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In this section, we shall classify all groups of smaller orders
(< 15) and all groups of order pqg with p, ¢ prime.

Last week, we used the following observations
if |G| = pisaprime, therG = Z,;

if |G| = p? for some primep, thenG is abelian; by the
Fundamental Theorem of Finitely Generated Abelian Groups,
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Next, for groups of ordet5, we proved the following lemma.

Lemma. Let G be a group of ordepg, wherep < ¢ are primes
withp 1t q — 1. ThenG = Z,,.

Proof. Let P be a Sylowp-subgroup ofZ and let() be a Sylow
g-subgroup of&.

Note that the number of Syloy+subgroup of’r is of the
formkq + 1 with kg + 1 | p. Sincep < ¢, kg +1 =1, 1.e.,Q
IS the unique Sylow-subgroup of and so() is a normal
subgroup ofG.
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Lemma. Let G be a group of ordepg, wherep < ¢ are primes
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Next, for groups of ordet5, we proved the following lemma.

Lemma. Let G be a group of ordepg, wherep < ¢ are primes
withp 1t q — 1. ThenG = Z,,.

Proof. Let P be a Sylowp-subgroup ofZ and let() be a Sylow
g-subgroup of&.

() Is a normal subgroup aF.
P I1s a normal subgroup af'.
PNQ ={e}.

PQ = G.

HenceG = P x QQ = Z, X Z, = Z,, IS cyclic.
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Next, for groups of ordet5, we proved the following lemma.

Lemma. Let G be a group of ordepg, wherep < ¢ are primes
withp 1t q — 1. ThenG = Z,,.

Sincelb = 3 - 5 and since3 < 5 are primes that satisfy the
condition in the above lemma,

Modern Aloebra |l — n. 4/29



Groups of Order 15

Next, for groups of ordet5, we proved the following lemma.
Lemma. Let G be a group of ordepg, wherep < ¢ are primes

withp 1t q — 1. ThenG = Z,,.

Sincelb = 3 - 5 and since3 < 5 are primes that satisfy the
condition in the above lemma, we know thatifis a group of
orderl15

Modern Aloebra |l — n. 4/29



Groups of Order 15

Next, for groups of ordet5, we proved the following lemma.
Lemma. Let G be a group of ordepg, wherep < ¢ are primes

withp 1t q — 1. ThenG = Z,,.

Sincelb = 3 - 5 and since3 < 5 are primes that satisfy the
condition in the above lemma, we know thatifis a group of
orderl5 thenG = Zs.

Modern Aloebra |l — n. 4/29



Groups of Order 15

Next, for groups of ordet5, we proved the following lemma.
Lemma. Let G be a group of ordepg, wherep < ¢ are primes

withp 1t q — 1. ThenG = Z,,.

Sincelb = 3 - 5 and since3 < 5 are primes that satisfy the
condition in the above lemma, we know thatifis a group of
orderl5 thenG = Z;. Hence we have
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Review: Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = HzgigLnT—lJ(ian +2— 1)
B 1 2 3 4 1 oo mn—1 n

1l n n—1n-2 - n+2—4 --- 3 2]
Theorem (1.6.13). For eachn > 3, the dihedral grou@,, Is a
group of ordeRn whose generatorsandb satisfy

(Ya" =¢; b?> =¢;if 0 <k <n,a" #e.

(i) ba = a~'b,i.e.,bab™t =a L.
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3
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Review: Dihedral Groups

Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = HzgigLnT—lJ(ian +2— 1)
B 1 2 3 4 1 oo mn—1 n

1l n n—1n-2 - n+2—4 --- 3 2]
Theorem (1.6.13). For eachn > 3, the dihedral grou@,, Is a
group of ordeRn whose generatorsandb satisfy

(i) |a| = n andl|b| = 2.

(i) ba = a~'b,i.e.,bab™t =a .
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3db € G with |b| = 2, by Cauchy'’s
Theorem.
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

Because andp are relatively primeP N Q = {e}.
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Order 2p with Odd Prime p

Let p be an odd prime and I€t be a group of ordezp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

Because andp are relatively primeP N @ = {e}. Hence,

we have| PQ| = —‘Eﬂg" = 2p = |G|
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Let p be an odd prime and I€t be a group of ordezp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

Because andp are relatively primeP N @ = {e}. Hence,

we have| PQ| = [FE = 2p = |G| and soG = PQ,
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

Because andp are relatively primeP N @ = {e}. Hence,
we have| PQ| = [FE = 2p = |G| and soG = PQ, ie,,
G = (a,b).
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PNQ = {e}andG = PQ = (a,b).
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PNQ = {e}andG = PQ = (a,b).

