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Chapter II
THE STRUCTURE OFGROUPS
Section II.6: Classification of Finite Groups

In this section, we shall classify all groups of smaller orders
(≤ 15) and all groups of order pq with p, q prime.

First, note that

• if |G| = p is a prime, thenG ∼= Zp;

• if |G| = p2 for some primep, thenG is abelian; by the
Fundamental Theorem of Finitely Generated Abelian Groups,
G ∼= Zp ⊕ Zp or Zp2.

Hence we have
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TableOrder Distinct Groups Order Distinct Groups

1 13

2 14 Z14, D7

3 15 Z15

4

5

6 Z6, D3 = S3

7

8 Z2 ⊕ Z2 ⊕ Z2, Z2 ⊕ Z4, Z8, Q8, D4

9

10 Z10, D5

11

12 Z2 ⊕ Z6, Z12, A4, D6, T
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Order 2p with Odd Prime p
Let p be an odd prime and letG be a group of order2p.

Modern Algebra I – p. 7/16



Order 2p with Odd Prime p
Let p be an odd prime and letG be a group of order2p.
Then∃a ∈ G with |a| = p and∃b ∈ G with |b| = 2, by Cauchy’s
Theorem.
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with P ∩ Q = {e} andG = PQ, so
G ∼= P × Q ∼= Zp × Z2

∼= Z2p.
• If r = p − 1, i.e.,bab−1 = ap−1 = a−1. SinceG = 〈a, b〉,

G ∼= Dp.
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Order 2p with Odd Prime p
Let p be an odd prime and letG be a group of order2p.
Then∃a ∈ G with |a| = p and∃b ∈ G with |b| = 2.
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• P is a normal subgroup ofG.

• bab−1 = ar with r = p − 1 or 1.
• If r = 1, i.e.,bab−1 = a, thenba = ab and soG = 〈a, b〉 is

abelian. HenceP andQ are both normal subgroup ofG

with P ∩ Q = {e} andG = PQ, so
G ∼= P × Q ∼= Zp × Z2

∼= Z2p.
• If r = p − 1, i.e.,bab−1 = ap−1 = a−1. SinceG = 〈a, b〉,

G ∼= Dp.
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TableOrder Distinct Groups Order Distinct Groups

1 〈e〉 13 Z13

2 Z2 14

3 Z3 15 Z15

4 Z2 ⊕ Z2, Z4

5 Z5

6

7 Z7

8 Z2 ⊕ Z2 ⊕ Z2, Z2 ⊕ Z4, Z8, Q8, D4

9 Z3 ⊕ Z3, Z9

10

11 Z11

12 Z2 ⊕ Z6, Z12, A4, D6, T
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TableOrder Distinct Groups Order Distinct Groups

1 〈e〉 13 Z13

2 Z2 14 Z14, D7

3 Z3 15 Z15

4 Z2 ⊕ Z2, Z4

5 Z5

6 Z6, D3 = S3

7 Z7

8 Z2 ⊕ Z2 ⊕ Z2, Z2 ⊕ Z4, Z8, Q8, D4

9 Z3 ⊕ Z3, Z9

10 Z10, D5

11 Z11

12 Z2 ⊕ Z6, Z12, A4, D6, T
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The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices
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The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.
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The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that
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The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =
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)
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)
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Remark. Note that

• A2 =

(

0 1

−1 0

)(

0 1

−1 0

)
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The Quaternion Group Q8
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The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that

• A2 =

(

0 1

−1 0

)(

0 1
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)

=
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−1 0
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)
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(

0 i
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)(

0 i

i 0

)
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(

−1 0
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)
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A2 = B2 = −I

Modern Algebra I – p. 9/16



The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that

• A2 =

(

0 1

−1 0

)(

0 1

−1 0

)

=

(

−1 0

0 −1

)

= −I and

B2 =

(

0 i

i 0

)(

0 i

i 0

)

=

(

−1 0

0 −1

)

= −I. Hence,

A2 = B2 = −I andA4 = B4 = I.

Modern Algebra I – p. 9/16



The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that

• A2 = B2 = −I andA4 = B4 = I.

Modern Algebra I – p. 9/16



The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that

• A2 = B2 = −I andA4 = B4 = I.

• BA =

(

0 i

i 0

)(

0 1

−1 0

)

Modern Algebra I – p. 9/16



The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that

• A2 = B2 = −I andA4 = B4 = I.

