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A subring S is a nonempty subset @t such that

() S is closed under the operations of addition and
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(i) S Is a ring under these operations.

Let / be asubgroup of R.
I'isarightidealif r € Randa € I = ar € 1.
I'isaleftidealif r € Randa € I = ra € 1.
I is anideal if it is both a left and right ideal.

Example. Every ring has two ideals, namelyitself and the
trivial ideal {0}. We denote the trivial ideal.
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Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;

(i) I contains a unit of?.
Remark. Left proper ideals and right proper ideals are defined

similarly as in the abov®efinition. The same statement as in
the aboveaRemark holds true for both left ideals and right ideals.
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(x1,...,7,) and is said to bénitely generated.

An ideal(x), generated by a single element, is called a
principal ideal.

A principal ideal ring is a ring in which every ideal Is
principal.

A principal ideal ring which is an integral domain is called a
principal ideal domain or simply aPID.

Modern Aloebra |l — n. 6/38



Theorem (2.5)

Let Rbearinga € R, andX C R.
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form

ra
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form

ra + as
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form

ra + as + na
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form

m
ra+as+na+ ) . 1,05
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity,
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then
(a) — {221 rias; ‘ ri,S; € R, m e N}.
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
This I1s becausea = ralgp,
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
This I1s becausea = ralp, as = 1gas,
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Theorem (2.5)

Let Rbearinga € R, andX C R.
The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.
If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
This I1s becausea = ralp, as = 1ras, and

na = (nlg)alg.
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
If @ is in the center of?,
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}
If a iIs in the center of?, then

(@) ={ra+na|r € R, n € Z}.
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N,

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}

If a is in the center of, then

(@) ={ra+na|r € R, n € Z}.

This I1s because commutes with every element I,
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}

If a is in the center of, then

(@) ={ra+na|r € R, n € Z}.

This Is because commutes with every element g, and
sowe havea +as+ > .~ ras; =ra+sa+ Y .~ 1:8a
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}

If a is in the center of, then

(@) ={ra+na|r € R, n € Z}.

This Is because commutes with every element g, and
sowe havea +as+ > .~ ras; =ra+sa+ Y .~ 1:8a
— (7“ +s+> ", m-sz-)a,
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}

If a is in the center of, then

(@) ={ra+na|r € R, n € Z}.

This Is because commutes with every element g, and
sowe havea +as+ > .~ ras; =ra+sa+ Y .~ 1:8a
= (r+s+ >, 1;:5;)a, which is an element of the form

ra.
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}
If a iIs in the center of?, then

(@) ={ra+na|r € R, n € Z}.

Ra = {ra|r € R} is aleftideal ofR
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}

If a is inthe center ofz, then

(@) ={ra+na|r € R, n € Z}.

Ra ={ra|r € R}is aleftideal ofR and
aR ={ar|r € R} is aright ideal ofR.

Modern Alaebra |l — pn. 7/38



Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}
If a iIs in the center of?, then

(@) ={ra+na|r € R, n € Z}.

Ra ={ra|r € R}is aleftideal ofR and
aR ={ar|r € R} is aright ideal ofR.

If R has an identity, then € Ra anda € aR.
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}

If a is inthe center ofz, then

(@) ={ra+na|r € R, n € Z}.

Ra ={ra|r € R}is aleftideal ofR and
aR ={ar|r € R} is aright ideal ofR.

If R has an identity, then € Ra anda € aR.
This I1s because = 1ra € Ra
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}

If a is inthe center ofz, then

(@) ={ra+na|r € R, n € Z}.

Ra ={ra|r € R}is aleftideal ofR and
aR ={ar|r € R} is aright ideal ofR.

If R has an identity, then € Ra anda € aR.
This I1s because = 1ra € Ra anda = alp € aR.
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
If a iIs in the center of?, then
(@) ={ra+na|r € R, n € Z}.
Ra ={ra|r € R}is aleftideal ofR and
aR = {ar | r € R} is aright ideal ofR.

