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In this section, we shall classify all groups of smaller orders
(< 15) and all groups of order pqg with p, ¢ prime.

First, note that
if |G| = pisaprime, therG = Z,;

if |G| = p? for some primep, thenG is abelian; by the
Fundamental Theorem of Finitely Generated Abelian Groups,
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Let G be a group of ordeyq, wherep < ¢ are primes with
ptq— 1. Let P be a Sylowp-subgroup ofz and letQ be a
Sylow ¢-subgroup of5.

Note that the number of Syloywsubgroup of~ is of the
formkq 4+ 1 with kg + 1 | p. Sincep < ¢, kg +1=1,1.e.,Q
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Let G be a group of ordeyq, wherep < ¢ are primes with
ptq— 1. Let P be a Sylowp-subgroup ofz and letQ be a
Sylow ¢-subgroup of5.
Note that the number of Syloy+subgroup of’ is of the
formkq 4+ 1 with kg + 1 | p. Sincep < ¢, kg +1=1,1.e.,Q
IS the unigue Sylow-subgroup of7 and so() is a normal
subgroup of5.
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Let G be a group of ordeyq, wherep < ¢ are primes with
ptq— 1. Let P be a Sylowp-subgroup ofz and letQ be a
Sylow ¢-subgroup of5.
() Is a normal subgroup a¥.
Similarly, since the number of Sylow+subgroup of’ is of
the formkp + 1 with kp + 1 | ¢ and sincey is a prime
numberkp + 1 = 1 or q. However, we have 1 ¢ — 1, SO

kp+1 =1, 1.e.,Pisthe unigue Sylow-subgroup of7, thus
P 1s a normal subgroup df.
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Let G be a group of ordeyq, wherep < ¢ are primes with
ptq— 1. Let P be a Sylowp-subgroup ofz and letQ be a
Sylow ¢-subgroup of5.

() Is a normal subgroup a¥.
P i1s a normal subgroup daf.
PNQ =e}.

_ IPl@)
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Moreover,
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Let G be a group of ordeyq, wherep < ¢ are primes with
ptq— 1. Let P be a Sylowp-subgroup ofz and letQ be a
Sylow ¢-subgroup of5.

() Is a normal subgroup a¥.
P i1s a normal subgroup daf.
PNQ =e}.
PQ = G.

HenceG = P x ()

Modern Aloebra |l — n. 4/16



Groups of Order 15

Let G be a group of ordeyq, wherep < ¢ are primes with
ptq— 1. Let P be a Sylowp-subgroup ofz and letQ be a
Sylow ¢-subgroup of5.

() Is a normal subgroup a¥.

P i1s a normal subgroup daf.

PNQ =e}.

PQ = G.
HenceG = P x ) = Z, X Z,

Modern Aloebra |l — n. 4/16



Groups of Order 15

Let G be a group of ordeyq, wherep < ¢ are primes with
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Let G be a group of ordeyq, wherep < ¢ are primes with
ptq— 1. Let P be a Sylowp-subgroup ofz and letQ be a
Sylow ¢-subgroup of5.

() Is a normal subgroup a¥.
P i1s a normal subgroup daf.
PNQ =e}.

PQ = G.

HenceG = P x Q = Z, X Z, = Z,, IS cyclic.

Modern Aloebra |l — n. 4/16



Groups of Order 15

Let G be a group of ordeyq, wherep < ¢ are primes with

ptq— 1. Let P be a Sylowp-subgroup ofz and letQ be a
Sylow ¢-subgroup of5.

() Is a normal subgroup a¥.
P i1s a normal subgroup daf.
PNQ =e}.
PQ = G.
HenceG = P x Q = Z, X Z, = Z,, IS cyclic.

Sincel5 = 3 - 5 and since3 < 5 are primes that satisfy the
condition above,
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() Is a normal subgroup a¥.
P i1s a normal subgroup daf.
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Let G be a group of ordeyq, wherep < ¢ are primes with
ptq— 1. Let P be a Sylowp-subgroup ofz and letQ be a
Sylow ¢-subgroup of5.

() Is a normal subgroup a¥.
P i1s a normal subgroup daf.
PNQ =e}.
PQ = G.
HenceG = P x Q = Z, X Z, = Z,, IS cyclic.
Sincel5 = 3 - 5 and since3 < 5 are primes that satisfy the

condition above, we know thatd is a group of ordet5 then
G = 7Z,5. Hence we have
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Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = HzgigLnT—lJ(ian +2— 1)
B 1 2 3 4 1 oo mn—1 n

1l n n—1n-2 - n+2—4 --- 3 2]
Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

(Ya" =¢; b?> =¢;if 0 <k <n,a" #e.

