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• (
∑n

i=1
ai)
(
∑m

j=1
bj

)

=
∑n

i=1

∑m

j=1
aibj, ∀ai, bj ∈ R.

Modern Algebra I – p. 3/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor
if ∃b ∈ R \ {0} such thatab = 0

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor (resp.right zero divisor)
if ∃b ∈ R \ {0} such thatab = 0

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor (resp.right zero divisor)
if ∃b ∈ R \ {0} such thatab = 0 (resp.ba = 0).

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor (resp.right zero divisor)
if ∃b ∈ R \ {0} such thatab = 0 (resp.ba = 0).
In other words, if a, b ∈ R \ {0} such that ab = 0,

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor (resp.right zero divisor)
if ∃b ∈ R \ {0} such thatab = 0 (resp.ba = 0).
In other words, if a, b ∈ R \ {0} such that ab = 0, then a

is a left zero divisor

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor (resp.right zero divisor)
if ∃b ∈ R \ {0} such thatab = 0 (resp.ba = 0).
In other words, if a, b ∈ R \ {0} such that ab = 0, then a

is a left zero divisor and b is a right zero divisor.

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor (resp.right zero divisor)
if ∃b ∈ R \ {0} such thatab = 0 (resp.ba = 0).
In other words, if a, b ∈ R \ {0} such that ab = 0, then a

is a left zero divisor and b is a right zero divisor.

• a is called azero divisor

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor (resp.right zero divisor)
if ∃b ∈ R \ {0} such thatab = 0 (resp.ba = 0).
In other words, if a, b ∈ R \ {0} such that ab = 0, then a

is a left zero divisor and b is a right zero divisor.

• a is called azero divisor if a is both a left zero divisor and
a right zero divisor.

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor (resp.right zero divisor)
if ∃b ∈ R \ {0} such thatab = 0 (resp.ba = 0).
In other words, if a, b ∈ R \ {0} such that ab = 0, then a

is a left zero divisor and b is a right zero divisor.

• a is called azero divisor if a is both a left zero divisor and
a right zero divisor.

Remark. A ring R has no zero divisors

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor (resp.right zero divisor)
if ∃b ∈ R \ {0} such thatab = 0 (resp.ba = 0).
In other words, if a, b ∈ R \ {0} such that ab = 0, then a

is a left zero divisor and b is a right zero divisor.

• a is called azero divisor if a is both a left zero divisor and
a right zero divisor.

Remark. A ring R has no zero divisors if and only if the right
and left cancelation laws hold inR,

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor (resp.right zero divisor)
if ∃b ∈ R \ {0} such thatab = 0 (resp.ba = 0).
In other words, if a, b ∈ R \ {0} such that ab = 0, then a

is a left zero divisor and b is a right zero divisor.

• a is called azero divisor if a is both a left zero divisor and
a right zero divisor.

Remark. A ring R has no zero divisors if and only if the right
and left cancelation laws hold inR, i.e.,∀a, b, c ∈ R, a 6= 0,

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor (resp.right zero divisor)
if ∃b ∈ R \ {0} such thatab = 0 (resp.ba = 0).
In other words, if a, b ∈ R \ {0} such that ab = 0, then a

is a left zero divisor and b is a right zero divisor.

• a is called azero divisor if a is both a left zero divisor and
a right zero divisor.

Remark. A ring R has no zero divisors if and only if the right
and left cancelation laws hold inR, i.e.,∀a, b, c ∈ R, a 6= 0,
ab = ac or ba = ca

Modern Algebra I – p. 4/33



Zero Divisors
Definition (1.3). Let R be a ring and leta ∈ R \ {0}.

• a is called aleft zero divisor (resp.right zero divisor)
if ∃b ∈ R \ {0} such thatab = 0 (resp.ba = 0).
In other words, if a, b ∈ R \ {0} such that ab = 0, then a

is a left zero divisor and b is a right zero divisor.

• a is called azero divisor if a is both a left zero divisor and
a right zero divisor.

Remark. A ring R has no zero divisors if and only if the right
and left cancelation laws hold inR, i.e.,∀a, b, c ∈ R, a 6= 0,
ab = ac or ba = ca =⇒ b = c.

Modern Algebra I – p. 4/33



Invertible
Definition (1.4). Let R be a ring with identity1R

Modern Algebra I – p. 5/33



Invertible
Definition (1.4). Let R be a ring with identity1R and leta ∈ R.

