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Today, we will cover the following two sections

Section II.4:The Action of a Group on a Set

Section II.5:The Sylow Theorems
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is a subgroup ofG.

Definition. The equivalence classes of the equivalence relation
of Theorem 4.2 (i) are called theorbitsof G onS; the orbit of
x ∈ S is denotedx, i.e.,x = {gx | g ∈ G}. The subgroupGx is
called thesubgroup fixingx, theisotropy group ofx, or the
stabilizer ofx.

Modern Algebra I – p. 6/13



Examples/Definitions.
• If a groupG acts on itself by conjugation,

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation,

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)
Hx = {h ∈ H | hxh−1 = x}

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)
Hx = {h ∈ H | hxh−1 = x} = {h ∈ H | hx = xh}

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)
Hx = {h ∈ H | hxh−1 = x} = {h ∈ H | hx = xh}

is called thecentralizer ofx in H

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)
Hx = {h ∈ H | hxh−1 = x} = {h ∈ H | hx = xh}

is called thecentralizer ofx in H and is denotedCH(x).

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)
Hx = {h ∈ H | hxh−1 = x} = {h ∈ H | hx = xh}

is called thecentralizer ofx in H and is denotedCH(x).

• If H acts by conjugation on the setS of all subgroups ofG,

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)
Hx = {h ∈ H | hxh−1 = x} = {h ∈ H | hx = xh}

is called thecentralizer ofx in H and is denotedCH(x).

• If H acts by conjugation on the setS of all subgroups ofG,
then the subgroup ofH fixing K ∈ S,

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)
Hx = {h ∈ H | hxh−1 = x} = {h ∈ H | hx = xh}

is called thecentralizer ofx in H and is denotedCH(x).

• If H acts by conjugation on the setS of all subgroups ofG,
then the subgroup ofH fixing K ∈ S, namely
{h ∈ H | hKh−1 = K},

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)
Hx = {h ∈ H | hxh−1 = x} = {h ∈ H | hx = xh}

is called thecentralizer ofx in H and is denotedCH(x).

• If H acts by conjugation on the setS of all subgroups ofG,
then the subgroup ofH fixing K ∈ S, namely
{h ∈ H | hKh−1 = K}, is called thenormalizer ofK in H

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)
Hx = {h ∈ H | hxh−1 = x} = {h ∈ H | hx = xh}

is called thecentralizer ofx in H and is denotedCH(x).

• If H acts by conjugation on the setS of all subgroups ofG,
then the subgroup ofH fixing K ∈ S, namely
{h ∈ H | hKh−1 = K}, is called thenormalizer ofK in H

and denotedNH(K).

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)
Hx = {h ∈ H | hxh−1 = x} = {h ∈ H | hx = xh}

is called thecentralizer ofx in H and is denotedCH(x).

• If H acts by conjugation on the setS of all subgroups ofG,
then the subgroup ofH fixing K ∈ S, namely
{h ∈ H | hKh−1 = K}, is called thenormalizer ofK in H

and denotedNH(K). The groupNG(K) is simply called

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)
Hx = {h ∈ H | hxh−1 = x} = {h ∈ H | hx = xh}

is called thecentralizer ofx in H and is denotedCH(x).

• If H acts by conjugation on the setS of all subgroups ofG,
then the subgroup ofH fixing K ∈ S, namely
{h ∈ H | hKh−1 = K}, is called thenormalizer ofK in H

and denotedNH(K). The groupNG(K) is simply called the
normalizer ofK.

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)
Hx = {h ∈ H | hxh−1 = x} = {h ∈ H | hx = xh}

is called thecentralizer ofx in H and is denotedCH(x).

• If H acts by conjugation on the setS of all subgroups ofG,
then the subgroup ofH fixing K ∈ S, namely
{h ∈ H | hKh−1 = K}, is called thenormalizer ofK in H

and denotedNH(K). The groupNG(K) is simply called the
normalizer ofK.
• Every subgroupK is normal inNG(K).

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
isotropy group ofx (or the the stablilizer ofx)
Hx = {h ∈ H | hxh−1 = x} = {h ∈ H | hx = xh}

is called thecentralizer ofx in H and is denotedCH(x).

• If H acts by conjugation on the setS of all subgroups ofG,
then the subgroup ofH fixing K ∈ S, namely
{h ∈ H | hKh−1 = K}, is called thenormalizer ofK in H

and denotedNH(K). The groupNG(K) is simply called the
normalizer ofK.
• Every subgroupK is normal inNG(K).
• K is normal inG

Modern Algebra I – p. 7/13



Examples/Definitions.
• If a groupG acts on itself by conjugation, then the orbit
{gxg−1 | g ∈ G} of x ∈ G is called theconjugacy class ofx.

