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Chapter II
THE STRUCTURE OFGROUPS
Section II.6: Classification of Finite Groups

In this section, we shall classify all groups of smaller orders
(≤ 15) and all groups of order pq with p, q prime.

Last week, we used the following observations

• if |G| = p is a prime, thenG ∼= Zp;

• if |G| = p2 for some primep, thenG is abelian; by the
Fundamental Theorem of Finitely Generated Abelian Groups,
G ∼= Zp ⊕ Zp or Zp2;

and got
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TableOrder Distinct Groups Order Distinct Groups

1 13

2 14 Z14, D7

3 15 Z15

4

5

6 Z6, D3 = S3

7

8 Z2 ⊕ Z2 ⊕ Z2, Z2 ⊕ Z4, Z8, Q8, D4

9

10 Z10, D5

11

12 Z2 ⊕ Z6, Z12, A4, D6, T
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Lemma. Let G be a group of orderpq, wherep < q are primes
with p ∤ q − 1. ThenG ∼= Zpq.

Proof. Let P be a Sylowp-subgroup ofG and letQ be a Sylow
q-subgroup ofG.

• Q is a normal subgroup ofG.

• Similarly, since the number of Sylowp-subgroup ofG is of
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Next, for groups of order15, we proved the following lemma.

Lemma. Let G be a group of orderpq, wherep < q are primes
with p ∤ q − 1. ThenG ∼= Zpq.

Proof. Let P be a Sylowp-subgroup ofG and letQ be a Sylow
q-subgroup ofG.
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• P ∩ Q = {e}.
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Next, for groups of order15, we proved the following lemma.

Lemma. Let G be a group of orderpq, wherep < q are primes
with p ∤ q − 1. ThenG ∼= Zpq.

Since15 = 3 · 5 and since3 < 5 are primes that satisfy the
condition in the above lemma, we know that ifG is a group of
order15 thenG ∼= Z15. Hence we have
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Review: Dihedral Groups
Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1

2
⌋(i, n + 2 − i)

=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Theorem (I.6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n
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(ii) ba = a−1b, i.e.,bab−1 = a−1.

Any groupG which is generated by elementsa, b ∈ G satisfying
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Definition. Thedihedral group of degreen, denoted byDn, is
the subgroup ofSn generated bya = (1, 2, 3, . . . , n) and
b =

∏

2≤i≤⌊n−1
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=

(

1 2 3 4 · · · i · · · n − 1 n

1 n n − 1 n − 2 · · · n + 2 − i · · · 3 2

)

.

Theorem (I.6.13). For eachn ≥ 3, the dihedral groupDn is a
group of order2n whose generatorsa andb satisfy

(i) |a| = n and|b| = 2.

(ii) ba = a−1b, i.e.,bab−1 = a−1.

Any groupG which is generated by elementsa, b ∈ G satisfying
(i) and(ii) for somen ≥ 3 is isomorphic toDn.
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Order 2p with Odd Prime p
Let p be an odd prime and letG be a group of order2p.
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Order 2p with Odd Prime p
Let p be an odd prime and letG be a group of order2p.
Then∃a ∈ G with |a| = p and∃b ∈ G with |b| = 2, by Cauchy’s
Theorem.
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Order 2p with Odd Prime p
Let p be an odd prime and letG be a group of order2p.
Then∃a ∈ G with |a| = p and∃b ∈ G with |b| = 2.
Let P = 〈a〉 andQ = 〈b〉.

• P ∩ Q = {e} andG = PQ = 〈a, b〉.
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• Becausep > 2, we know thatP is the unique Sylow
p-subgroup ofG
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Moreover, ifG is a group generated by two elementsa, b such
that|a| = |b| = 4, a2 = b2, andba = a3b, thenG is isomorphic to
the quaternion groupQ8.
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Let G be a group of order12.

• If G is abelian, then by theFundamental Theorem of
Finitely Generated Abelian Groups, G is isomorphic to
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∼= Z2 ⊕ Z6,
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Groups of Order 12

Let G be a group of order12.

• If G is abelian, then by theFundamental Theorem of
Finitely Generated Abelian Groups, G is isomorphic to
Z2 ⊕ Z2 ⊕ Z3

∼= Z2 ⊕ Z6, or Z4 ⊕ Z3
∼= Z12.

