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must coincide.

(i) The set of units in a rindg? with identity, denoted by/( R),
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Definition (1.5)
Let R be aring.

R 1s called anntegral domain if
x [ 1S commutative,

x [ has an identityl zp # 0,

* IR has no zero divisors.

R 1s called adivision ring if

* R has an identityl p # 0,
* every nonzero element @ is a unit.

R 1s called dfield if it is a commutative division ring.

Remark. A field is a commutative ring with an identityz # 0
such that every nonzero element is a unit.
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Remark

A ring R with identity is a division ring if and only if the
nonzero elements dt form a group under multiplication.

Every field is an integral domain.

Example. Forn € N, Z,, is a commutative ring with identity
andU(Z,) = {i € Z, | gcd(i,n) = 1}.
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Remark

A ring R with identity is a division ring if and only if the
nonzero elements dt form a group under multiplication.

Every field is an integral domain.

Example. Forn € N, Z,, is a commutative ring with identity
andU(Z,) = {i € Z,, | ged(i,n) = 1}. This is because

ged(i,n) =1
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Remark

A ring R with identity is a division ring if and only if the
nonzero elements dt form a group under multiplication.

Every field is an integral domain.

Example. Forn € N, Z,, is a commutative ring with identity
andU(Z,) = {i € Z,, | ged(i,n) = 1}. This is because

gced(i,n) =1 <= ds,t € Zsuchthati +tn =1
&~ ds5€Z,suchthati =1inZ,.

HenceZ,, is a field if and only ifn Is a prime number.
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Group RIngs

Example. Let G be a (multiplicative) group and let be a ring.
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Note that every element= (r,),cc of R(G) has only finitely
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Note that every element= (r,),cc of R(G) has only finitely
many nonzero coordinates, say, r,, ..., 7,,. Denotexr by
theformal sumry, g1 + 7,92+ -+ + 74,90 OF Y . T4, Gi-

Modern Aloebra |l — n. 8/33



Group RIngs

Example. Let G be a (multiplicative) group and let be a ring.
Consider the additive abelian groipz) = > . R.

Note that every element= (r,),cc of R(G) has only finitely
many nonzero coordinates, say, r,, ..., 7,,. Denotexr by
theformal sumry, g1 + rg,92 + -+ + 74,90 OF > 0 74.gi. We
also allow the possibility that

Modern Aloebra |l — n. 8/33



Group RIngs

Example. Let G be a (multiplicative) group and let be a ring.
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Example. Let G be a (multiplicative) group and let be a ring.
Consider the additive abelian groipz) = > . R.

Note that every element= (r,),cc of R(G) has only finitely
many nonzero coordinates, say, r,, ..., 7,,. Denotexr by
theformal sumry, g1 + rg,92 + -+ + 74,90 OF > 0 74.gi. We
also allow the possibility that

some of the-,, are zero,
someyg; are repeated.

With this notation,
the addition inR(G) is given by

Z T'g;9i + Z Sg; 9i
1=1

1=1
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Group RIngs

Example. Let G be a (multiplicative) group and let be a ring.
Consider the additive abelian groipz) = > . R.

Note that every element= (r,),cc of R(G) has only finitely
many nonzero coordinates, say, r,, ..., 7,,. Denotexr by
theformal sumry, g1 + rg,92 + -+ + 74,90 OF > 0 74.gi. We
also allow the possibility that

some of the-,, are zero,
someyg; are repeated.

With this notation,
the addition inR(G) is given by

n n

Z Tg:9i T Z 59:9i = Z(ng' + ng‘)gz'
1=1
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Group RIngs

Example. Let G be a (multiplicative) group and let be a ring.
Consider the additive abelian groipz) = > . R.