Modern Algebra I – p. 5/33



Invertible
Definition (1.4). Let R be a ring with identity1R and leta ∈ R.

• a is said to beleft invertible

Modern Algebra I – p. 5/33



Invertible
Definition (1.4). Let R be a ring with identity1R and leta ∈ R.

• a is said to beleft invertible
if ∃b ∈ R such thatba = 1R

Modern Algebra I – p. 5/33



Invertible
Definition (1.4). Let R be a ring with identity1R and leta ∈ R.

• a is said to beleft invertible
if ∃b ∈ R such thatba = 1R

The elementb is called aleft (resp.right) inverse of a.

Modern Algebra I – p. 5/33



Invertible
Definition (1.4). Let R be a ring with identity1R and leta ∈ R.

• a is said to beleft invertible (resp.right invertible)
if ∃b ∈ R such thatba = 1R

The elementb is called aleft (resp.right) inverse of a.

Modern Algebra I – p. 5/33



Invertible
Definition (1.4). Let R be a ring with identity1R and leta ∈ R.

• a is said to beleft invertible (resp.right invertible)
if ∃b ∈ R such thatba = 1R (resp.ab = 1R).
The elementb is called aleft (resp.right) inverse of a.

Modern Algebra I – p. 5/33



Invertible
Definition (1.4). Let R be a ring with identity1R and leta ∈ R.

• a is said to beleft invertible (resp.right invertible)
if ∃b ∈ R such thatba = 1R (resp.ab = 1R).
The elementb is called aleft (resp.right) inverse of a.

Modern Algebra I – p. 5/33



Invertible
Definition (1.4). Let R be a ring with identity1R and leta ∈ R.

• a is said to beleft invertible (resp.right invertible)
if ∃b ∈ R such thatba = 1R (resp.ab = 1R).
The elementb is called aleft (resp.right) inverse of a.

• a is said to beinvertible or to be aunit

Modern Algebra I – p. 5/33



Invertible
Definition (1.4). Let R be a ring with identity1R and leta ∈ R.

• a is said to beleft invertible (resp.right invertible)
if ∃b ∈ R such thatba = 1R (resp.ab = 1R).
The elementb is called aleft (resp.right) inverse of a.

• a is said to beinvertible or to be aunit if it is both left and
right invertible.

Modern Algebra I – p. 5/33



Invertible
Definition (1.4). Let R be a ring with identity1R and leta ∈ R.

• a is said to beleft invertible (resp.right invertible)
if ∃b ∈ R such thatba = 1R (resp.ab = 1R).
The elementb is called aleft (resp.right) inverse of a.

• a is said to beinvertible or to be aunit if it is both left and
right invertible.

Remark.

(i) If a ∈ R is invertible,

Modern Algebra I – p. 5/33



Invertible
Definition (1.4). Let R be a ring with identity1R and leta ∈ R.

• a is said to beleft invertible (resp.right invertible)
if ∃b ∈ R such thatba = 1R (resp.ab = 1R).
The elementb is called aleft (resp.right) inverse of a.

• a is said to beinvertible or to be aunit if it is both left and
right invertible.

Remark.

(i) If a ∈ R is invertible, then its left inverse and right inverse
must coincide.

Modern Algebra I – p. 5/33



Invertible
Definition (1.4). Let R be a ring with identity1R and leta ∈ R.

• a is said to beleft invertible (resp.right invertible)
if ∃b ∈ R such thatba = 1R (resp.ab = 1R).
The elementb is called aleft (resp.right) inverse of a.

• a is said to beinvertible or to be aunit if it is both left and
right invertible.

Remark.

(i) If a ∈ R is invertible, then its left inverse and right inverse
must coincide.
a−1

L = a−1
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L (aa−1

R ) = (a−1

L a)a−1
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Definition (1.5)
Let R be a ring.

• R is called anintegral domain if

∗ R is commutative,

∗ R has an identity1R 6= 0,

∗ R has no zero divisors.

• R is called adivision ring if

⋆ R has an identity1R 6= 0,

⋆ every nonzero element ofR is a unit.

• R is called afield if it is a commutative division ring.

Remark. A field is a commutative ring with an identity1R 6= 0

such that every nonzero element is a unit.
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• A ring R with identity is a division ring if and only if the

nonzero elements ofR form a group under multiplication.