• BA =

(

0 i

i 0

)(

0 1

−1 0

)

=

(

−i 0

0 i

)

,

Modern Algebra I – p. 9/16



The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that

• A2 = B2 = −I andA4 = B4 = I.

• BA =

(

0 i

i 0

)(

0 1

−1 0

)

=

(

−i 0

0 i

)

,

Modern Algebra I – p. 9/16



The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that

• A2 = B2 = −I andA4 = B4 = I.

• BA =

(

0 i

i 0

)(

0 1

−1 0

)

=

(

−i 0

0 i

)

,

Modern Algebra I – p. 9/16
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The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that

• A2 = B2 = −I andA4 = B4 = I.

• BA =

(

0 i

i 0

)(

0 1

−1 0

)

=

(

−i 0

0 i

)

, andA3B =

A2AB
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The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =
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)
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The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
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The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that

• A2 = B2 = −I andA4 = B4 = I.

• BA = A3B.

HenceQ8 = {AjBk | 0 ≤ j ≤ 3, and 0 ≤ k ≤ 1}
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The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =
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.

Remark. Note that

• A2 = B2 = −I andA4 = B4 = I.

• BA = A3B.

HenceQ8 = {AjBk | 0 ≤ j ≤ 3, and 0 ≤ k ≤ 1} and so
|Q8| ≤ 8.
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The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that

• A2 = B2 = −I andA4 = B4 = I.

• BA = A3B.

HenceQ8 = {AjBk | 0 ≤ j ≤ 3, and 0 ≤ k ≤ 1} and so
|Q8| ≤ 8. Furthermore, it is clear thatB 6∈ 〈A〉, so
|Q8| > |A| = 4. Moreover, since4 = |A|

∣

∣|Q8|, so|Q8| = 8,

Modern Algebra I – p. 9/16



The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that

• A2 = B2 = −I andA4 = B4 = I.

• BA = A3B.

HenceQ8 = {AjBk | 0 ≤ j ≤ 3, and 0 ≤ k ≤ 1} and so
|Q8| ≤ 8. Furthermore, it is clear thatB 6∈ 〈A〉, so
|Q8| > |A| = 4. Moreover, since4 = |A|

∣

∣|Q8|, so|Q8| = 8, i.e.,
Q8 is a group of order8.
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The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that

• A2 = B2 = −I andA4 = B4 = I.

• BA = A3B.

HenceQ8 = {AjBk | 0 ≤ j ≤ 3, and 0 ≤ k ≤ 1} is a group of
order8.

Remark. Note thatA,A−1, B,B−1 all have order4,
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elements of order4.
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The Quaternion Group Q8

Definition. Thequaternion groupQ8 is the multiplicative group
generated by the complex matrices

A =

(

0 1

−1 0

)

and B =

(

0 i

i 0

)

.

Remark. Note that

• A2 = B2 = −I andA4 = B4 = I.

• BA = A3B.

HenceQ8 = {AjBk | 0 ≤ j ≤ 3, and 0 ≤ k ≤ 1} is a group of
order8.

Remark. Note thatA,A−1, B,B−1 all have order4, soQ8 hasat
least fourelements of order4. Recall thatD4 hasonly two
elements of order4. HenceD4 andQ8 are not isomorphic.
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The Quaternion Group Q8
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A =
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• A2 = B2 = −I andA4 = B4 = I.

• BA = A3B.

HenceQ8 = {AjBk | 0 ≤ j ≤ 3, and 0 ≤ k ≤ 1} is a group of
order8.

Remark. It is not difficult to see that ifG is a group generated
by two elementsa, b such that|a| = |b| = 4, a2 = b2, and
ba = a3b, thenG is isomorphic to the quaternion groupQ8.
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Groups of Order 8

Let G be a group of order8.
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Let G be a group of order8.

• If G is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Groups,
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Let G be a group of order8.

• If G is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Groups,G is isomorphic toZ2 ⊕ Z2 ⊕ Z2,
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Groups of Order 8

Let G be a group of order8.

• If G is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Groups,G is isomorphic toZ2 ⊕ Z2 ⊕ Z2,
or Z2 ⊕ Z4,
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Groups of Order 8

Let G be a group of order8.

• If G is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Groups,G is isomorphic toZ2 ⊕ Z2 ⊕ Z2,
or Z2 ⊕ Z4, or Z8.
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Groups of Order 8

Let G be a group of order8.

• If G is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Groups,G is isomorphic toZ2 ⊕ Z2 ⊕ Z2,
or Z2 ⊕ Z4, or Z8.