Note that every element= (r,),cc of R(G) has only finitely
many nonzero coordinates, say, r,, ..., 7,,. Denotexr by
theformal sumry, g1 + rg,92 + -+ + 74,90 OF > 0 74.gi. We
also allow the possibility that

some of the-,, are zero,
someyg; are repeated.
With this notation,
The multiplication inR(G) is given by

<Z nggi> | (Z Sh,; hj) - Z Z(Tgishj)(gihj)

i=1 j=1 i=1 j=1
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The addition inR(G) is given by

n n

Z Tg:9i + Z S9:9i = Z(Tgi T ng')gi
1=1

The multiplication inR(G) is given by

<Z nggi> | (Z Sh,; hj) a Z Z(Tgishj)(gihj)

i=1 j=1 i=1 j=1
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ring of G over R.
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Group RIngs

The addition inR(G) is given by

n

Z Tg:9i + Z S9:9i = Z(Tgi T ng')gi
1=1

The multiplication inR(G) is given by
(Z ngg7;> ' (Z Shjhj> = > > (rg.sm,)(gihy)
i=1 j=1 i=1 j=1

With these operations?(G) is a ring and is called theroup
ring of G over R.

R(G) is commutative if and only if boti? andG are
commutative.
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The addition inR(G) is given by

n

Z Tg:9i + Z S9:9i = Z(Tgi T ng')gi
1=1

The multiplication inR(G) is given by
(Z ngg7;> ' (Z Shjhj> = > > (rg.sm,)(gihy)
i=1 j=1 i=1 j=1

With these operations?(G) is a ring and is called theroup
ring of G over R.

If R has an identitylz and ife Is the identity ofG,
then1ge is the identity of the ringR(G).

Modern Aloebra |l — n. 9/33



Example
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Example

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A
a — f(a)+g(a)
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Let (A, +) be an abelian group and [Btid A be the set of all
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f+g : A — A

a +— fla)+g(a)
Note that fora, b € A,
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Example

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A
a +— f(a)+g(a)
Note that fora, b € A,
(f+9)a+b)=fla+b)+gla+Db)

by the definition off + ¢
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Example

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— fla)+g(a)
Note that fora, b € A,

(f+g)a+0b) = fla+b)+gla+b)
= (f(a)+ f(b)) + (9(a) + g(b))

because andg are group homomorphisms
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Example

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A
a +— fla)+g(a)
Note that fora, b € A,

(f+g)a+0b) = fla+b)+gla+b)
= (f(a)+ f(b)) + (9(a) + g(b))
= (f(a) +g(a)) + (f(0) + g(b))

/

becaused is an abelian group
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Example

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— fla)+g(a)
Note that fora, b € A,

= (f(a)+ f(b)) + (9(a) + g(b))
= (f(a) +g(a)) + (f(b) + g(b))
= (f+g)(a)+ (f+9)0b).

by the definition off + ¢
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Example

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— fla)+g(a)
Note that fora, b € A,

= (f(a)+ f(b)) + (9(a) + g(b))
= (f(a) +g(a)) + (f(b) + g(b))
= (f+g)a)+ (f+9)0b).

Thusf + g € EndA
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Example

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A
a +— fla)+g(a)
Note that fora, b € A,

(f+g)(a+b)= fla+b)+gla+D)
= (f(a) + f(b)) + (9(a)
= (f(a) +g(a)) + (f(b)
= ([ +g)(a) + (f +g)b).

Thus f 4+ g € EndA and so the addition defined above is indeed
a binary operation oRkndA.

Modern Alaoebral = p. 10/33



Example

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— f(a)+g(a)
With this addition
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Example

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— f(a)+g(a)
With this addition and composition of functions as
multiplication,
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endomorphismg : A — A. Forall f, g € EndA, define
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a +— f(a)+g(a)
With this addition and composition of functions as
multiplication, End A is a (usually noncommutative) ring with
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endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— f(a)+g(a)
With this addition and composition of functions as
multiplication, End A is a (usually noncommutative) ring with

identity1, : A — A. Indeed, we need to check
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the multiplication is associative, I.e., the compositidn o
functions Is associative,
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endomorphismg : A — A. Forall f, g € EndA, define
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With this addition and composition of functions as
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endomorphismg : A — A. Forall f, g € EndA, define
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With this addition and composition of functions as
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Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— f(a)+g(a)
With this addition and composition of functions as
multiplication, End A is a (usually noncommutative) ring with
identity1, : A — A. Indeed, we need to check
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Example
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— f(a)+g(a)
With this addition and composition of functions as
multiplication, End A is a (usually noncommutative) ring with

identity1, : A — A. These two are clear.
(EndA, +) is an abelian group,

the multiplication is associative, i.e., the compositidn o
functions Is associative,

forall f,g,h € EndA, fo(g+h)=fog+ foh,
forall f,g,h € EndA, (f +g)oh= foh+ goh,
forall f € EndA, foly =140 f = f.
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Example
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— f(a)+g(a)
With this addition and composition of functions as
multiplication, End A is a (usually noncommutative) ring with
identity 14 : A — A. Hence we only need to check these three.