• If a subgroupH acts on a groupG by conjugation, the
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• If H acts by conjugation on the setS of all subgroups ofG,
then the subgroup ofH fixing K ∈ S, namely
{h ∈ H | hKh−1 = K}, is called thenormalizer ofK in H

and denotedNH(K). The groupNG(K) is simply called the
normalizer ofK.
• Every subgroupK is normal inNG(K).
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of G.

• The number of elements in the conjugacy class ofx ∈ G is
[G : CG(x)], which divides|G|.

Proof. Recall that if we letG act on itself by conjugation, then
the orbit ofx, x = {gxg−1 | g ∈ G}, is the conjugacy class ofx
and the isotropy group ofx, {g ∈ G | gx = xg}, is CG(x). Now,
apply Theorem (4.3) to complete the proof.
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of x ∈ S is the index[G : Gx], i.e.,|x| = [G : Gx].

Corollary (4.4). Let G be a finite group and letK be a subgroup
of G.

• The number of elements in the conjugacy class ofx ∈ G is
[G : CG(x)], which divides|G|.

• If x1, . . . , xn are the distinct conjugacy classes ofG, then
|G| =

∑n

i=1
[G : CG(xi)].

• The number of subgroups ofG conjugate toK is
[G : NG(K)], which divides|G|.

This equation is called the class equation of the finite
group G.
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If a groupG acts on a setS, then this action induces a
homomorphismG → A(S), whereA(S) is the group of all
permutation onS.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphismG → A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
isomorphic to a subgroup ofSn, wheren = |G|.

Notation. If G is a group,Aut G is the set of all automorphisms
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Corollary (4.7)Corollary (4.7). Let G be a group.
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of G. τg : G → G with τg(x) = gxg−1.

(ii) There is a homomorphismΦ : G → Aut G whose kernel is
C(G) = {g ∈ G | gx = xg ∀x ∈ G}.
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(ii) There is a homomorphismΦ : G → Aut G whose kernel is
C(G) = {g ∈ G | gx = xg ∀x ∈ G}.

Remark. Let G be a group.
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|G| = |C(G)| +
m

∑

i=1

[G : CG(xi)],

wherex1, . . . , xm, with xi ∈ G \ C(G), are the distinct
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Let H be a subgroup of a groupG and letG act on the setS of
all left cosets ofH in G by left translation. Then the kernel of
the induced homomorphismG → A(S) is contained inH.

Corollary (4.9). If H is a subgroup of indexn in a groupG and
if no nontrivial normal subgroup ofG is contained inH, thenG

is isomorphic to a subgroup ofSn.

Proof. Apply Proposition (4.8) toH. Since[G : H] = n,
A(S) ≃ Sn. Moreover,Ker Φ is a normal subgroup ofG that is
contained inH. By assumption,Ker Φ = {e} and soΦ is a
monomorphism. This completes the proof.
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Proof. Apply Proposition (4.8) toH. Since[G : H] = p,
A(S) ≃ Sp. Let Φ : G → A(S) be the induced homomorphism
and letK = Ker Φ. By Proposition (4.8),K ≤ H. On the other
hand, by the First Isomorphism Theorem,
G/K ≃ Φ(G) ≤ A(S). Hence, by Lagrange’s Theorem,

[G : K] = |G/K|
∣

∣|A(S)| = |Sp| = p!
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Proof. Apply Proposition (4.8) toH. Since[G : H] = p,
A(S) ≃ Sp. Let Φ : G → A(S) be the induced homomorphism
and letK = Ker Φ. By Proposition (4.8),K ≤ H. On the other
hand, by the First Isomorphism Theorem,
G/K ≃ Φ(G) ≤ A(S). Hence, by Lagrange’s Theorem,

[G : K] = |G/K|
∣

∣|A(S)| = |Sp| = p!

Furthermore,
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∣
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Furthermore,[G : K]
∣

∣|G| andp is the smallest prime dividing
|G|, so[G : K] = 1 or p. On the other hand,
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is the smallest prime dividing|G|. ThenH is normal inG.

Proof. Apply Proposition (4.8) toH. Since[G : H] = p,
A(S) ≃ Sp. Let Φ : G → A(S) be the induced homomorphism
and letK = Ker Φ. By Proposition (4.8),K ≤ H. On the other
hand, by the First Isomorphism Theorem,
G/K ≃ Φ(G) ≤ A(S). Hence, by Lagrange’s Theorem,

[G : K] = |G/K|
∣

∣|A(S)| = |Sp| = p!

Furthermore,[G : K]
∣

∣|G| andp is the smallest prime dividing
|G|, so[G : K] = 1 or p. On the other hand,
K ≤ H =⇒ [G : K] ≥ [G : H] = p, so[G : K] = p = [G : H]

and soK = H. SinceK ⊳ G, we have thatH is normal inG.
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Exercise for Section II.4
1, 2, 3, 7, 8, 9, 14.
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