(i) ba = a~'b,i.e.,bab™t =a L.
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3
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Definition. Thedihedral group of degree, denoted byD,,, IS
the subgroup of,, generated by = (1,2,3,...,n) and

b = HzgigLnT—lJ(ian +2— 1)
B 1 2 3 4 1 oo mn—1 n

1l n n—1n-2 - n+2—4 --- 3 2]
Theorem (6.13) For eachn > 3, the dihedral grou@),, Is a
group of ordeRn whose generatorsandb satisfy

(Ya" =¢; b?> =¢;if 0 <k <n,a" #e.

(i) ba = a~'b,i.e.,bab™t =a L.
Any groupG which is generated by elementsh € G satisfying
(1) and(ii) for somen > 3 Is iIsomorphic taD,,.

Modern Aloebral — p. 6/16



Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
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Order 2p with Odd Prime p

Let p be an odd prime and |ét be a group of ordekp.
Thenda € G with |a| = p and3db € G with |b| = 2, by Cauchy'’s
Theorem.
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Thenda € G with |a| = p and3b € G with |b| = 2.
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If r =1,1.e.,bab™! = q, thenba = ab and soG = (a, b) is
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Remark. Note that
A2 =DB?=_—_TandA*= B*=1.
BA = A3B.

HenceQs = {A’B¥ |0 < j <3, and 0 < k <1} andso
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The Quaternion Group Q)
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generated by the complex matrices

0 1 0 2
A= and B = :
—1 0 1 0

Remark. Note that

A? = B? = —JTandA* = B* = I.

BA = A3B.
HenceQs = {A’B* |0 < j <3, and 0 < k <1} isagroup of
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Remark. Note that
A2 =DB?=_—_TandA*= B*=1.
BA = A3B.

HenceQs = {A’B* |0 < j <3, and 0 < k <1} isagroup of
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Remark. Note that
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BA = A3B.
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The Quaternion Group Q)

Definition. Thequaternion groujd)s Is the multiplicative group
generated by the complex matrices

0 1 0 2
A= and B = :
—1 0 1 0

Remark. Note that

A? = B? = —JTandA* = B* = I.

BA = A3B.
HenceQs = {A’B* |0 < j <3, and 0 < k <1} isagroup of
orders.

Remark. It is not difficult to see that if7 Is a group generated
by two elements, b such thata| = |b| = 4, a® = b*, and
ba = a’b, thenG is isomorphic to the quaternion grodg.
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abelian, which contradicts the assumption t3as
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again. Hencé&- has at least one element of ordeH.

Therefore|z| < 4Vx € G,i.e.,z* =eVz € G,and3a € G
such thata| = 4.
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r* = e Vz € G, andda € G such thata| = 4.
Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
Takeb € G\ (a). ThenG = (a,b) andb® € {(a), i.e.,b* = ¢, a,
a?, oras.
If b* = a, thena? = b* = ¢, which contradicts the fact that
la| = 4.

Modern Aloebral = p. 11/16



Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witld’| = 8. Then
r* = e Vz € G, andda € G such thata| = 4.
Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
Takeb € G\ (a). ThenG = (a,b) andb® € {(a), i.e.,b* = ¢, a,
a?, oras.
If b* = a, thena? = b* = ¢, which contradicts the fact that
la| = 4.

If b2 = a?,

Modern Aloebral = p. 11/16



Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witld’| = 8. Then
r* = e Vz € G, andda € G such thata| = 4.
Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
Takeb € G\ (a). ThenG = (a,b) andb® € {(a), i.e.,b* = ¢, a,
a?, oras.
If b* = a, thena? = b* = ¢, which contradicts the fact that
la| = 4.

If b> = a3, thena® = a°

Modern Aloebral = p. 11/16



Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witld’| = 8. Then
r* = e Vz € G, andda € G such thata| = 4.
Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
Takeb € G\ (a). ThenG = (a,b) andb® € {(a), i.e.,b* = ¢, a,
a?, oras.
If b* = a, thena? = b* = ¢, which contradicts the fact that
la| = 4.

If b2 = a3, thena? = a° = bv*

Modern Aloebral = p. 11/16



Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witld’| = 8. Then
r* = e Vz € G, andda € G such thata| = 4.
Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
Takeb € G\ (a). ThenG = (a,b) andb® € {(a), i.e.,b* = ¢, a,
a?, oras.
If b* = a, thena? = b* = ¢, which contradicts the fact that
la| = 4.