Because > 2, we know thatP is the unique Sylow
p-subgroup of7
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PNQ = {e}andG = PQ = (a,b).

Because > 2, we know thatP is the unique Sylow
p-subgroup of7 and soP is a normal subgroup af.
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PNQ = {e}andG = PQ = (a,b).

P i1s a normal subgroup daf.

Modern Aloebra |l = n. 7/29



Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

SinceP is a normal subgroup af,

Modern Aloebra |l = n. 7/29



Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

SinceP is a normal subgroup af, bab=! € P
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1.
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1. Note that
bab™! =a" = a=0b"'a"b
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1. Note that
bab™' =a" = a=0b"'ad"b= (b"'ad)".
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Order 2p with Odd Prime p

Let p be an odd prime and I€t be a group of ordezp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and(@ = (b).

PN ={e} andG = PQ = {(a,b).

P i1s a normal subgroup daf.

SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1. Note that

bab™' =a" = a=0b"'ad"b= (b"'ad)".
Moreover, sincé? = e,
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1. Note that
bab™' =a" = a=0b"'ad"b= (b"'ad)".
Moreover, sincé? = e, we have
a= (b"tab)"
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Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1. Note that
bab™' =a" = a=0b"'ad"b= (b"'ad)".
Moreover, sincé? = e, we have
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1. Note that
bab™' =a" = a=0b"'ad"b= (b"'ad)".
Moreover, sincé? = e, we have
a= (b"tab)" = (bab™1)" = (a")"
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1. Note that
bab™' =a" = a=0b"'ad"b= (b"'ad)".
Moreover, sincé? = e, we have
a= (b"tab)" = (bab )" = (a")" = a"
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Order 2p with Odd Prime p

Let p be an odd prime and I€t be a group of ordezp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).
PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.
SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1. Note that
bab™' =a" = a=0b"'ad"b= (b"'ad)".
Moreover, sincé? = e, we have
a= (b"tab)" = (bab )" = (a")" = a"
and this implies” ! = e.

2
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Order 2p with Odd Prime p

Let p be an odd prime and I€t be a group of ordezp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and(@ = (b).
PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.
SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1. Note that
bab™' =a" = a=0b"'ad"b= (b"'ad)".
Moreover, sincé? = e, we have
a= (b"tab)" = (bab )" = (a")" = a"
and this implies:”~! = e. Thusp | 72 — 1

2
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1. Note that
bab™' =a" = a=0b"'ad"b= (b"'ad)".
Moreover, sincé? = e, we have
a= (b"tab)" = (bab )" = (a")" = a"
and this implies” ! =e. Thusp | 72 — 1 = (r + 1)(r — 1),
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1. Note that
bab™' =a" = a=0b"'ad"b= (b"'ad)".
Moreover, sincé? = e, we have
a= (b"tab)" = (bab )" = (a")" = a"
and this implies” ! =e. Thusp | 72 — 1 = (r + 1)(r — 1),
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1. Note that
bab™' =a" = a=0b"'ad"b= (b"'ad)".
Moreover, sincé? = e, we have
a= (b"tab)" = (bab )" = (a")" = a"
and this implies” ! =e. Thusp | 72 — 1 = (r + 1)(r — 1),
andsop |r+1orp|r—1.Sinced <r <p-1,
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

SinceP is a normal subgroup af, bab~! € P and so
bab—! = a" for somer with 0 < r < p — 1. Note that

bab™' =a" = a=0b"'ad"b= (b"'ad)".
Moreover, sincé? = e, we have

a= (b"tab)" = (bab )" = (a")" = a"
and this implies” ! =e. Thusp | 72 — 1 = (r + 1)(r — 1),
andsop |r+1orp|r—1.Since0<r<p—1,r=p-—1
orl.
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.

bab~! = a" withr = p — 1 or 1.
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.
bab~! = a" withr = p — 1 or 1.

If r=1,i.e.,bab™! = q,
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.
bab~! = a" withr = p — 1 or 1.
If r=1,i.e.,.bab~! = a, thenba = ab
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).

PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.
bab~! = a" withr = p — 1 or 1.