(EndA, 4) is an abelian group,

the multiplication is associative, I.e., the compositidn o
functions Is associative,

forall f,g,h € EndA, fo(g+h)=fog+ foh,
forall f,g,h € EndA, (f +g)oh= foh+goh,
forall f € EndA, foly=140f=f.
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,

f+g : A — A
a — f(a)+g(a)

Modern Aloebral = p. 11/33



(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,

f—l—g - A — A
a +—— f(a)+g(a)
(f+g)+h=f+(g+h)forall f,g, h € EndA,
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,

f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,
Proof. Foralla € A,
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,

f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,
Proof. Foralla € A,

((f+9)+h)(a)
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,

f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,
Proof. Foralla € A,

((f +9)+h)(a)=(f+g)(a)+ h(a)

by the definition of f + g) + h
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,

f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,
Proof. Foralla € A,

((f+9)+h)(a) = (f+g)(a) + h(a) = (f(a) + g(a)) + h(a)

\

by the definition off + ¢
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,

f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,
Proof. Foralla € A,

((f +9) +h)(a) = (f+g)(a) + h(a) = (f(a) + g(a)) + h(a)
= f(a) + (g(a) - h(a))

|

becauser- IS associative

Modern Aloebral = p. 11/33



(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,

f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,
Proof. Foralla € A,

((f+9)+h)(a) = (f+g)(a) + h(a) = (f(a) + g(a)) + h(a)
= f(a) + (g(a) + h(a)) = f(a) + (g + h)(a)

/

by the definition ofy + A
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,

f+g : A — A
a +— fla)+g(a)
(f+g)+h=f+(g+h)forall f,g,h € EndA,
Proof. Foralla € A,
((f +9) +1)(a) = (f + 9)(a) + h(a) = (f(a) + g(a)) + h(a)
= f(a) + (g9(a) + (a)) = f(a) + (g + R)(a)
= (f+(g+h)(a),

\

by the definition off + (¢ + h)
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,

f+g : A — A
a — f(a)+g(a)
(f+g)+h=f+(g+h)forall f,g, h € EndA,
Proof. Foralla € A,

((f+9)+h)(a) = (f+g)(a) + h(a) = (f(a) + g(a)) + h(a)
= f(a) + (9(a) + h(a)) = f(a) + (g + h)(a)



(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,

f—l—g - A — A
a +—— f(a)+g(a)
(f+g)+h=f+(g+h)forall f,g, h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,

f—l—g - A — A
a +—— f(a)+g(a)
(f+g)+h=f+(g+h)forall f,g, h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

Proof. Itis obvious that the zero map is an endomorphism
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,

f—l—g - A — A
a +—— f(a)+g(a)
(f+g)+h=f+(g+h)forall f,g, h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

Proof. Itis obvious that the zero map is an endomorphism and
f+0=0+ f= fforall f € EndA.

Modern Aloebral = p. 11/33



(

EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all

endomorphismg : A — A. Forall f,¢g € EndA,

f—l—g - A — A
a +—— f(a)+g(a)
(f+g)+h=f+(g+h)forall f,g, h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

Proof. Itis obvious that the zero map is an endomorphism and

f+0=0+4 f = fforall f € EndA. Thus, the zero map is the
additive identity iInEnd A.
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA,
f+g : A — A

a +— f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,
the zeromap : A — A, defined byu — Oforalla € A, Is
the additive identity,

for eachf € EndA,
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,
f+g : A — A

a +— f(a)+g(a)
(f+g)+h=f+(g+h)forall f,g,h € EndA,
the zeromap : A — A, defined byu — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a+— —f(a)foralla € A,
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,
f+g : A — A

a +— f(a)+g(a)
(f+g)+h=f+(g+h)forall f,g,h € EndA,
the zeromap : A — A, defined byu — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA,
f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

Proof. We first show that- f € EndA.
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA,
f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

Proof. We first show that- f € EndA. Note thatv a,b € A,
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA,
f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