• On the other hand, we already know two nonabelian groups
of order8, namelyD4 andQ8,
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• If G is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Groups,G is isomorphic toZ2 ⊕ Z2 ⊕ Z2,
or Z2 ⊕ Z4, or Z8.

• On the other hand, we already know two nonabelian groups
of order8, namelyD4 andQ8, and they are not isomorphic.
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• If G is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Groups,G is isomorphic toZ2 ⊕ Z2 ⊕ Z2,
or Z2 ⊕ Z4, or Z8.

• On the other hand, we already know two nonabelian groups
of order8, namelyD4 andQ8, and they are not isomorphic.
In the next proposition,
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Let G be a group of order8.

• If G is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Groups,G is isomorphic toZ2 ⊕ Z2 ⊕ Z2,
or Z2 ⊕ Z4, or Z8.

• On the other hand, we already know two nonabelian groups
of order8, namelyD4 andQ8, and they are not isomorphic.
In the next proposition, we shall show that ifG is a
nonabelian group,
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Groups of Order 8

Let G be a group of order8.

• If G is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Groups,G is isomorphic toZ2 ⊕ Z2 ⊕ Z2,
or Z2 ⊕ Z4, or Z8.

• On the other hand, we already know two nonabelian groups
of order8, namelyD4 andQ8, and they are not isomorphic.
In the next proposition, we shall show that ifG is a
nonabelian group, thenG ∼= D4 or Q8.
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Groups of Order 8

Let G be a group of order8.

• If G is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Groups,G is isomorphic toZ2 ⊕ Z2 ⊕ Z2,
or Z2 ⊕ Z4, or Z8.

• On the other hand, we already know two nonabelian groups
of order8, namelyD4 andQ8, and they are not isomorphic.
In the next proposition, we shall show that ifG is a
nonabelian group, thenG ∼= D4 or Q8.

Proposition (6.3). Up to isomorphism,

Modern Algebra I – p. 10/16



Groups of Order 8

Let G be a group of order8.

• If G is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Groups,G is isomorphic toZ2 ⊕ Z2 ⊕ Z2,
or Z2 ⊕ Z4, or Z8.

• On the other hand, we already know two nonabelian groups
of order8, namelyD4 andQ8, and they are not isomorphic.
In the next proposition, we shall show that ifG is a
nonabelian group, thenG ∼= D4 or Q8.

Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian groups of order8,
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Groups of Order 8

Let G be a group of order8.

• If G is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Groups,G is isomorphic toZ2 ⊕ Z2 ⊕ Z2,
or Z2 ⊕ Z4, or Z8.

• On the other hand, we already know two nonabelian groups
of order8, namelyD4 andQ8, and they are not isomorphic.
In the next proposition, we shall show that ifG is a
nonabelian group, thenG ∼= D4 or Q8.

Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian groups of order8, namely the dihedral group
D4
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Groups of Order 8

Let G be a group of order8.

• If G is abelian, then by the Fundamental Theorem of Finitely
Generated Abelian Groups,G is isomorphic toZ2 ⊕ Z2 ⊕ Z2,
or Z2 ⊕ Z4, or Z8.

• On the other hand, we already know two nonabelian groups
of order8, namelyD4 andQ8, and they are not isomorphic.
In the next proposition, we shall show that ifG is a
nonabelian group, thenG ∼= D4 or Q8.

Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian groups of order8, namely the dihedral group
D4 and the quaternion groupQ8.
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8.
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem,
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Lagrange’s Theorem, for everya ∈ G,

Modern Algebra I – p. 11/16



Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
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Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.

• If ∃a ∈ G such that|a| = 8,
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.

• If ∃a ∈ G such that|a| = 8, thenG = 〈a〉
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.

• If ∃a ∈ G such that|a| = 8, thenG = 〈a〉 and soG is
abelian,
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.

• If ∃a ∈ G such that|a| = 8, thenG = 〈a〉 and soG is
abelian, which contradicts the assumption thatG is
nonabelian.
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.

• If ∃a ∈ G such that|a| = 8, thenG = 〈a〉 and soG is
abelian, which contradicts the assumption thatG is
nonabelian. Hence every element ofG has order≤ 4.
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.

• If ∃a ∈ G such that|a| = 8, thenG = 〈a〉 and soG is
abelian, which contradicts the assumption thatG is
nonabelian. Hence every element ofG has order≤ 4.