If r =1,1.e.,bab™! = q, thenba = ab and soG = (a, b) is
abelian.
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Order 2p with Odd Prime p

Let p be an odd prime and I€t be a group of ordezp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).
PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.
bab~! = a" withr = p — 1 or 1.
If r =1,1.e.,bab™! = q, thenba = ab and soG = (a, b) is
abelian. Henceé’ and() are both normal subgroups 6f
with PN Q = {e} andG = PQ,
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Order 2p with Odd Prime p

Let p be an odd prime and I€t be a group of ordezp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).
PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.
bab~! = a" withr = p — 1 or 1.
If r =1,1.e.,bab™! = q, thenba = ab and soG = (a, b) is
abelian. Henceé’ and() are both normal subgroups 6f
with PN Q = {e} andG = PQ), so
GféPXQ%JZpXZQgZQp.
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Order 2p with Odd Prime p

Let p be an odd prime and I€t be a group of ordezp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and(@ = (b).

PN ={e} andG = PQ = {(a,b).

P i1s a normal subgroup daf.

bab~! = a" withr = p — 1 or 1.
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fr=p—1,i.e.,bab™! = aP~!
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Order 2p with Odd Prime p

Let p be an odd prime and I€t be a group of ordezp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and(@ = (b).

PN ={e} andG = PQ = {(a,b).

P i1s a normal subgroup daf.

bab~! = a" withr = p — 1 or 1.
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Order 2p with Odd Prime p

Let p be an odd prime and I€t be a group of ordezp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and(@ = (b).

PN ={e} andG = PQ = {(a,b).

P i1s a normal subgroup daf.

bab~! = a" withr = p — 1 or 1.

If r =1,1.e.,bab™! = q, thenba = ab and soG = (a, b) is
abelian. Henceé’ and() are both normal subgroups 6f
with PN Q = {e} andG = PQ, so
GEPXQZEZL, X Ly = Loy

If r=p—1,i.e.,bab™! = a’~! = a~'. SinceG = (a,b),
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Order 2p with Odd Prime p

Let p be an odd prime and I€t be a group of ordezp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).
PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.
bab~! = a" withr = p — 1 or 1.
If r =1,1.e.,bab™! = q, thenba = ab and soG = (a, b) is
abelian. Henceé’ and() are both normal subgroups 6f
with PN Q = {e} andG = PQ), so
GféPXQ%JZpXZQgZQp.
If r=p—1,i.e.,bab™! = a’~! = a~'. SinceG = (a,b),
G=D,.
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Order 2p with Odd Prime p

Let p be an odd prime and I€t be a group of ordezp.
Thenda € G with |a| = p and3b € G with |b| = 2.
Let P = (a) and@ = (b).
PN ={e} andG = PQ = {(a,b).
P i1s a normal subgroup daf.
bab~! = a" withr = p — 1 or 1.
If r =1,1.e.,bab™! = q, thenba = ab and soG = (a, b) is
abelian. Henceé’ and() are both normal subgroups Gf
with PN Q = {e} andG = PQ), so
GféPXQ%JZpXZQgZQp.
If r=p—1,i.e.,bab™! = a’~! = a~'. SinceG = (a,b),
G=D,.

Therefore, we have
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The Quaternion Group Q)

Definition. Thequaternion groujd)s Is the multiplicative group
generated by the complex matrices
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The Quaternion Group Q)

Definition. Thequaternion groujd)s Is the multiplicative group
generated by the complex matrices

0 1 0 2
A= and B = :
—1 0 1 0
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The Quaternion Group Q)

Definition. Thequaternion groujd)s Is the multiplicative group
generated by the complex matrices

0 1 0 2
A= and B = :
—1 0 1 0

Remark. Last week, we have shown
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The Quaternion Group Q)

Definition. Thequaternion groujd)s Is the multiplicative group
generated by the complex matrices

0 1 0 2
A= and B = :
—1 0 1 0

Remark. Last week, we have shown
A2 =DB?=_—_TandA*= B*=1.
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The Quaternion Group Q)

Definition. Thequaternion groujd)s Is the multiplicative group
generated by the complex matrices

0 1 0 2
A= and B = :
—1 0 1 0

Remark. Last week, we have shown
A2 =DB?=_—_TandA*= B*=1.
BA = A3B.
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The Quaternion Group Q)

Definition. Thequaternion groujd)s Is the multiplicative group
generated by the complex matrices

0 1 0 2
A= and B = :
—1 0 1 0

Remark. Last week, we have shown
A2 =DB?=_—_TandA*= B*=1.
BA = A3B.

Qs ={A’B*¥|0<j <3 and 0<k<1}isagroup of
orders
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The Quaternion Group Q)

Definition. Thequaternion groujd)s Is the multiplicative group
generated by the complex matrices

0 1 0 2
A= and B = :
—1 0 1 0

Remark. Last week, we have shown
A2 =DB?=_—_TandA*= B*=1.
BA = A3B.

