunique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

In particular,Im f = Im f andKer f = (Ker f)/I.
Hence,f is an isomorphism if and only iff is an epimorphism
andI = Ker f .

Proof. SinceI is a normal subgroup ofR with I ⊆ Ker f , using
Theorem (I.5.6), the only thing left to be checked is thatf is a
ring homomorphism.

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is aunique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

In particular,Im f = Im f andKer f = (Ker f)/I.
Hence,f is an isomorphism if and only iff is an epimorphism
andI = Ker f .

Proof. SinceI is a normal subgroup ofR with I ⊆ Ker f , using
Theorem (I.5.6), the only thing left to be checked is thatf is a
ring homomorphism. For this, leta + I, b + I ∈ R/I.

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is aunique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

In particular,Im f = Im f andKer f = (Ker f)/I.
Hence,f is an isomorphism if and only iff is an epimorphism
andI = Ker f .

Proof. SinceI is a normal subgroup ofR with I ⊆ Ker f , using
Theorem (I.5.6), the only thing left to be checked is thatf is a
ring homomorphism. For this, leta + I, b + I ∈ R/I.
f
(
(a + I)(b + I)

)

Modern Algebra I – p. 12/38



Homomorphism Theorems
Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is aunique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

In particular,Im f = Im f andKer f = (Ker f)/I.
Hence,f is an isomorphism if and only iff is an epimorphism
andI = Ker f .

Proof. SinceI is a normal subgroup ofR with I ⊆ Ker f , using
Theorem (I.5.6), the only thing left to be checked is thatf is a
ring homomorphism. For this, leta + I, b + I ∈ R/I.
f
(
(a + I)(b + I)

)
= f(ab + I)
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Theorem (2.9). If f : R → S is a homomorphism of rings and if
I is an ideal ofR with I ⊆ Ker f , then there is aunique
homomorphism of ringsf : R/I → S such that

f(a + I) = f(a) ∀a ∈ R.

In particular,Im f = Im f andKer f = (Ker f)/I.
Hence,f is an isomorphism if and only iff is an epimorphism
andI = Ker f .

Corollary (2.10,First Isomorphism Theorem).
If f : R → S is a homomorphism of rings, thenf induces an
isomorphism of ringsR/Ker f ≃ Im f .
In particular, iff : R → S is an epimorphism, then
R/Ker f ≃ S.

Proof. As in the proof of Corollary (I.5.7), this follows directly
from Theorem (2.9).
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Moreover,f is an isomorphism if and only ifIm f + J = S and
f−1(J) ⊆ I. In particular, iff is an epimorphism such that
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f(I) = J andKer f ⊆ I, thenf is an isomorphism.

Proof. We only need to show thatf−1(J) ⊆ I.
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Moreover,f is an isomorphism if and only ifIm f + J = S and
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thenf induces a homomorphism of rings

f : R/I −→ S/J

a + I 7−→ f(a) + J

Moreover,f is an isomorphism if and only ifIm f + J = S and
f−1(J) ⊆ I. In particular, iff is an epimorphism such that
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f(I) = J andKer f ⊆ I, thenf is an isomorphism.
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f : R/I −→ S/J

a + I 7−→ f(a) + J
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Corollary (2.11)Corollary (2.11). If f : R → S is a homomorphism of rings and
if I is an ideal inR andJ is an ideal inS such thatf(I) ⊆ J ,
thenf induces a homomorphism of rings

f : R/I −→ S/J

a + I 7−→ f(a) + J

Moreover,f is an isomorphism if and only ifIm f + J = S and
f−1(J) ⊆ I. In particular, iff is an epimorphism such that
f(I) = J andKer f ⊆ I, thenf is an isomorphism.

Proof. We only need to show thatf−1(J) ⊆ I. Let a ∈ f−1(J).
Thenf(a) ∈ J . Moreover, sinceJ = f(I), f(a) = f(b) for
someb ∈ I. Thusa− b ∈ Ker f ⊆ I and soa = (a− b) + b ∈ I.
Hencef−1(J) ⊆ I and this completes the proof.
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• Second Isomorphism Theorem
There is an isomorphism of rings

I/(I ∩ J) ≃ (I + J)/J.
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If I ⊆ J , thenJ/I is an ideal inR/I and there is an
isomorphism of rings
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Isomorphism Theorems
Theorem (2.12). Let I andJ be ideals in a ringR.