• Every field is an integral domain.

Example. Forn ∈ N, Zn is a commutative ring with identity1
andU(Zn) = {i ∈ Zn | gcd(i, n) = 1}. This is because

gcd(i, n) = 1 ⇐⇒ ∃s, t ∈ Z such thatsi + tn = 1

⇐⇒ ∃s ∈ Zn such thatsi = 1 in Zn.

HenceZn is a field if and only ifn is a prime number.
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With these operations,R(G) is a ring and is called thegroup
ring of G over R.

• R(G) is commutative if and only if bothR andG are
commutative.
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With these operations,R(G) is a ring and is called thegroup
ring of G over R.

• If R has an identity1R and if e is the identity ofG,
then1Re is the identity of the ringR(G).
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Note that fora, b ∈ A,

(f + g)(a + b) = f(a + b) + g(a + b)

=
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)
+
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(
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+
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)

= (f + g)(a) + (f + g)(b).

Thusf + g ∈ EndA and so the addition defined above is indeed
a binary operation onEndA.
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f + g : A −→ A

a 7−→ f(a) + g(a)

With this addition and composition of functions as
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f + g : A −→ A
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Remark
Let (R,+, ·) be a ring.
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Binomial Coefficients
RECALL : Forn ∈ N andk ∈ Z with 0 ≤ k ≤ n,

Modern Algebra I – p. 15/33



Binomial Coefficients
RECALL : Forn ∈ N andk ∈ Z with 0 ≤ k ≤ n,
(

n

k

)

=
n!

k!(n − k)!

Modern Algebra I – p. 15/33



Binomial Coefficients
RECALL : Forn ∈ N andk ∈ Z with 0 ≤ k ≤ n,
(

n

k

)

=
n!

k!(n − k)!
is called thebinomial coefficient.

Modern Algebra I – p. 15/33



Binomial Coefficients
RECALL : Forn ∈ N andk ∈ Z with 0 ≤ k ≤ n,
(

n

k

)

=
n!

k!(n − k)!
is called thebinomial coefficient.

Theorem (1.6Binomial Theorem). Let R be a ring with identity.

Modern Algebra I – p. 15/33



Binomial Coefficients
RECALL : Forn ∈ N andk ∈ Z with 0 ≤ k ≤ n,
(

n

k

)

=
n!

k!(n − k)!
is called thebinomial coefficient.

Theorem (1.6Binomial Theorem). Let R be a ring with identity.
Forn ∈ N, a, b, a1, a2, . . . , as ∈ R,

Modern Algebra I – p. 15/33



Binomial Coefficients
RECALL : Forn ∈ N andk ∈ Z with 0 ≤ k ≤ n,
(

n

k

)

=
n!

k!(n − k)!
is called thebinomial coefficient.

Theorem (1.6Binomial Theorem). Let R be a ring with identity.
Forn ∈ N, a, b, a1, a2, . . . , as ∈ R,

• if ab = ba,

Modern Algebra I – p. 15/33



Binomial Coefficients
RECALL : Forn ∈ N andk ∈ Z with 0 ≤ k ≤ n,
(

n

k

)

=
n!

k!(n − k)!
is called thebinomial coefficient.

Theorem (1.6Binomial Theorem). Let R be a ring with identity.
Forn ∈ N, a, b, a1, a2, . . . , as ∈ R,

• if ab = ba, then(a + b)n =
∑n

k=0

(

n

k

)

akbn−k;

Modern Algebra I – p. 15/33



Binomial Coefficients
RECALL : Forn ∈ N andk ∈ Z with 0 ≤ k ≤ n,
(

n

k

)

=
n!

k!(n − k)!
is called thebinomial coefficient.

Theorem (1.6Binomial Theorem). Let R be a ring with identity.
Forn ∈ N, a, b, a1, a2, . . . , as ∈ R,

• if ab = ba, then(a + b)n =
∑n

k=0

(

n

k

)

akbn−k;

• if aiaj = ajai ∀i, j,

Modern Algebra I – p. 15/33



Binomial Coefficients
RECALL : Forn ∈ N andk ∈ Z with 0 ≤ k ≤ n,
(

n

k

)

=
n!

k!(n − k)!
is called thebinomial coefficient.