• If |a| = 2 for all a ∈ G \ {e},
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.

• If ∃a ∈ G such that|a| = 8, thenG = 〈a〉 and soG is
abelian, which contradicts the assumption thatG is
nonabelian. Hence every element ofG has order≤ 4.

• If |a| = 2 for all a ∈ G \ {e}, thena2 = e ∀a ∈ G
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.

• If ∃a ∈ G such that|a| = 8, thenG = 〈a〉 and soG is
abelian, which contradicts the assumption thatG is
nonabelian. Hence every element ofG has order≤ 4.

• If |a| = 2 for all a ∈ G \ {e}, thena2 = e ∀a ∈ G and this
implies thatG is abelian,
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.

• If ∃a ∈ G such that|a| = 8, thenG = 〈a〉 and soG is
abelian, which contradicts the assumption thatG is
nonabelian. Hence every element ofG has order≤ 4.

• If |a| = 2 for all a ∈ G \ {e}, thena2 = e ∀a ∈ G and this
implies thatG is abelian, which contradicts the assumption
again.
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.

• If ∃a ∈ G such that|a| = 8, thenG = 〈a〉 and soG is
abelian, which contradicts the assumption thatG is
nonabelian. Hence every element ofG has order≤ 4.

• If |a| = 2 for all a ∈ G \ {e}, thena2 = e ∀a ∈ G and this
implies thatG is abelian, which contradicts the assumption
again. HenceG has at least one element of order≥ 4.
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.

• If ∃a ∈ G such that|a| = 8, thenG = 〈a〉 and soG is
abelian, which contradicts the assumption thatG is
nonabelian. Hence every element ofG has order≤ 4.

• If |a| = 2 for all a ∈ G \ {e}, thena2 = e ∀a ∈ G and this
implies thatG is abelian, which contradicts the assumption
again. HenceG has at least one element of order≥ 4.

Therefore,|x| ≤ 4 ∀x ∈ G,
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Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.

• If ∃a ∈ G such that|a| = 8, thenG = 〈a〉 and soG is
abelian, which contradicts the assumption thatG is
nonabelian. Hence every element ofG has order≤ 4.

• If |a| = 2 for all a ∈ G \ {e}, thena2 = e ∀a ∈ G and this
implies thatG is abelian, which contradicts the assumption
again. HenceG has at least one element of order≥ 4.

Therefore,|x| ≤ 4 ∀x ∈ G, i.e.,x4 = e ∀x ∈ G,
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. By
Lagrange’s Theorem, for everya ∈ G, |a| = 1, 2, 4, or 8.

• If ∃a ∈ G such that|a| = 8, thenG = 〈a〉 and soG is
abelian, which contradicts the assumption thatG is
nonabelian. Hence every element ofG has order≤ 4.

• If |a| = 2 for all a ∈ G \ {e}, thena2 = e ∀a ∈ G and this
implies thatG is abelian, which contradicts the assumption
again. HenceG has at least one element of order≥ 4.

Therefore,|x| ≤ 4 ∀x ∈ G, i.e.,x4 = e ∀x ∈ G, and∃a ∈ G

such that|a| = 4.
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. Then
x4 = e ∀x ∈ G, and∃a ∈ G such that|a| = 4.
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. Then
x4 = e ∀x ∈ G, and∃a ∈ G such that|a| = 4.
Since[G : 〈a〉] = 2,
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Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. Then
x4 = e ∀x ∈ G, and∃a ∈ G such that|a| = 4.
Since[G : 〈a〉] = 2, 〈a〉 ⊳ G
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. Then
x4 = e ∀x ∈ G, and∃a ∈ G such that|a| = 4.
Since[G : 〈a〉] = 2, 〈a〉 ⊳ G andG/〈a〉 is a group of order2.
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. Then
x4 = e ∀x ∈ G, and∃a ∈ G such that|a| = 4.
Since[G : 〈a〉] = 2, 〈a〉 ⊳ G andG/〈a〉 is a group of order2.
Takeb ∈ G \ 〈a〉.
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Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. Then
x4 = e ∀x ∈ G, and∃a ∈ G such that|a| = 4.
Since[G : 〈a〉] = 2, 〈a〉 ⊳ G andG/〈a〉 is a group of order2.
Takeb ∈ G \ 〈a〉. ThenG = 〈a, b〉
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. Then
x4 = e ∀x ∈ G, and∃a ∈ G such that|a| = 4.
Since[G : 〈a〉] = 2, 〈a〉 ⊳ G andG/〈a〉 is a group of order2.
Takeb ∈ G \ 〈a〉. ThenG = 〈a, b〉 andb2 ∈ 〈a〉,
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Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. Then
x4 = e ∀x ∈ G, and∃a ∈ G such that|a| = 4.
Since[G : 〈a〉] = 2, 〈a〉 ⊳ G andG/〈a〉 is a group of order2.
Takeb ∈ G \ 〈a〉. ThenG = 〈a, b〉 andb2 ∈ 〈a〉, i.e.,b2 = e, a,
a2, or a3.
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Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. Then
x4 = e ∀x ∈ G, and∃a ∈ G such that|a| = 4.
Since[G : 〈a〉] = 2, 〈a〉 ⊳ G andG/〈a〉 is a group of order2.
Takeb ∈ G \ 〈a〉. ThenG = 〈a, b〉 andb2 ∈ 〈a〉, i.e.,b2 = e, a,
a2, or a3.