• Second Isomorphism Theorem
There is an isomorphism of rings

I/(I ∩ J) ≃ (I + J)/J.

• Third Isomorphism Theorem
If I ⊆ J , thenJ/I is an ideal inR/I and there is an
isomorphism of rings

(R/I)
/
(J/I) ≃ R/J.

Proof. From Corollary (I.5.9) and (I.5.10), we have the above
isomorphisms for groups.
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isomorphism of rings
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Proof. From Corollary (I.5.9) and (I.5.10), we have the above
isomorphisms for groups. However, since it is easy to check that
the corresponding maps are indeed ring homomorphisms,
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Isomorphism Theorems
Theorem (2.12). Let I andJ be ideals in a ringR.

• Second Isomorphism Theorem
There is an isomorphism of rings

I/(I ∩ J) ≃ (I + J)/J.

• Third Isomorphism Theorem
If I ⊆ J , thenJ/I is an ideal inR/I and there is an
isomorphism of rings

(R/I)
/
(J/I) ≃ R/J.

Proof. From Corollary (I.5.9) and (I.5.10), we have the above
isomorphisms for groups. However, since it is easy to check that
the corresponding maps are indeed ring homomorphisms, they
are isomorphisms of rings, too.
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Ideals ofR/I
Theorem (2.13). If I is an ideal in a ringR,
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Ideals ofR/I
Theorem (2.13). If I is an ideal in a ringR, then there is a
one-to-one correspondencebetween the set of all ideals ofR

which containI and the set of all ideals ofR/I, given by

J 7−→ J/I.
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which containI and the set of all ideals ofR/I, given by

J 7−→ J/I.

Hence every ideal inR/I is of the formJ/I, whereJ is an ideal
of R which containsI.

Proof. It can be checked directly thatJ/I is an ideal ofR/I.

Modern Algebra I – p. 15/38



Ideals ofR/I
Theorem (2.13). If I is an ideal in a ringR, then there is a
one-to-one correspondence between the set of all ideals ofR

which containI and the set of all ideals ofR/I, given by

J 7−→ J/I.

Hence every ideal inR/I is of the formJ/I, whereJ is an ideal
of R which containsI.

Proof. It can be checked directly thatJ/I is an ideal ofR/I.
Indeed, leta + I, b + I ∈ J/I with a, b ∈ J and letr + I ∈ R/I

with r ∈ R.
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Theorem (2.13). If I is an ideal in a ringR, then there is a
one-to-one correspondence between the set of all ideals ofR

which containI and the set of all ideals ofR/I, given by

J 7−→ J/I.
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of R which containsI.

Proof. It can be checked directly thatJ/I is an ideal ofR/I.
Indeed, leta + I, b + I ∈ J/I with a, b ∈ J and letr + I ∈ R/I

with r ∈ R. Then

• (a + I) − (b + I) = (a − b) + I ∈ J/I, becausea − b ∈ J ;
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which containI and the set of all ideals ofR/I, given by

J 7−→ J/I.

Hence every ideal inR/I is of the formJ/I, whereJ is an ideal
of R which containsI.

Proof. It can be checked directly thatJ/I is an ideal ofR/I.
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• (r + I)(a + I) = ra + I ∈ J/I and
(a + I)(r + I) = ar + I ∈ J/I, becausera, ar ∈ J .

HenceJ/I is an ideal ofR/I.

Modern Algebra I – p. 15/38
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Theorem (2.13). If I is an ideal in a ringR, then there is a
one-to-one correspondence between the set of all ideals ofR

which containI and the set of all ideals ofR/I, given by

J 7−→ J/I.

Hence every ideal inR/I is of the formJ/I, whereJ is an ideal
of R which containsI.

Proof. It can be checked directly thatJ/I is an ideal ofR/I.
Indeed, leta + I, b + I ∈ J/I with a, b ∈ J and letr + I ∈ R/I

with r ∈ R. Then

• (a + I) − (b + I) = (a − b) + I ∈ J/I, becausea − b ∈ J ;

• (r + I)(a + I) = ra + I ∈ J/I and
(a + I)(r + I) = ar + I ∈ J/I, becausera, ar ∈ J .