Theorem (1.6Binomial Theorem). Let R be a ring with identity.
Forn ∈ N, a, b, a1, a2, . . . , as ∈ R,

• if ab = ba, then(a + b)n =
∑n

k=0

(

n

k

)

akbn−k;

• if aiaj = ajai ∀i, j, then(a1 + a2 + · · · + as)
n =

Modern Algebra I – p. 15/33



Binomial Coefficients
RECALL : Forn ∈ N andk ∈ Z with 0 ≤ k ≤ n,
(

n

k

)

=
n!

k!(n − k)!
is called thebinomial coefficient.

Theorem (1.6Binomial Theorem). Let R be a ring with identity.
Forn ∈ N, a, b, a1, a2, . . . , as ∈ R,

• if ab = ba, then(a + b)n =
∑n

k=0

(

n

k

)

akbn−k;
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Remark. Even ifR andS both have identities1R and1S, we do
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Remark. The class of all rings together with all ring
homomorphisms forms a (concrete) category.
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Exercise for Section III.1
2, 3, 5, 6, 11, 12, 14, 16.
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Just as normal subgroups play a crucial role in the theory of
groups, ideals play an analogous role in the study of rings.
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Remark
Let f : R → S be a ring homomorphism.
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Let f : R → S be a ring homomorphism.

• Ker f is an ideal ofR.
In fact, if J is an ideal ofS, thenf−1(J) is an ideal ofR.
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Example. Consider the ring homomorphismf : Z → Q given
by f(n) = n.

Modern Algebra I – p. 24/33



Remark
Let f : R → S be a ring homomorphism.

• Ker f is an ideal ofR.
In fact, if J is an ideal ofS, thenf−1(J) is an ideal ofR.

• However, ifI is an ideal ofR, f(I) may not be an ideal ofS.
In particular,Im f may not be an ideal ofS.

Example. Consider the ring homomorphismf : Z → Q given
by f(n) = n. ThenIm f = Z, which is not an ideal ofQ;

Modern Algebra I – p. 24/33



Remark
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• Ker f is an ideal ofR.
In fact, if J is an ideal ofS, thenf−1(J) is an ideal ofR.

• However, ifI is an ideal ofR, f(I) may not be an ideal ofS.
In particular,Im f may not be an ideal ofS.

Example. Consider the ring homomorphismf : Z → Q given
by f(n) = n. ThenIm f = Z, which is not an ideal ofQ; for
example,1

2
· 3 = 3

2
6∈ Z, even though1

2
∈ Q and3 ∈ Z.
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Remark
Let f : R → S be a ring homomorphism.

• Ker f is an ideal ofR.
In fact, if J is an ideal ofS, thenf−1(J) is an ideal ofR.

• However, ifI is an ideal ofR, f(I) may not be an ideal ofS.
In particular,Im f may not be an ideal ofS.

Example. Consider the ring homomorphismf : Z → Q given
by f(n) = n. ThenIm f = Z, which is not an ideal ofQ; for
example,1

2
· 3 = 3

2
6∈ Z, even though1

2
∈ Q and3 ∈ Z. In fact,

the only idealI of Z such thatf(I) is an ideal ofQ is I = 0.
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Proper Ideals
Definition. A proper ideal is an idealI of R
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Remark. Let R be a ring with identity1R and letI be an ideal
of R.
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Remark. Let R be a ring with identity1R and letI be an ideal
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(ii) 1R ∈ I;
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(iii) I contains a unit ofR.

Proof. It is clear that(i) =⇒ (ii) =⇒ (iii). Hence we only
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andI 6= R.

Remark. Let R be a ring with identity1R and letI be an ideal
of R. Then the following conditions are equivalent:

(i) I = R;

(ii) 1R ∈ I;

(iii) I contains a unit ofR.

Proof. It is clear that(i) =⇒ (ii) =⇒ (iii). Hence we only
need to show(iii) =⇒ (i). Let u ∈ I be a unit inR. Then there
existsu−1 ∈ R. For allr ∈ R, sincer = (ru−1)u, ru−1 ∈ R, and
u ∈ I, we haver = (ru−1)u ∈ I. ThusR ⊆ I and soI = R.

Modern Algebra I – p. 25/33



Proper Ideals
Definition. A proper ideal is an idealI of R such thatI 6= 0

andI 6= R.

Remark. Let R be a ring with identity1R and letI be an ideal
of R. Then the following conditions are equivalent:

(i) I = R;

(ii) 1R ∈ I;

(iii) I contains a unit ofR.