If R has an identity, then € Ra anda € aR.
If R has an identity
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
If a iIs in the center of?, then
(@) ={ra+na|r € R, n € Z}.
Ra ={ra|r € R}is aleftideal ofR and
aR = {ar | r € R} is aright ideal ofR.

If R has an identity, then € Ra anda € aR.
If R has an identity and is in the center of?,
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
If a iIs in the center of?, then
(@) ={ra+na|r € R, n € Z}.
Ra ={ra|r € R}is aleftideal ofR and
aR = {ar | r € R} is aright ideal ofR.
If R has an identity, then € Ra anda € aR.
If R has an identity and is in the center of?, then
Ra = (a) = aR.
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}
If a iIs in the center of?, then

(@) ={ra+na|r € R, n € Z}.

If R has an identity
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}
If a iIs in the center of?, then

(@) ={ra+na|r € R, n € Z}.

If R has an identity an& is in the center of?,
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}

If a is inthe center ofz, then

(@) ={ra+na|r € R, n € Z}.

If R has anidentity and is in the center ofz, then the
ideal (X') consists of all finite sums
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}

If a is inthe center ofz, then

(@) ={ra+na|r € R, n € Z}.

If R has anidentity and is in the center ofz, then the
ideal (X) consists of all finite sums,a; + - - - + ram,
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
If a is in the center of, then
(@) ={ra+na|r € R, n € Z}.
If R has anidentity and is in the center ofz, then the

ideal (X') consists of all finite sumsa; + - - - + 7,,a.,
with m € N,
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
If a is in the center of, then
(@) ={ra+na|r € R, n € Z}.
If R has anidentity and is in the center ofz, then the

ideal (X) consists of all finite sums,a; + - - - + ram,
withm eN, r,...,r, € R,
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
If a is in the center of, then
(@) ={ra+na|r € R, n € Z}.
If R has anidentity and is in the center ofz, then the

ideal (X') consists of all finite sumsa; + - - - + 7,,a.,
withmeN, ri,...,r, € R, a1,...,a, € X.
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}
If a iIs in the center of?, then

(@) ={ra+na|r € R, n € Z}.

If a,b € R are in the center ok,

Modern Alaebra |l — pn. 7/38



Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then

(a) ={> 2, mas; | ri,s; € R, m € N}
If a iIs in the center of?, then

(@) ={ra+na|r € R, n € Z}.

If a,b € R are in the center ok, then(a)(b) = (ab), because
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.
If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
If a is in the center of?, then
(@) ={ra+na|r € R, n € Z}.
If a,b € R are in the center ok, then(a)(b) = (ab), because

every element injab) is of the formrab 4+ nab with r € R,
n € 4,
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.
If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
If a is in the center of?, then
(@) ={ra+na|r € R, n € Z}.
If a,b € R are in the center ok, then(a)(b) = (ab), because

every element injab) is of the formrab 4+ nab with r € R,
n € Z, andrab + nab = (ra)b + (na)b

Modern Alaebra |l — pn. 7/38



Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.
If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
If a is in the center of?, then
(@) ={ra+na|r € R, n € Z}.
If a,b € R are in the center ok, then(a)(b) = (ab), because

every element injab) is of the formrab 4+ nab with r € R,
n € Z, andrab 4+ nab = (ra)b+ (na)b € (a)(b);
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form

ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,

m € N.
If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
If a is inthe center ofz, then
(@) ={ra+na|r € R, n € Z}.