HenceJ/I is an ideal ofR/I. Next, we show thatJ 7→ J/I is a
one-to-one correspondence.
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Theorem (2.13). If I is an ideal in a ringR, then there is a
one-to-one correspondence between the set of all ideals ofR

which containI and the set of all ideals ofR/I, given by

J 7−→ J/I.

Hence every ideal inR/I is of the formJ/I, whereJ is an ideal
of R which containsI.

Proof. Consider the canonical epimorphismπ : R → R/I.
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Theorem (2.13). If I is an ideal in a ringR, then there is a
one-to-one correspondence between the set of all ideals ofR

which containI and the set of all ideals ofR/I, given by

J 7−→ J/I.

Hence every ideal inR/I is of the formJ/I, whereJ is an ideal
of R which containsI.

Proof. Consider the canonical epimorphismπ : R → R/I. If J

is an ideal ofR containingI, thenπ(J) = J/I.
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for every idealJ of R containingI, then we finish the proof
because:
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Proof of Theorem (2.15)
We need to show (ii)=⇒ (i),
and ifR is commutative then (i)=⇒ (ii).

(i) For idealsA,B in R, AB ⊆ P =⇒ A ⊆ P or B ⊆ P .

(ii) For a, b ∈ R, ab ∈ P =⇒ a ∈ P or b ∈ P .

}

=⇒ ab ∈ AB \ P.
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is a prime ideal. SinceR/P is an integral domain,1R/P 6= 0, i.e.,
1R + P 6= 0 in R/P , i.e.,1R 6∈ P . This impliesP 6= R. Now,
supposea, b ∈ R with ab ∈ P . This impliesab + P = 0 in R/P ,
i.e.,(a + P )(b + P ) = 0 in R/P . SinceR/P has no zero
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ideal inR, exceptR itself, is contained in a maximal (left or
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Since0 is an ideal and0 6= R, it suffices to show the second
statement.
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Definition (2.17). A (left or right) idealM in a ringR is said to
be amaximal (left or right) ideal ifM 6= R and for every (left or
right) idealN such thatM ⊆ N ⊆ R, eitherN = M or N = R.
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Proof of Theorem (2.18)
Theorem (2.18). If R is a ring with identity1R 6= 0, maximal
(left or right) ideals always exist. In fact, every (left or right)
ideal inR, exceptR itself, is contained in a maximal (left or
right) ideal.
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(left or right) ideals always exist. In fact, every (left or right)
ideal inR, exceptR itself, is contained in a maximal (left or
right) ideal.

Proof. SupposeA is a (left or right) ideal withA 6= R and let
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• B is a (left or right) ideal ofR.
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(left or right) ideal withM ⊆ N ( R, thenN ∈ Ω and by the
maximality ofM in Ω, N = M .
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Lemma,Ω has a maximal element, sayM . Note that ifN is a
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maximality ofM in Ω, N = M . This shows thatM is a maximal
(left or right) ideal.
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Theorem (2.18). If R is a ring with identity1R 6= 0, maximal
(left or right) ideals always exist. In fact, every (left or right)
ideal inR, exceptR itself, is contained in a maximal (left or
right) ideal.

Proof. SupposeA is a (left or right) ideal withA 6= R and let
Ω = {B | B is a (left or right) ideal inR with A ⊆ B ( R}.

Then(Ω,⊆) is a nonempty partially ordered set. Moreover,
supposeC = {Bi | i ∈ I} is a chain inΩ. TakeB =

⋃

i∈I Bi.

• B is a (left or right) ideal ofR.

• 1R /∈ Bi ∀i ∈ I =⇒ 1R /∈ B =⇒ B ( R.

HenceB ∈ Ω and is an upper bound ofC. Therefore, by Zorn’s
Lemma,Ω has a maximal element, sayM . Note that ifN is a
(left or right) ideal withM ⊆ N ( R, thenN ∈ Ω and by the
maximality ofM in Ω, N = M . This shows thatM is a maximal
(left or right) ideal. HenceA is contained in the maximal (left or
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You probably remember that if R is a commutative ring with
identity 1R 6= 0, then every maximal ideal is a prime ideal.
However, if R is just a commutative ring, we DO NOT know
if a maximal ideal is a prime ideal.