• If b2 = a,
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Proposition (6.3)
Proposition (6.3). Up to isomorphism, there are exactly two
distinct nonabelian group of order8, namely the dihedral group
D4 and the quaternion groupQ8.

Proof. Let G be a nonabelian group with|G| = 8. Then
x4 = e ∀x ∈ G, and∃a ∈ G such that|a| = 4.
Since[G : 〈a〉] = 2, 〈a〉 ⊳ G andG/〈a〉 is a group of order2.
Takeb ∈ G \ 〈a〉. ThenG = 〈a, b〉 andb2 ∈ 〈a〉, i.e.,b2 = e, a,
a2, or a3.

• If b2 = a, thena2 = b4
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|a| = 4.
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• If b2 = e,
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TableOrder Distinct Groups Order Distinct Groups
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9 Z3 ⊕ Z3, Z9

10 Z10, D5
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12 Z2 ⊕ Z6, Z12, A4, D6, T
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Groups of Order 12

Let G be a group of order12.

• If G is abelian, then by theFundamental Theorem of
Finitely Generated Abelian Groups, G is isomorphic to
Z2 ⊕ Z2 ⊕ Z3

∼= Z2 ⊕ Z6,
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of order12,
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• If G is abelian, then by theFundamental Theorem of
Finitely Generated Abelian Groups, G is isomorphic to
Z2 ⊕ Z2 ⊕ Z3

∼= Z2 ⊕ Z6, or Z4 ⊕ Z3
∼= Z12.

• On the other hand, we already know two nonabelian groups
of order12, namelyA4 andD6, and they are not isomorphic,
(becauseD6 has an element of order6 while A4 has no
elements of order6).
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Let G be a group of order12.

• If G is abelian, then by theFundamental Theorem of
Finitely Generated Abelian Groups, G is isomorphic to
Z2 ⊕ Z2 ⊕ Z3

∼= Z2 ⊕ Z6, or Z4 ⊕ Z3
∼= Z12.

• On the other hand, we already know two nonabelian groups
of order12, namelyA4 andD6, and they are not isomorphic,
(becauseD6 has an element of order6 while A4 has no
elements of order6). In the next example, we shall construct
a nonabelian groupT of order12, which is not isomorphic to
eitherA4 or D6.

• Finally in Proposition (6.4), we will show that ifG is a
nonabelian group, thenG ∼= A4, D6, or T .
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group of order12.
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ai−s = bt−j and so2 | t − j. Since−1 ≤ t − j ≤ 1, t − j = 0,
i.e.,t = j, and this impliesi = s. Therefore,|T | = 12, i.e.,T is a
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|α| = 6, α3 = β2, and βα = α−1β.
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We want to show that G ∼= T .

First note that using the above conditions onα, β, we have
G = 〈α, β〉 = {αiβj | 0 ≤ i ≤ 5 and 0 ≤ j ≤ 1}.
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• Furthermore, we show that ifG is a group generated by
α, β ∈ G satisfying|α| = 6, α3 = β2, andβα = α−1β, then
G ∼= T .

Therefore, we know three nonabelian groups or order 12,
namely A4, D6, and T .

• A4 has no elements of order6, while D6 andT both have
elements of order6. HenceA4 ≇ D6 andA4 ≇ T .

• D6 has no elements of order4, while T has elements of order
4. HenceD6 ≇ T .

Next, we will show that up to isomorphism, there are
exactly three distinct nonabelian groups of order 12.
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