If a,b € R are in the center ok, then(a)(b) = (ab), because
every element ifad) is of the formrab + nab with r € R,
n € Z, andrab + nab = (ra)b + (na)b € (a)(b);
every elementinja)(b) is a finite sum of elements of the
form (ra + na)(sb +mb) with r, s € R, n,m € Z,
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
If a is inthe center ofz, then
(@) ={ra+na|r € R, n € Z}.
If a,b € R are in the center ok, then(a)(b) = (ab), because
every element injab) is of the formrab 4+ nab with r € R,
n € Z, andrab 4+ nab = (ra)b+ (na)b € (a)(b);
every elementinja)(b) is a finite sum of elements of the

form (ra + na)(sb + mb) with r, s € R, n, m € Z, and
(ra+na)(sb+mb) = rsab+mrab—+nsab-+nmab
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Theorem (2.5)

Let Rbearinga € R, andX C R.

The principal ideala) consists of all elements of the form
ra+as+na+ Y. ras;, wherer s, r;,s; € R, n € Z,
m € N.

If R has an identity, then
(a) ={> 2, mas; | ri,s; € R, m € N}
If a is inthe center ofz, then
(@) ={ra+na|r € R, n € Z}.
If a,b € R are in the center ok, then(a)(b) = (ab), because
every element injab) is of the formrab 4+ nab with r € R,
n € Z, andrab 4+ nab = (ra)b+ (na)b € (a)(b);
every elementinja)(b) is a finite sum of elements of the

form (ra + na)(sb + mb) with r, s € R, n, m € Z, and
(ra+na)(sb+mb) = rsab+mrab+nsab-+nmab € (ab).
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Notations
Let A, B, A;, As, ..., A, be nonempty subsets of a riig)
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Notations
Let A, B, A;, As, ..., A, be nonempty subsets of a riig)

A+ As+--- + Ay
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Notations
Let A, B, A;, As, ..., A, be nonempty subsets of a riig)

—{a1+ay+-+an|a; €A, Vi=1,2,... n}.
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Notations
Let A, B, A;, As, ..., A, be nonempty subsets of a riig)

—{a1+ay+-+an|a; €A, Vi=1,2,... n}.

AB
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Notations
Let A, B, A;, As, ..., A, be nonempty subsets of a riig)

—{a1+ay+-+an|a; €A, Vi=1,2,... n}.

AB :{albl+---+ambm\mEN, &Z‘EA, bZEB}
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Notations
Let A, B, A;, As, ..., A, be nonempty subsets of a riig)

—{a1+ay+-+an|a; €A, Vi=1,2,... n}.

AB :{albl+---+ambm\mEN, &Z‘EA, bz EB}
A A5 - A, denotes the set of
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Notations
Let A, B, A;, As, ..., A, be nonempty subsets of a riig)

—{a1+ay+-+an|a; €A, Vi=1,2,... n}.

AB :{albl+---+ambm\mEN, CLZ'EA, bZEB}

A A, -+ A, denotes the set of all finite sums of elements of
the forma;as - - -a, witha; € A, fori =1,2,... n.
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Notations
Let A, B, A;, As, ..., A, be nonempty subsets of a riig)

—{a1+ay+-+an|a; €A, Vi=1,2,... n}.

AB :{albl+---+ambm\mEN, CLZ'EA, bZEB}

A Ay - A, denotes the set of dihite sumsof elements of
the forma;as - - -a, witha; € A, fori =1,2,... n.
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Notations
Let A, B, A;, As, ..., A, be nonempty subsets of a riig)

—{a1+ay+-+an|a; €A, Vi=1,2,... n}.

AB :{albl+---+ambm\mEN, CLZ'EA, bZEB}

A Ay - A, denotes the set of dihite sumsof elements of
the forma;as - - -a, witha; € A, fori =1,2,... n.

IfAleQZZAn:A,
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Notations
Let A, B, A;, As, ..., A, be nonempty subsets of a riig)

—{a1+ay+-+an|a; €A, Vi=1,2,... n}.

AB :{albl+---+ambm\mEN, CLZ'EA, bZEB}

A Ay - A, denotes the set of dihite sumsof elements of
the forma;as - - -a, witha; € A, fori =1,2,... n.