Example. Let R = 2Z and letM = 4Z. ThenM is a maximal
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with M ( I ⊆ R.
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Proof. Suppose there exists a maximal idealM which is not a
prime ideal.
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maximal, M + (a) = M + (b) = R. Then

R = R2 =
(
M + (a)

)(
M + (b)

)
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⊆ M.
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)

= M 2 + M(b) + (a)M + (a)(b)

= M 2 + M(b) + (a)M + (ab)

⊆ M.

This impliesM = R, which is a contradiction!
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Maximal Ideals Are Prime
Theorem (2.19). Let R be a commutative ring such that
R2 = R, (e.g.,R has an identity). Then every maximal idealM
in R is prime.

Proof. Suppose there exists a maximal idealM which is not a
prime ideal. Then∃a, b ∈ R such thatab ∈ M buta /∈ M and
b /∈ M . ThenM ( M + (a) andM ( M + (b). SinceM is
maximal, M + (a) = M + (b) = R. Then

R = R2 =
(
M + (a)

)(
M + (b)

)

= M 2 + M(b) + (a)M + (a)(b)

= M 2 + M(b) + (a)M + (ab)

⊆ M.

This impliesM = R, which is a contradiction! Therefore,
every maximal ideal is a prime ideal.
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Theorem (2.20)
Let R be a ring with1R 6= 0

Modern Algebra I – p. 24/38



Theorem (2.20)
Let R be a ring with1R 6= 0 and letM be an ideal inR.

Modern Algebra I – p. 24/38



Theorem (2.20)
Let R be a ring with1R 6= 0 and letM be an ideal inR.

(i) If the quotient ringR/M is a division ring,

Modern Algebra I – p. 24/38



Theorem (2.20)
Let R be a ring with1R 6= 0 and letM be an ideal inR.

(i) If the quotient ringR/M is a division ring, thenM is
maximal.

Modern Algebra I – p. 24/38



Theorem (2.20)
Let R be a ring with1R 6= 0 and letM be an ideal inR.

(i) If the quotient ringR/M is a division ring, thenM is
maximal.

(ii) If M is a maximal ideal

Modern Algebra I – p. 24/38



Theorem (2.20)
Let R be a ring with1R 6= 0 and letM be an ideal inR.

(i) If the quotient ringR/M is a division ring, thenM is
maximal.

(ii) If M is a maximal ideal andR is commutative,

Modern Algebra I – p. 24/38



Theorem (2.20)
Let R be a ring with1R 6= 0 and letM be an ideal inR.

(i) If the quotient ringR/M is a division ring, thenM is
maximal.

(ii) If M is a maximal ideal andR is commutative, then the
quotient ringR/M is a field.
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(i) If the quotient ringR/M is a division ring, thenM is
maximal.

(ii) If M is a maximal ideal andR is commutative, then the
quotient ringR/M is a field.
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Theorem (2.20)
Let R be a ring with1R 6= 0 and letM be an ideal inR.

(i) If the quotient ringR/M is a division ring, thenM is
maximal.

(ii) If M is a maximal ideal andR is commutative, then the
quotient ringR/M is a field.

Corollary. If R is a commutative ring with1R 6= 0, then an ideal
M in R is maximal if and only ifR/M is a field.
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(i) If the quotient ringR/M is a division ring, thenM is
maximal.
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Let R be a ring with1R 6= 0 and letM be an ideal inR.

(i) If the quotient ringR/M is a division ring, thenM is
maximal.

Proof. SinceR/M is a division ring,1R/M 6= 0 in R/M , i.e.,
1 + M 6= M .
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Let R be a ring with1R 6= 0 and letM be an ideal inR.

(i) If the quotient ringR/M is a division ring, thenM is
maximal.

Proof. SinceR/M is a division ring,1R/M 6= 0 in R/M , i.e.,
1 + M 6= M . This impliesM 6= R.
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(i) If the quotient ringR/M is a division ring, thenM is
maximal.

Proof. SinceR/M is a division ring,1R/M 6= 0 in R/M , i.e.,
1 + M 6= M . This impliesM 6= R. Next, letN be an ideal with
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R/M is a division ring,a + M is a unit, i.e.,∃b + M ∈ R/M

such that(a + M)(b + M) = 1 + M .
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Proof. SinceR/M is a division ring,1R/M 6= 0 in R/M , i.e.,
1 + M 6= M . This impliesM 6= R. Next, letN be an ideal with
M ( N ⊆ R. Then∃a ∈ N \ M , soa + M 6= 0 in R/M . Since
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Let R be a ring with1R 6= 0 and letM be an ideal inR.