Qs ={A’B*¥|0<j <3 and 0<k<1}isagroup of
order8 and()s Is not isomorphic td);,.
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The Quaternion Group Q)

Definition. Thequaternion groujd)s Is the multiplicative group
generated by the complex matrices

0 1 0 2
A= and B = :
—1 0 1 0

Remark. Last week, we have shown
A? = B? = —JTandA* = B* = I.
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The Quaternion Group Q)

Definition. Thequaternion groujd)s Is the multiplicative group
generated by the complex matrices

0 1 0 2
A= and B = :
—1 0 1 0

Remark. Last week, we have shown
A? = B? = —JTandA* = B* = I.
BA = A°B.
Qs ={A'B*|0<j <3, and 0 <k <1}isagroup of
order8 and()s Is not isomorphic td);,.

Moreover, IfG Is a group generated by two elemeait$ such
that|a| = |b| = 4, a* = b?, andba = a’b, thenG is isomorphic to
the quaternion grou@s.
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On the other hand, we already know two nonabelian groups
of order§&, namelyD, and()g, and they are not isomorphic.
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thenG = D, or (Js. More precisely, we showed
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Let G be a group of ordes.

If GG is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Group§; is isomorphic tdZy & Zq & Zs,
or Zo & 24, Or Zg.

On the other hand, we already know two nonabelian groups
of order§&, namelyD, and()g, and they are not isomorphic.
Last week, we have shown thatifis a nonabelian group,
thenG = D, or (Js. More precisely, we showed

Proposition (6.3). Up to isomorphism, there are exactly two

distinct nonabelian groups of ordgrnamely the dihedral group
D, and the quaternion groups.
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If GG Is abelian, then by theundamental Theorem of
Finitely Generated Abelian Groups, G is isomorphic to
Do ® Ly ® L = Zig @ Zig, OF Ly D Lz = 7.

On the other hand, we already know two nonabelian groups
of order12, namelyA, andDg, and they are not isomorphic,
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Finitely Generated Abelian Groups, G is isomorphic to
Do ® Ly ® L = Zig @ Zig, OF Ly D Lz = 7.

On the other hand, we already know two nonabelian groups
of order12, namelyA, andDg, and they are not isomorphic.
Last week, we constructed a nonabelianf order12, the
subgroup ofS; x Z, generated by = ((1,2,3),2) and
((1,2),1), which is not isomorphic to eithet, or Ds. We

also showed that 7 is a group generated hy, 5 € GG
satisfying|a| = 6, o® = 3%, andfBa = a3, thenG = T.

Next, we will show in Proposition (6.4) thatd is a
nonabelian group, the@ = Ay, Dg, orT.
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Proposition (6.4)
There are, up to isomorphism, exactly three distinct nolmaie
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Proof. Let G be a nonabelian group of ord&t. We will show
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G is a nonabelian group of ordé®. G = (a, b).
(a)| = 6. b € Gwithbab™ =a'.

a € G with |a| = 6, i.e.,
Henceb? =e, o, o, a3, o', or

If 0> = ¢, then we hav&r = (a,b), a® = 1? = ¢, a* # e for
0 <k <6,andbab™t = at. By Theorem (1.6.13)& = Ds.

If b* = a°, then we havesy = (a,b), |a|] = 6, a® = b?, and
bab—' = a~'. Therefore(G = T.

Hence,G = Ay, Dg, or'T', and this completes the proof.
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Remark

We have finished classifying all groups of order < 15.
Next, we will classify all groups of order pg with p, ¢ prime.

If p = ¢, since every group of orde¥ is abelian, there are
only two distinct groups (up to isomorphism) of orger
L2 ANAZL,, © Z,,.

If p £ ¢, we may assumg > ¢. The following proposition
will classify all groups of ordepyg.
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Proposition (6.1)

Letp > ¢ be prime numbers.
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Letp > ¢ be prime numbers.

If ¢ 1p— 1, then every group of ordely is isomorphic to the
cyclic groupZ,,. (We have shown this earlier.)