Proof. We first show that- f € EndA. Note thatv a,b € A,
(—f)(a+0)
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA,
f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

Proof. We first show that- f € EndA. Note thatv a,b € A,
(=la+b)=—(fla+Db))

by the definition of— f
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all

endomorphismg : A — A. Forall f,¢g € EndA,
f+g : A — A

a +— fla)+g(a)
(f+g)+h=f+(g+h)forall f,g,h € EndA,
the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

Proof. We first show that- f € EndA. Note thatv a,b € A,
(—=Ha+b)=—(fla+b) = —(f(a)+ (b))

v
becausef Is a homomorphism
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all

endomorphismg : A — A. Forall f,¢g € EndA,
f+g : A — A

a +— fla)+g(a)
(f+g)+h=f+(g+h)forall f,g,h € EndA,
the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

Proof. We first show that- f € EndA. Note thatv a,b € A,
(=Na+b)=—(fla+b) =~(f(a) + f(]))
=\—f(a) + (= /(b))

becaused is an abelian group - /
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all

endomorphismg : A — A. Forall f,¢g € EndA,
f+g : A — A

a +— fla)+g(a)
(f+g)+h=f+(g+h)forall f,g,h € EndA,
the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

Proof. We first show that- f € EndA. Note thatv a,b € A,
(=Na+b)=—(fla+b) =~(f(a) + f(]))
= —f(a) + (=f(0)) . (=f)(a) + (=1)(0).

by the definition of— f
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all

endomorphismg : A — A. Forall f,¢g € EndA,
f+g : A — A

a +— fla)+g(a)
(f+g)+h=f+(g+h)forall f,g,h € EndA,
the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

Proof. We first show that- f € EndA. Note thatv a,b € A,
(=Na+b)=—(fla+b) =~(f(a) + f(]))
= —fla) + (=f()) = (=f)(a) + (=) (b).

Hence— f is a group homomorphism
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all

endomorphismg : A — A. Forall f,¢g € EndA,
f+g : A — A
a +— fla)+g(a)

(f+g)+h=f+(g+h)forall f,g,h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is

the additive identity,

for eachf € EndA, the map—f : A — A, defined by

a— —f(a)foralla € A, is the additive inverse of,
Proof. We first show that- f € EndA. Note thatv a,b € A,
(=f)a+b)=—(fla+b))=—(f(a) + f(]))

= —f(a) + (=f(b)) = (=f)(a) + (=)(0).

Hence— f is a group homomorphism and s¢f € EndA.
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA,
f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

Proof. We first show that- f € EndA. Next, it is easy to check
thatf + (—f) = (=f) + f = 0.

Modern Aloebral = p. 11/33



(

“ndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA,
f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

Proof. We first show that- f € EndA. Next, it is easy to check
thatf + (—f) = (—f) + f = 0. Hence— f is the additive
Inverse off.
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA,
f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

f+g=gqg—+ fforall f,g € EndA.
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(EndA, +) is an abelian group

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA,

f+g : A — A

a +—— f(a)+g(a)
(f+g)+h=f+(g+h)forall f,g, h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

f4+g=g+ fforall f,g € EndA.
Proof. Note that for alla € A,
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA,
f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

f4+g=g+ fforall f,g € EndA.
Proof. Note that for alla € A,

(f +9)(a) = f(@) + g(a)
by the deflnltlon Off —|_ g Modern Aloebral = p. 11/33



(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA,
f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,

f4+g=g+ fforall f,g € EndA.
Proof. Note that for alla € A,

(f +9)(a) = fla) + g(a) = g(a) + f(a)

becaused Is abelian
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA,
f+g : A — A
a — f(a)+g(a)
(f+9)+h=f+(g+h)forall f,g,h € EndA,

the zeromap : A — A, defined by — Oforalla € A, Is
the additive identity,

for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,
f+g=g+ fforall f,g € EndA.