(i) If the quotient ringR/M is a division ring, thenM is
maximal.

Proof. SinceR/M is a division ring,1R/M 6= 0 in R/M , i.e.,
1 + M 6= M . This impliesM 6= R. Next, letN be an ideal with
M ( N ⊆ R. Then∃a ∈ N \ M , soa + M 6= 0 in R/M . Since
R/M is a division ring,a + M is a unit, i.e.,∃b + M ∈ R/M

such that(a + M)(b + M) = 1 + M . Hence we have

ab + M = 1 + M

=⇒ 1 − ab ∈ M ⊆ N
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Let R be a ring with1R 6= 0 and letM be an ideal inR.

(i) If the quotient ringR/M is a division ring, thenM is
maximal.

Proof. SinceR/M is a division ring,1R/M 6= 0 in R/M , i.e.,
1 + M 6= M . This impliesM 6= R. Next, letN be an ideal with
M ( N ⊆ R. Then∃a ∈ N \ M , soa + M 6= 0 in R/M . Since
R/M is a division ring,a + M is a unit, i.e.,∃b + M ∈ R/M

such that(a + M)(b + M) = 1 + M . Hence we have

ab + M = 1 + M

=⇒ 1 − ab ∈ M ⊆ N

=⇒ 1 = (1 − ab) + ab ∈ N
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(i) If the quotient ringR/M is a division ring, thenM is
maximal.

Proof. SinceR/M is a division ring,1R/M 6= 0 in R/M , i.e.,
1 + M 6= M . This impliesM 6= R. Next, letN be an ideal with
M ( N ⊆ R. Then∃a ∈ N \ M , soa + M 6= 0 in R/M . Since
R/M is a division ring,a + M is a unit, i.e.,∃b + M ∈ R/M
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Theorem (2.20)
Let R be a ring with1R 6= 0 and letM be an ideal inR.

(i) If the quotient ringR/M is a division ring, thenM is
maximal.

Proof. SinceR/M is a division ring,1R/M 6= 0 in R/M , i.e.,
1 + M 6= M . This impliesM 6= R. Next, letN be an ideal with
M ( N ⊆ R. Then∃a ∈ N \ M , soa + M 6= 0 in R/M . Since
R/M is a division ring,a + M is a unit, i.e.,∃b + M ∈ R/M

such that(a + M)(b + M) = 1 + M . Hence we have

ab + M = 1 + M

=⇒ 1 − ab ∈ M ⊆ N

=⇒ 1 = (1 − ab) + ab ∈ N

=⇒ N = R.

Thus,M is a maximal ideal.
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Theorem (2.20)
Let R be a ring with1R 6= 0 and letM be an ideal inR.

(ii) If M is a maximal ideal andR is commutative, then the
quotient ringR/M is a field.

Proof.
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Let R be a ring with1R 6= 0 and letM be an ideal inR.

(ii) If M is a maximal ideal andR is commutative, then the
quotient ringR/M is a field.

Proof. SinceM 6= R, 1R /∈ M and this implies1R/M 6= 0 in
R/M . Hence, it’s enough to show that∀a + M 6= M in R/M ,
∃b + M ∈ R/M such that(a + M)(b + M) = 1 + M .
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Corollary (2.21)
Let R be a commutative ring with identity1R 6= 0.
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(iv) every nonzero homomorphism of ringsR → S is a
monomorphism.

Proof. We have shown (i)=⇒ (ii) =⇒ (iii) =⇒ (iv)

It remains to show (iv)=⇒ (i).
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Proof. For (iv) =⇒ (i), let a ∈ R be a nonunit and consider
the canonical homomorphismπ : R → R/(a). Sincea is a
nonunit,(a) 6= R and soπ(1) = 1 + (a) 6= (a). Thusπ is a
nonzero homomorphism andKer π = (a). By the assumption,
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We haven’t finished Section III.2,
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We haven’t finished Section III.2, but you won’t need the
remaining material to work on the problems that I assigned.
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Happy New Year!!
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