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Today, we will cover the following two sections
Section I1.4:The Action of a Group on a Set

Section I1.5:The Sylow Theorems
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group H on the sefS.

We describe this action &$ acts on the set of all subgroups
of G by conjugation The grouph K h ! is said to be
conjugate tak.

Modern Aloebral - p. 5/13



Theorem (4.2). Let G be a group that acts on a set

Modern Aloebra |l — n. 6/13



Theorem (4.2). Let G be a group that acts on a set
() The relation onS defined by

Modern Aloebra |l — n. 6/13



Theorem (4.2). Let G be a group that acts on a set

() The relation onS defined by
r~x <= gr =2 forsomeg € GG

Modern Aloebra |l — n. 6/13



Theorem (4.2). Let G be a group that acts on a set

() The relation onS defined by
r~x <= gr =2 forsomeg € GG
IS an equivalence relation.

Modern Aloebra |l — n. 6/13



Theorem (4.2). Let G be a group that acts on a set

() The relation onS defined by
r~x <= gr =2 forsomeg € GG
IS an equivalence relation.

(i) For eachz € S,

Modern Aloebra |l — n. 6/13



Theorem (4.2). Let G be a group that acts on a set

() The relation onS defined by
r~x <= gr =2 forsomeg € GG
IS an equivalence relation.

(i) For eachz € S,
G,={9€G|gr=u}

Modern Aloebra |l — n. 6/13



Theorem(4.2). Let G be a group that acts on a set
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IS an equivalence relation.
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Theorem(4.2). Let G be a group that acts on a set
() The relation onS defined by
r~x <= gr =2 forsomeg € GG
IS an equivalence relation.
(i) For eachz € S,
G,={9€G|gr=ua}
IS a subgroup of-.

Proof. For (i), we need to check that the relation is reflexive,
symmetric, and transitive.
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() The relation onS defined by
r~1 < gr =2 forsomeg € G
IS an equivalence relation.
(i) For eachz € S,
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IS a subgroup of-.

Proof. For (i), we need to check that the relatiorreglexive
symmetric, and transitive.
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(i) For eachz € S,
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r~x <= gr =2 forsomeg € GG
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r~1 < gr =2 forsomeg € G
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(i) For eachz € S,
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(i) For eachz € S,
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symmetric, andransitive
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IS an equivalence relation.
(i) For eachz € S,
G,={9€G|gr=ua}
IS a subgroup of-.

Proof. For (i), we need to check that the relation is reflexive,
symmetric, andransitive

Ve € S, becausexr =z, z ~ x.

Assumer ~ z’. Thendg € G such thayyx = «/. Because
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Theorem (4.2). Let G be a group that acts on a set

() The relation onS defined by
r~1 < gr =2 forsomeg € G
IS an equivalence relation.
(i) For eachz € S,
G,={9€G|gr=ua}
IS a subgroup of-.

Proof. For (i), we need to check that the relation is reflexive,
symmetric, andransitive

Ve € S, becausexr =z, z ~ x.

Assumer ~ z’. Thendg € G such thayyx = «/. Because
—1,./

gt =g (gx) = (g7 'g)r =ex =z,2" ~ x.

Assumer; ~ x5 andxs ~ x3. Thendg, g» € G such that
g1T1 = X9 andggaﬁg — I3. BecaUSEEgggl)fl = gg(glajl)

— (JoXo — X3, L1 ~ 3.
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() The relation onS defined by
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() The relation onS defined by
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IS a subgroup of-.
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Theorem (4.2). Let G be a group that acts on a set

() The relation onS defined by
r~1 < gr =2 forsomeg € G
IS an equivalence relation.
(i) For eachz € S,
G,={9€G|gr=ua}
IS a subgroup of-.

Proof. For (i), first note thatx = z, soe € G,.
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Theorem (4.2). Let G be a group that acts on a set
() The relation onS defined by
r~x <= gr =2 forsomeg € GG
IS an equivalence relation.
(i) For eachz € S,
G,={9€G|gzr=ux}
IS a subgroup of-.
Proof. For (ii), first note thakxr = x, soe € G,. Secondly, let
Ji1, 02 < G
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G,={9€G|gr=ua}
IS a subgroup of-.
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Theorem (4.2). Let G be a group that acts on a set
() The relation onS defined by
r~x <= gr =2 forsomeg € GG
IS an equivalence relation.
(i) For eachz € S,
G,={9€G|gr=ua}
IS a subgroup of-.
Proof. For (ii), first note thakxr = x, soe € G,. Secondly, let

91,92 € G,. Thengix = x = gox. Since(gi1g92)x = g1(g21)
= q1x =T, q1G2 € G,.
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Theorem (4.2). Let G be a group that acts on a set
() The relation onS defined by
r~x <= gr =2 forsomeg € GG
IS an equivalence relation.
(i) For eachz € S,
G,={9€G|gr=ua}
IS a subgroup of-.
Proof. For (ii), first note thakxr = x, soe € G,. Secondly, let

91,92 € Gg. Thengw — T = (goX. Since(glgz)x — 91(923;)
= q1x = x, 192 € G,. Finally, letg € GG,.
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() The relation onS defined by
r~x <= gr =2 forsomeg € GG
IS an equivalence relation.