Proof. Note that for alla € A,

(F +9)(a) = Fa) + (@) = g(a) + f(@) = (9 + /) @),
by the definition ofy + f
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(EndA, +) is an abelian group
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f,¢g € EndA,
f+g : A — A
a — f(a)+g(a)
(f+g)+h=f+(g+h)forall f,g,h € EndA,
the zeromap : A — A, defined byu — Oforalla € A, Is
the additive identity,
for eachf € EndA, the map—f : A — A, defined by
a— —f(a)foralla € A, is the additive inverse of,
f+g=g¢g+ fforall f,g € EndA.
Proof. Note that for alla € A,

(f +9)(a) = fla) + g(a) = g(a) + f(a) = (g + f)(a).
Hencef +g =g+ f.
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folg+h)=fog+foh
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A
a — f(a)+g(a)
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folg+h)=fog+foh
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— f(a)+g(a)
Note that for alla € A,

Modern Alaoebral = p. 12/33



folg+h)=fog+foh
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— f(a)+g(a)
Note that for alla € A,

(fo(g+h))(a)
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folg+h)=fog+foh
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— f(a)+g(a)
Note that for alla € A,

(fo(g+h))(a)=f((g+h)(a))

by the definition of composition of functions
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folg+h)=fog+foh
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— f(a)+g(a)
Note that for alla € A,

by the definition ofy + A
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folg+h)=fog+foh

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— f(a)+g(a)
Note that for alla € A,

(fol(g+h))(a)=f((g+h)(a)
= f(g(a) + h(a))
= f(g(a)) + f(h(a))

because is a homomorphism
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folg+h)=fog+foh
Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— f(a)+g(a)
Note that for alla € A,

by the definition of composition of functions
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folg+h)=fog+foh

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— f(a)+g(a)
Note that for alla € A,

(fo(g+h)(a)=f((g+h)(a))

|

by the definition of+ in End A
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folg+h)=fog+foh

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A
a +—— f(a)+ g(a)
Note that for alla € A,

(fo(g+h))(a) (9+h ))

_
/(9(a) + h(a))
=/
=(fo
=(f

(()) (())
g9)(a) + (f o h)(a)
og+ foh)(a).

Hencefo(g+h)= fog+ foh.
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(f+g)oh=foh+goh

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A
a — f(a)+g(a)
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(f+g)oh=foh+goh

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a — f(a)+g(a)
This can be proved similarly.
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(f+g)oh=foh+goh

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— fla)+g(a)
This can be proved similarly. More precisely, foralE A,
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(f+g)oh=foh+goh

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— fla)+g(a)
This can be proved similarly. More precisely, foralE A,

((f +9)oh)(a)
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(f+g)oh=foh+goh

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A

a +— fla)+g(a)
This can be proved similarly. More precisely, foralE A,

((f+9g)oh)(a)=(f+g)(h(a))

by the definition of composition of functions
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(f+g)oh=foh+goh

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A
a +— fla)+g(a)
This can be proved similarly. More precisely, foralE A,

((f+9g)oh)(a)=(f+g)(h(a))
= f(h(a)) + g(h(a))

|

by the definition of+ in EndA.
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(f+g)oh=foh+goh

Let (A, +) be an abelian group and [Btid A be the set of all
endomorphismg : A — A. Forall f, g € EndA, define

f+g : A — A
a +— fla)+g(a)
This can be proved similarly. More precisely, foralE A,
((f+g)on)(a)=(f+g)(h(a))

= f(h(a)) + g(h(a))
= (foh)(a)+(goh)(a)
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Let R be a ring with identityl p with char R = n > 0.
n IS the least positive integer such thdt; = 0.

If R has no zero divisors, (in particularif is an integral
domain,) them is prime.

Proof. If n Is not a prime number, then= m/ for some
Integersm, fwith 1 < m. £ < n. Sincem € N andm < n,
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Every ring R may be embedded in a rirtgwith identity.
Moreover, the ringS (which is not unique) may be chosen to be
either of characteristic zero or of the same characteastic.

Proof. Next, we show that ithar R = n > 0, we can choosg&
with char S = n.

TakeS = Z,, ® R andVk,, ky, € Z andVry, 7, € R, let

(k_177“1)+(k_2,7“2) = (k1 + ko,71 +72)
(/f_1>7“1) : (k_277“2) = (kpko, k179 4 kory + 17173).