IfAleQZZAn:A,
AjAy- A
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Notations
Let A, B, A;, As, ..., A, be nonempty subsets of a riig)

—{a1+ay+-+an|a; €A, Vi=1,2,... n}.

AB :{albl+---+ambm\mEN, CLZ'EA, bZEB}

A A, -+ A, denotes the set of dihite sumsof elements of

the forma;as - - -a, witha; € A, fori =1,2,... n.
IfAleQZZAn:A,
AjAy- A, =AA--- A

WV
n factors
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Notations
Let A, B, A;, As, ..., A, be nonempty subsets of a riig)

—{a1+ay+-+an|a; €A, Vi=1,2,... n}.

AB :{albl+---+ambm\mEN, CLZ'EA, bZEB}

A A, -+ A, denotes the set of dihite sumsof elements of

the forma;as - - -a, witha; € A, fori =1,2,... n.
IfAleQZZAn:A,
AjAg- A, =AA- A = A"

WV
n factors
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Theorem (2.7)

Let R be aring and lef be an ideal ofR.
Then the additive quotient group/! is a ring with
multiplication given by

(a+1)(b+1)=ab+ 1 Va,b€e R.

Moreover, If R iIs commutative or has identity, then the same is
true forR/I. In particular, if R is a ring with identityl g, it is
easy to see thdtz + I is the identity ofR/1.
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Theorem (2.8)

If f: R— Sisahomomorphism of rings, théter f is an ideal
In R. Conversely, Ifl is an ideal inR, then the map

T : R — R/I

r —— r-+1

IS an epimorphism of rings with kernél

Definition. The mapr is called thecanonical epimorphism or
the canonical projection.
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Homomorphism Theorems

Theorem((2.9). If f : R — S'is a homomorphism of rings and if
I is an ideal ofR with I C Ker f, then there is anigue
homomorphism of ringg : R/I — S such that

fla+1)= f(a)Va € R.

In particularIm f = Im f andKer f = (Ker f)/I.
Hence,f is an isomorphism if and only if is an epimorphism
and/ = Ker f.

Corollary (2.10,First Isomorphism Theorem).

If f: R— Sisahomomorphism of rings, thehinduces an
iIsomorphism of rings R/ Ker f ~ Im f.

In particular, iff : R — S is an epimorphism, then

R/Ker f ~ S.

Proof. As in the proof of Corollary (1.5.7), this follows directly
from Theorem (2.9).
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If is anideal ink and.J is an ideal inS such thatf (/) C J,
then f induces a homomorphism of rings

f : R/I — S/ J
a+1 — fla)+J

Proof. Consider the composition of homomorphisms
g: R Ls S/J. Note thatker g = f~*(J). Sincef(I) C J,
we havel C f~!(J) = Ker g. By Theorem (2.9), there exists a

uniqgue homomorphism : R/I — S/J such that
g(a+1) = g(a) = f(a) + J, which is the magf that we want.
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f(I) = J andKer f C I, thenf is an isomorphism.

Proof. We only need to show thgt™'(J) C I. Leta € f~1(J).
Thenf(a) € J. Moreover, since/ = f(I), f(a) = f(b) for
someb € [. Thusa —be Kerf CTandso = (a—b)+b € I.
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There Is an isomorphism of rings

I/InJ)y~{I+J)/J

Third Isomorphism Theorem
If I C J, thenJ/IisanidealinkR/I and there is an

Isomorphism of rings

(R/T)/(J/I) ~ R/J.

Proof. From Corollary (1.5.9) and (1.5.10), we have the above
Isomorphisms for groups. However, since it is easy to chieak t
the corresponding maps are indeed ring homomorphisms, they
are isomorphisms of rings, too.
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nonunit,(a) ## Rand sor(1) =1+ (a) # (a). Thuswis a
nonzero homomorphism antkr 7 = (a).
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We haven't finished Section I11.2,
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We haven't finished Section 1l1.2, but you won’t need the
remaining material to work on the problems that | assigned.
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Happy New Year!!
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