If ¢ | p— 1, then there are (up to isomorphism) exactly two
distinct groups of ordewg:

the cyclic groupz,,,,
a nonabelian grouX generated by elementsandd such
that|c| = p, |d| = q, dc = ¢*d, wheres 1 (mod p) and
s?7=1 (mod p).
Proof. For the second case| p — 1, we only need to show that
If G'Is a nonabelian group of ordey, thenG is isomorphic to

the groupk that is described above. The existence of such a
group K are proved in Exercise 1 and 2.
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Letp > ¢ be prime numbers such that p — 1 and letG be a
nonabelian group of ordex.
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Letp > ¢ be prime numbers such that p — 1 and letG be a
nonabelian group of ordek. We want to show that' is
Isomorphic to the groufx that is described in

Proposition (6.1).
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Letp > ¢ be prime numbers such that p — 1 and letG be a

nonabelian group of ordex;. By Cauchy’s Theorem, there exist

elements:, b € G such thata| = p and|b| = q.

Let P = (a) and@ = (b). Since
po— 1PlIRL _pa
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we haveG = PQ ={a'lV |0<i<p—-1,0<j<q—1}.

Moreover, since > ¢, G has only one Sylow-subgroup and so
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Letp > ¢ be prime numbers such that p — 1 and let
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Theorem (1.2)

Let R be aring. Then
Oa = a0 =0, Va € R,
(—a)b = a(—b) = —(ab), Va,b € R,
(—a)(—=b) = ab, Va,b € R,
(na)b = a(nb) = n(ab), Vn € Z andVa,b € R,
(D iy @) (Z;” | ) S S aiby, Vai, b € R,

Proof. The proofs for the last two statements are straight
forward using the left and right distribution laws.
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Definition (1.4). Let R be aring with identityly and leta € R.

a IS said to beeft invertible (resp.right invertible)
If 3b € R such thaba = 15 (resp.ab = 1g).
The element is called aeft (resp.right) inverse of a.

a IS said to banvertible or to be aunit if it is both left and
right invertible.

Remark.

() If a € Ris invertible, then its left inverse and right inverse
must coincide.

(ii) The set of units in a ring? with identity, denoted by/(R),
IS a group under multiplication.

Modern Alaoebral = p. 28/29



Definition (5.1)

Let R be aring.

Modern Alaoebral = p. 29/29



Definition (5.1)

Let R be aring.

R i1s called anntegral domain if

Modern Alaoebral = p. 29/29



Definition (5.1)

Let R be aring.

R i1s called anntegral domain if
x R 1S commutative,

Modern Alaoebral = p. 29/29



Definition (5.1)

Let R be aring.

R i1s called anntegral domain if
x R 1S commutative,
x IR has an identityl p # 0,

Modern Alaoebral = p. 29/29



Definition (5.1)

Let R be aring.

R i1s called anntegral domain if
x R 1S commutative,

x IR has an identityl p # 0,

+ IR has no zero divisors.

Modern Alaoebral = p. 29/29



Definition (5.1)

Let R be aring.

R i1s called anntegral domain if
x R 1S commutative,

x IR has an identityl p # 0,

+ IR has no zero divisors.

R is called adivision ring if

Modern Alaoebral = p. 29/29



Definition (5.1)

Let R be aring.

R i1s called anntegral domain if
x R 1S commutative,

x IR has an identityl p # 0,

+ IR has no zero divisors.

R 1s called adivision ring if

* R has an identityl z # 0,

Modern Alaoebral = p. 29/29



Definition (5.1)
Let R be aring.

R i1s called anntegral domain if
x R 1S commutative,
x IR has an identityl p # 0,
+ IR has no zero divisors.
R 1s called adivision ring if
* R has an identityl z # 0,

* every nonzero element @ is a unit.

Modern Alaoebral = p. 29/29



Definition (5.1)
Let R be aring.

R i1s called anntegral domain if
x R 1S commutative,
x IR has an identityl p # 0,
+ IR has no zero divisors.
R 1s called adivision ring if
* R has an identityl z # 0,

* every nonzero element @ is a unit.

R 1s called afield

Modern Alaoebral = p. 29/29



Definition (5.1)

Let R be aring.

R i1s called anntegral domain if

x R 1S commutative,

x IR has an identityl p # 0,

+ IR has no zero divisors.

R 1s called adivision ring if

* R has an identityl z # 0,

* every nonzero element @ is a unit.

R i1s called &field if it is a commutative division ring.

Modern Alaoebral = p. 29/29



Definition (5.1)

Let R be aring.

R i1s called anntegral domain if

x R 1S commutative,

x IR has an identityl p # 0,

+ IR has no zero divisors.

R 1s called adivision ring if

* R has an identityl z # 0,

* every nonzero element @ is a unit.

R i1s called &field if it is a commutative division ring.

Remark. A field is a commutative ring with an identityz # 0
such that every nonzero element is a unit.
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