Then(S, +, -) is a ring with identity(1,0) andchar S = n.
Moreover, f : R — S isamonomorphism,
r —— (0,7)
l.e., an embedding.
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Exercise for Section lll.1
2,3,5 6,11,12, 14, 16.
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Chapter Ill: Rings

Section Ill.2: Ideals

Just as normal subgroups play a crucial role in the theory of
groups, ideals play an analogous role in the study of rings.
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A subring S'is a nonempty subset @t such that

() S is closed under the operations of addition and
multiplication in R,
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Let / be a subring of?.
Iisarightideal if r € Randa € I = ar € 1.
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I is anideal if it is both a left and right ideal.
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trivial ideal {0}. We denote the trivial ideal.

Modern Alaoebral = p. 23/33



ldeals
Definition (2.1). Let R be aring.

A subring S'is a nonempty subset @t such that

() S is closed under the operations of addition and
multiplication in R,

(i) S Is a ring under these operations.

Let / be a subring of?.
Iisarightideal if r € Randa € I = ar € 1.
lisaleftideal if r€e Randa € I — ra € 1.
I is anideal if it is both a left and right ideal.

Example. If Ris aring,

Modern Alaoebral = p. 23/33



ldeals
Definition (2.1). Let R be aring.

A subring S'is a nonempty subset @t such that

() S is closed under the operations of addition and
multiplication in R,

(i) S Is a ring under these operations.

Let / be a subring of?.
Iisarightideal if r € Randa € I = ar € 1.
lisaleftideal if r€e Randa € I — ra € 1.
I is anideal if it is both a left and right ideal.

Example. If Ris aring, then theenter of R

Modern Alaoebral = p. 23/33



ldeals
Definition (2.1). Let R be aring.

A subring S'is a nonempty subset @t such that

() S is closed under the operations of addition and
multiplication in R,

(i) S Is a ring under these operations.

Let / be a subring of?.
Iisarightideal if r € Randa € I = ar € 1.
lisaleftideal if r€e Randa € I — ra € 1.
I is anideal if it is both a left and right ideal.

Example. If Ris aring, then theenter of R is the set
C={ce R|cr=rcVr e R}.

Modern Alaoebral = p. 23/33



ldeals
Definition (2.1). Let R be aring.

A subring S'is a nonempty subset @t such that

() S is closed under the operations of addition and
multiplication in R,

(i) S Is a ring under these operations.

Let / be a subring of?.
Iisarightideal if r € Randa € I = ar € 1.
lisaleftideal if r€e Randa € I — ra € 1.
I is anideal if it is both a left and right ideal.

Example. If Ris aring, then theenter of R is the set
C={ceR|cr=rcVre R}. Cisasubring ofR,

Modern Alaoebral = p. 23/33



ldeals
Definition (2.1). Let R be aring.

A subring S'is a nonempty subset @t such that

() S is closed under the operations of addition and
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Let f : R — S be aring homomorphism.

Ker f I1s an ideal ofR.
In fact, if J is an ideal ofS, thenf~!(J) is an ideal ofR.

However, if] is an ideal ofR, f(I) may not be an ideal of.
In particular,Im f may not be an ideal of.

Example. Consider the ring homomorphisii: Z — Q given
by f(n) = n. Thenlm f = 7Z, which is not an ideal of); for
example; -3 = 2 ¢ Z, even though € Q and3 € Z. In fact,
the only ideall of Z such thatf(7) is an ideal ofQ is [ = 0.
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Proper ldeals

Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;
(i) I contains a unit of?.

Proof. Itis clearthat(i) = (i) = (iii). Hence we only
need to showiil) = (i).

Modern Alaoebra l = p. 25/33



Proper ldeals

Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;
(i) I contains a unit of?.

Proof. Itis clearthat(i) = (i) = (iii). Hence we only
need to showiil) — (i). Letu € I be a unitinR.

Modern Alaoebra l = p. 25/33



Proper ldeals

Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;
(i) I contains a unit of?.

Proof. Itis clearthat(i) = (i) = (iii). Hence we only
need to showii) = (i). Letw € I be a unitink. Then there
existsu™! € R.

Modern Alaoebra l = p. 25/33



Proper ldeals

Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;
(i) I contains a unit of?.

Proof. Itis clearthat(i) = (i) = (iii). Hence we only
need to showii) = (i). Letw € I be a unitink. Then there
existsu™! € R. Forallr € R,

Modern Alaoebra l = p. 25/33



Proper ldeals

Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;
(i) I contains a unit of?.