• On the other hand, we already know two nonabelian groups
of order12, namelyA4 andD6, and they are not isomorphic,
(becauseD6 has an element of order6 while A4 has no
elements of order6).
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Proposition (6.4)
There are, up to isomorphism, exactly three distinct nonabelian
groups of order12, namelyA4, D6, andT .
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Proof. Let G be a nonabelian group of order12. We will show
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Sylow3-subgroup ofG. Then|P | = 3 and[G : P ] = 4. By
Proposition (4.8),there exists a homomorphismφ : G → S4 such
thatKer φ ⊆ P . Since|P | = 3, Ker φ = {e} or Ker φ = P .

⋆ If Ker φ = {e}, thenφ is a monomorphism and soG ∼= φ(G).
Note thatφ(G) is a subgroup ofS4 with [S4 : φ(G)] = 2. By
Theorem (I.6.8),A4 is the unique subgroup ofS4 of index2, so
φ(G) = A4 and soG ∼= A4.
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⋆ If Ker φ = P , thenP ⊳ G and soP is the unique Sylow
3-subgroup ofG. Therefore,G contains only two elements of
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Modern Algebra I – p. 13/29



Proposition (6.4)
There are, up to isomorphism, exactly three distinct nonabelian
groups of order12, namelyA4, D6, andT .

Proof. Let G be a nonabelian group of order12. Let P be a
Sylow3-subgroup ofG. Then|P | = 3 and[G : P ] = 4. By
Proposition (4.8), there exists a homomorphismφ : G → S4 such
thatKer φ ⊆ P . Since|P | = 3, Ker φ = {e} or Ker φ = P .

⋆ If Ker φ = {e}, thenφ is a monomorphism and soG ∼= φ(G).
Note thatφ(G) is a subgroup ofS4 with [S4 : φ(G)] = 2. By
Theorem (I.6.8),A4 is the unique subgroup ofS4 of index2, so
φ(G) = A4 and soG ∼= A4.
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order3. Let c andc2 = c−1 be these two elements.
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∣

∣|CG(c)|, so by Cauchy’s
Theorem,∃d ∈ CG(c) such that|d| = 2. Let a = cd. Then
|a| = 6, because

• cd = dc, sinced ∈ CG(c)

• |c| = 3, |d| = 2, andgcd(3, 2) = 1.
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• G is a nonabelian group of order12. G = 〈a, b〉.

• a ∈ G with |a| = 6,
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• If b2 = e, then we haveG = 〈a, b〉, a6 = b2 = e, ak 6= e for
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• If b2 = a3, then we haveG = 〈a, b〉, |a| = 6, a3 = b2, and
bab−1 = a−1. Therefore,G ∼= T .

Hence,G ∼= A4, D6, or T , and this completes the proof.
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TableOrder Distinct Groups Order Distinct Groups

1 〈e〉 13 Z13

2 Z2 14 Z14, D7

3 Z3 15 Z15

4 Z2 ⊕ Z2, Z4

5 Z5

6 Z6, D3 = S3

7 Z7

8 Z2 ⊕ Z2 ⊕ Z2, Z2 ⊕ Z4, Z8, Q8, D4

9 Z3 ⊕ Z3, Z9

10 Z10, D5

11 Z11

12 Z2 ⊕ Z6, Z12, A4, D6, T
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Remark
We have finished classifying all groups of order ≤ 15.
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Remark
We have finished classifying all groups of order ≤ 15.
Next, we will classify all groups of order pq with p, q prime.

• If p = q, since every group of orderp2 is abelian, there are
only two distinct groups (up to isomorphism) of orderp2:
Zp2 andZp ⊕ Zp.

• If p 6= q, we may assumep > q. The following proposition
will classify all groups of orderpq.
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Proposition (6.1)
Let p > q be prime numbers.
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Proposition (6.1)
Let p > q be prime numbers.

• If q ∤ p − 1, then every group of orderpq is isomorphic to the
cyclic groupZpq. (We have shown this earlier.)

• If q | p − 1, then there are (up to isomorphism) exactly two
distinct groups of orderpq:

• the cyclic groupZpq,
• a nonabelian groupK generated by elementsc andd such

that|c| = p, |d| = q, dc = csd, wheres 6≡ 1 (mod p) and
sq ≡ 1 (mod p).