Remark. Left proper ideals and right proper ideals are defined
similarly as in the above Definition.

Modern Algebra I – p. 25/33



Proper Ideals
Definition. A proper ideal is an idealI of R such thatI 6= 0

andI 6= R.

Remark. Let R be a ring with identity1R and letI be an ideal
of R. Then the following conditions are equivalent:

(i) I = R;

(ii) 1R ∈ I;

(iii) I contains a unit ofR.

Remark. Left proper ideals and right proper ideals are defined
similarly as in the above Definition. The same statement as inthe
above Remark holds true for both left ideals and right ideals;

Modern Algebra I – p. 25/33



Proper Ideals
Definition. A proper ideal is an idealI of R such thatI 6= 0

andI 6= R.

Remark. Let R be a ring with identity1R and letI be an ideal
of R. Then the following conditions are equivalent:

(i) I = R;

(ii) 1R ∈ I;

(iii) I contains a unit ofR.

Remark. Left proper ideals and right proper ideals are defined
similarly as in the above Definition. The same statement as inthe
above Remark holds true for both left ideals and right ideals; the
proof is the same or practically the same.
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only if

(i) a, b ∈ I =⇒ a − b ∈ I,

(ii) a ∈ I andr ∈ R =⇒ ra ∈ I (resp.ar ∈ I).

Proof. Since(i) tells us thatI is a subgroup ofR, this follows
from our remark to the definition of ideals.
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Corollary (2.3). Let {Ai | i ∈ I} be a family of (left or right)
ideals in a ringR.
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Corollary (2.3). Let {Ai | i ∈ I} be a family of (left or right)
ideals in a ringR. Then

⋂

i∈I Ai is a (left or right) ideal.

Proof. This is easy to check using Theorem (2.2).
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{Ai | i ∈ I} be the family of all (left or right) ideals inR which
containX. Then(X) :=
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the ideal(X).

• If X = {x1, . . . , xn}, then the ideal(X) is denoted by
(x1, . . . , xn) and is said to befinitely generated.

• An ideal(x), generated by a single element, is called a
principal ideal.
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principal ideal.

• A principal ideal ring is a ring in which every ideal is
principal.
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Definition (2.4)
Definition (2.4). Let X be a subset of a ringR and let
{Ai | i ∈ I} be the family of all (left or right) ideals inR which
containX. Then(X) :=

⋂

i∈I Ai is called the (left or right) ideal
generated by X. The elements ofX are calledgenerators of
the ideal(X).

• If X = {x1, . . . , xn}, then the ideal(X) is denoted by
(x1, . . . , xn) and is said to befinitely generated.

• An ideal(x), generated by a single element, is called a
principal ideal.

• A principal ideal ring is a ring in which every ideal is
principal.

• A principal ideal ring which is an integral domain is called a
principal ideal domain or simply aPID.

Modern Algebra I – p. 27/33



Theorem (2.5)
Let R be a ring,a ∈ R, andX ⊆ R.
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Let R be a ring,a ∈ R, andX ⊆ R.

• The principal ideal(a) consists of all elements of the form
ra + as + na +

∑m
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riasi, wherer, s, ri, si ∈ R, n ∈ Z,

m ∈ N.

⋆ If R has an identity, then
(a) = {

∑m

i=1
riasi | ri, si ∈ R, m ∈ N}.

This is becausera = ra1R, as = 1Ras, and
na = (n1R)a1R.
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Theorem (2.7)
Let R be a ring and letI be an ideal ofR.
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Then the additive quotient groupR/I is a ring with
multiplication given by

(a + I)(b + I) = ab + I ∀a, b ∈ R.

Moreover, ifR is commutative or has identity, then the same is
true forR/I.

Proof. If R is commutative, it is easy to see thatR/I is also
commutative. IfR is a ring with identity1R, it is easy to see that
1R + I is the identity ofR/I.
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Theorem (2.8)
If f : R → S is a homomorphism of rings, thenKer f is an ideal
in R. Conversely, ifI is an ideal inR, then the map

π : R −→ R/I

r 7−→ r + I

is an epimorphism of rings with kernelI.

Definition. The mapπ is called thecanonical epimorphism or
thecanonical projection.
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Exercise for Section III.2
1, 2, 3, 10, 11, 13, 16, 18.
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