If b2 = a2, thena® = a® = b* = ¢,

Modern Aloebral = p. 11/16



Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witld’| = 8. Then
r* = e Vz € G, andda € G such thata| = 4.
Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
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distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witld’| = 8. Then
r* = e Vz € G, andda € G such thata| = 4.
Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
Takeb € G\ (a). ThenG = (a,b) andb® € {(a), i.e.,b* = ¢, a,
a?, oras.
If b* = a, thena? = b* = ¢, which contradicts the fact that
la| = 4.
If b2 = a?, thena? = a® = b* = ¢, which again contradicts
the fact thata| = 4.
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Modern Aloebral = p. 11/16



Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witli:| = 8. Then

r* = e Vz € G, andda € G such thata| = 4.

Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
Takeb € G\ (a). ThenG = (a,b) andb® = e or b* = a*.

Modern Aloebral = p. 11/16



Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witli:| = 8. Then

r* = e Vz € G, andda € G such thata| = 4.

Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
Takeb € G\ (a). ThenG = (a,b) andb® = e or b* = a*.
On the other hand,

Modern Aloebral = p. 11/16



Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witli:| = 8. Then

r* = e Vz € G, andda € G such thata| = 4.

Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
Takeb € G\ (a). ThenG = (a,b) andb® = e or b* = a*.
On the other hand, becau&e < G,

Modern Aloebral = p. 11/16



Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witli:| = 8. Then

r* = e Vz € G, andda € G such thata| = 4.

Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
Takeb € G\ (a). ThenG = (a,b) andb® = e or b* = a*.
On the other hand, becauge <1 G, bab™! € {(a).

Modern Aloebral = p. 11/16



Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witli:| = 8. Then

r* = e Vz € G, andda € G such thata| = 4.

Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
Takeb € G\ (a). ThenG = (a,b) andb® = e or b* = a*.
On the other hand, becauge < G, bab™! € {(a). Since
bab™ | = |a| = 4,

Modern Aloebral = p. 11/16



Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witli:| = 8. Then

r* = e Vz € G, andda € G such thata| = 4.

Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
Takeb € G\ (a). ThenG = (a,b) andb® = e or b* = a*.
On the other hand, becauge < G, bab™! € {(a). Since
bab™ | = |a| = 4, bab™' = a orbab™! = a°.

Modern Aloebral = p. 11/16



Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witli:| = 8. Then

r* = e Vz € G, andda € G such thata| = 4.

Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
Takeb € G\ (a). ThenG = (a,b) andb® = e or b* = a*.
On the other hand, becauge < G, bab™! € {(a). Since
bab™ | = |a| = 4, bab~! = a orbab~! = a°. However, if

bab~! = a,

Modern Aloebral = p. 11/16



Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of ord8r namely the dihedral group
D, and the quaternion groups.

Proof. Let G be a nonabelian group witli:| = 8. Then

r* = e Vz € G, andda € G such thata| = 4.
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Takeb € G\ (a). ThenG = (a,b) andb® = e or b* = a*.
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bab~! = a, thenba = ab and soG is abelian, which contradicts
the assumption that is nonabelian.
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Proof. Let G be a nonabelian group witli:| = 8. Then

r* = e Vz € G, andda € G such thata| = 4.

Since|G : (a)] = 2, (a) < G andG/{a) is a group of ordex.
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On the other hand, becauge < G, bab™! € {(a). Since

bab™ | = |a| = 4, bab~! = a orbab~! = a°. However, if

bab~! = a, thenba = ab and soG is abelian, which contradicts
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Nonabelian Groups of Order 12

We construct a group’ of order12 which is generated by
two elements, b satisfyingla| = 6, a® = b*, andba = a~'b.
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Nonabelian Groups of Order 12

We construct a group’ of order12 which is generated by
two elements, b satisfyingla| = 6, a® = b*, andba = a~'b.

Furthermore, we show thatd is a group generated by
a, f € G satisfying|la| = 6, o® = 3%, andfBa = o' 3, then
G=T.
Therefore, we know three nonabelian groups or order 12,
namely A4, Dg, and T.

A, has no elements of ordérwhile Dy andl” both have
elements of orde$. HenceA, % Dgand A, 2 T'.

D¢ has no elements of ordér while T has elements of order
4. HenceDg 2 T..

Next, we will show that up to isomorphism, there are
exactly three distinct nonabelian groups of order 12.
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