Proof. For the second caseq | p − 1, we only need to show that
if G is a nonabelian group of orderpq, thenG is isomorphic to
the groupK that is described above. The existence of such a
groupK are proved in Exercise 1 and 2.
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Proof of Proposition (6.1)
Let p > q be prime numbers such thatq | p − 1
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nonabelian group of orderpq.
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Proof of Proposition (6.1)
Let p > q be prime numbers such thatq | p − 1 and letG be a
nonabelian group of orderpq. We want to show thatG is
isomorphic to the groupK that is described in
Proposition (6.1).
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Proof of Proposition (6.1)
Let p > q be prime numbers such thatq | p − 1 and letG be a
nonabelian group of orderpq. By Cauchy’s Theorem,there exist
elementsa, b ∈ G such that|a| = p and|b| = q.
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Xq − 1 in Zp. In other words, an integerk is a solution of the

system z

{

X 6≡ 1 (mod p)

Xq ≡ 1 (mod p)

if and only if k ∈ H \ {1}.

• Moreover, since|H| = q is a prime number,∀a ∈ H \ {1},
〈a〉 = H. Hence, ifr, s ∈ Z are both solutions of the above
systemz, i.e.,r, s ∈ H \ {1},
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Proof of Proposition (6.1)
Let p > q be prime numbers such thatq | p − 1
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Proof of Proposition (6.1)
Let p > q be prime numbers such thatq | p − 1 and let
K = 〈c, d〉 be a nonabelian group with|c| = p, |d| = q,
dc = csd, wheres 6≡ 1 (mod p) andsq ≡ 1 (mod p).
We want to show that if G is a nonabelian group of order
pq, then G is isomorphic to K.
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Let G be a nonabelian group of orderpq. We have shown that
there exist elementsa, b ∈ G such that|a| = p, |b| = q, and
G = {aibj | 0 ≤ i ≤ p − 1, 0 ≤ j ≤ q − 1}.
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there exist elementsa, b ∈ G such that|a| = p, |b| = q, and
G = {aibj | 0 ≤ i ≤ p − 1, 0 ≤ j ≤ q − 1}. We have also seen
thatbab−1 = ar for somer with r 6≡ 1 (mod p) and
rq ≡ 1 (mod p).
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1
= btab−t = art

= as. Hence the
group homomorphismG → K induced bya 7→ c andb1 7→ d is
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Exercise for Section II.6
1, 2, 3, 4, 6, 7
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Chapter III: Rings
For the remaining classes for this semester,we will cover some
basic ring theory that you have learned in your undergraduate
algebra classes.
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Definition (1.1). A ring is a nonempty setR together with two
binary operations,usually denoted as addition “+” and
multiplication “·”, such that

(i) (R,+) is an abelian group,

(ii) (ab)c = a(bc), ∀a, b, c ∈ R (associative multiplication),

(iii) a(b + c) = ab + ac
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Chapter III: Rings
Section III.1: Rings and Homomorphisms
Definition (1.1). A ring is a nonempty setR together with two
binary operations,usually denoted as addition “+” and
multiplication “·”, such that
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∑m

j=1
bj

)

=
∑n

i=1

∑m

j=1
aibj, ∀ai, bj ∈ R.

Proof. The proofs for the last two statements are straight
forward using the left and right distribution laws.
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(i) If a ∈ R is invertible, then its left inverse and right inverse
must coincide.

(ii) The set of units in a ringR with identity, denoted byU(R),
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Invertible
Definition (1.4). Let R be a ring with identity1R and leta ∈ R.

• a is said to beleft invertible (resp.right invertible)
if ∃b ∈ R such thatba = 1R (resp.ab = 1R).
The elementb is called aleft (resp.right) inverse of a.

• a is said to beinvertible or to be aunit if it is both left and
right invertible.

Remark.

(i) If a ∈ R is invertible, then its left inverse and right inverse
must coincide.

(ii) The set of units in a ringR with identity, denoted byU(R),
is a group under multiplication.
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Definition (5.1)
Let R be a ring.

• R is called anintegral domain if

∗ R is commutative,

∗ R has an identity1R 6= 0,

∗ R has no zero divisors.

• R is called adivision ring if

⋆ R has an identity1R 6= 0,

⋆ every nonzero element ofR is a unit.

• R is called afield if it is a commutative division ring.
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Definition (5.1)
Let R be a ring.

• R is called anintegral domain if

∗ R is commutative,

∗ R has an identity1R 6= 0,

∗ R has no zero divisors.

• R is called adivision ring if

⋆ R has an identity1R 6= 0,

⋆ every nonzero element ofR is a unit.

• R is called afield if it is a commutative division ring.

Remark. A field is a commutative ring with an identity1R 6= 0

such that every nonzero element is a unit.
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