Proof. Itis clearthat(i) = (i) = (iii). Hence we only
need to showii) = (i). Letw € I be a unitink. Then there
existsu~! € R. For allr € R, sincer = (ru™')u,

Modern Alaoebra l = p. 25/33



Proper ldeals

Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;
(i) I contains a unit of?.

Proof. Itis clearthat(i) = (i) = (iii). Hence we only
need to showii) = (i). Letw € I be a unitink. Then there
existsu™! € R. Forallr € R, sincer = (ru ')u, ru™' € R,

Modern Alaoebra l = p. 25/33



Proper ldeals

Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;
(i) I contains a unit of?.

Proof. Itis clearthat(i) = (i) = (iii). Hence we only
need to showii) = (i). Letw € I be a unitink. Then there
existsu™! € R. Forallr € R, sincer = (ru ')u, ru™!' € R, and

u e I,

Modern Alaoebra l = p. 25/33



Proper ldeals

Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;
(i) I contains a unit of?.

Proof. Itis clearthat(i) = (i) = (iii). Hence we only
need to showii) = (i). Letw € I be a unitink. Then there
existsu™! € R. Forallr € R, sincer = (ru ')u, ru™!' € R, and
u € I, we haver = (ru=')u € 1.

Modern Alaoebra l = p. 25/33



Proper ldeals

Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;
(i) I contains a unit of?.

Proof. Itis clearthat(i) = (i) = (iii). Hence we only
need to showii) = (i). Letw € I be a unitink. Then there
existsu™! € R. Forallr € R, sincer = (ru ')u, ru™!' € R, and
uw € I,we haver = (ru ')u € I. ThusR C I

Modern Alaoebra l = p. 25/33



Proper ldeals

Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;
(i) I contains a unit of?.

Proof. Itis clearthat(i) = (i) = (iii). Hence we only
need to showii) = (i). Letw € I be a unitink. Then there
existsu™! € R. Forallr € R, sincer = (ru ')u, ru™!' € R, and
u € I, we haver = (ru™')u € I. ThusR C I and sol = R.

Modern Alaoebra l = p. 25/33



Proper ldeals

Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;

(i) I contains a unit of?.

Remark. Left proper ideals and right proper ideals are defined
similarly as in the above Definition.

Modern Alaoebra l = p. 25/33



Proper ldeals

Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;

(i) I contains a unit of?.
Remark. Left proper ideals and right proper ideals are defined

similarly as in the above Definition. The same statement #sn
above Remark holds true for both left ideals and right ideals

Modern Alaoebra l = p. 25/33
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Definition. A proper ideal is an ideall of R such thatl == 0
and/ # R.

Remark. Let R be a ring with identityl ; and let/ be an ideal
of R. Then the following conditions are equivalent:

() I =R,
(i) 1z € I;

(i) I contains a unit of?.

Remark. Left proper ideals and right proper ideals are defined
similarly as in the above Definition. The same statement #sn
above Remark holds true for both left ideals and right idehks
proof Is the same or practically the same.
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{A; | i € I} be the family of all (left or right) ideals i# which
containX. Then(X) :=(),.; 4; is called the (left or right) ideal
generated by X. The elements oK are calledyenerators of

the ideal( X).

If X ={xy,...,2,}, thentheidealX) is denoted by
(x1,...,7,) and is said to bénitely generated.

An ideal(x), generated by a single element, is called a
principal ideal.

A principal ideal ring is a ring in which every ideal Is
principal.

A principal ideal ring which is an integral domain is called a
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multiplication given by

(a+1)(b+1)=ab+ 1 Va,b€e R.

Moreover, If R iIs commutative or has identity, then the same is
true forR/1.

Proof. If Ris commutative, it is easy to see that/ is also
commutative. IfR is a ring with identityl i, it is easy to see that
1r + I is the identity of R/ 1.
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Theorem (2.8)

If f: R— Sisahomomorphism of rings, thdfer f is an ideal
In R. Conversely, ifl is anideal inR, then the map

T : R — R/I

r —— r-+1

IS an epimorphism of rings with kernél

Definition. The mapr is called thecanonical epimorphism or
the canonical projection.
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Exercise for Section 1ll.2
1,2, 3,10, 11, 13, 16, 18.
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