(i) For eachz € S,
G,={9€G|gzr=ux}
IS a subgroup of-.
Proof. For (i), first note thatx = z, soe € GG,. Secondly, let

91,92 € G,. Thengix = x = gox. Since(gi1g92)x = g1(g21)

= qx =, 192 € G,. FInally, letg € GG,. Thengxr = x. Since
glr=gYgz)= (¢ 'g)r =ex =2,9"" € G,. Therefore,
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Theorem(4.2). Let G be a group that acts on a set
() The relation onS defined by
r~x <= gr =2 forsomeg € GG
IS an equivalence relation.
(i) For eachz € S,
G,={9€G|gr=u}
IS a subgroup of-.

Definition. The equivalence classes of the equivalence relation
of Theorem 4.2 (i)
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() The relation onS defined by
r~x <= gr =2 forsomeg € GG
IS an equivalence relation.
(i) For eachz € S,
G,={9€G|gr=u}
IS a subgroup of-.

Definition. The equivalence classes of the equivalence relation
of Theorem 4.2 (i) are called thebitsof G on S; the orbit of
r € S is denotedr, i.e.,7 = {gz | g € G}.
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Theorem (4.2). Let G be a group that acts on a set
() The relation onS defined by
r~x <= gr =2 forsomeg € GG
IS an equivalence relation.

(i) For eachz € S,
G,={9€G|gr=ua}
IS a subgroup of-.

Definition. The equivalence classes of the equivalence relation
of Theorem 4.2 (i) are called thebitsof G on S; the orbit of

r € Sis denotedr, i.e.,x = {gx | g € G}. The subgroug-, is
called thesubgroup fixingr, theisotropy group ofr,
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Theorem (4.2). Let G be a group that acts on a set

() The relation onS defined by
r~x <= gr =2 forsomeg € GG
IS an equivalence relation.

(i) For eachz € S,
G,={9€G|gr=ua}
IS a subgroup of-.

Definition. The equivalence classes of the equivalence relation
of Theorem 4.2 (i) are called thebitsof G on S; the orbit of

r € Sis denotedr, i.e.,x = {gx | g € G}. The subgroug-, is
called thesubgroup fixinge, theisotropy group ofr, or the
stabilizer ofz.
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If a groupG acts on itself by conjugation,
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If a groupG acts on itself by conjugation, then the orbit
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If a subgroupH acts on a groug: by conjugation, the
Isotropy group ofr (or the the stablilizer of)
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Examples/Definitions.

If a groupG acts on itself by conjugation, then the orbit
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group G.
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If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y)
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g g =g gy
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g_lg:c — g_lgy — er = ey
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g_lg:c — g_lgy — er = ey — T =Y,
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g_lg:c — g_lgy — er = ey — T =Y,

7, IS ontosincevzx € S,
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g_lg:c — g_lgy — er = ey — T =Y,

T, IS ontosincevVz € S, 7,(g ' x)

Modern Aloebral — p. 9/13



Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g_lg:c — g_lgy — er = ey — T =Y,

T, IS ontosinceVz € S, 7,(¢7'x) = g9 '
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g_lg:c — g_lgy — er = ey — T =Y,

T, is ontosinceVe € S, 7,(g'x) = g9 e = ex
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g_lg:c — g_lgy — er = ey — T =Y,

7, is ontosinceVe € S, 7,(g 7 x) = g9 e = ex = x.
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g_lg:c — g_lgy — er = ey — T =Y,

7, is ontosinceVe € S, 7,(g 7 x) = g9 e = ex = x.
Defined : G — A(S) byg — 7,.
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g_lg:c — g_lgy — er = ey — T =Y,

7, is ontosinceVe € S, 7,(g 7 x) = g9 e = ex = x.
Define® : G — A(S) by g — 7,. Becaus&g,h € G andx € S,
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g_lg:c — g_lgy — er = ey — T =Y,

7, is ontosinceVe € S, 7,(g 7 x) = g9 e = ex = x.
Define® : G — A(S) by g — 7,. Becaus&g,h € G andx € S,

TyTh(z) = 74(h)
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g_lg:c — g_lgy — er = ey — T =Y,

7, is ontosinceVe € S, 7,(g 7 x) = g9 e = ex = x.

Defined : G — A(S) by g — 7,. Because&/g, h € G andx € S,
7,7h(x) = 7,(hz) = g(hx)
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g_lg:c — g_lgy — er = ey — T =Y,

7, is ontosinceVe € S, 7,(g 7 x) = g9 e = ex = x.
Define® : G — A(S) by g — 7,. Becaus&g,h € G andx € S,
TyTh(2) = T4(hx) = g(ha) = (gh)z
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

T, IS one-to-onesincer,(z) = 7,(y) = gz = gy
— g_lg:c — g_lgy — er = ey — T =Y,

7, is ontosinceVe € S, 7,(g 7 x) = g9 e = ex = x.
Define® : G — A(S) by g — 7,. Becaus&g,h € G andx € S,
7,7h(x) = 7,(hz) = g(hx) = (gh)r = T(2),
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

7, IS one-to-onesincer,(v) = 7,(y) = gz = gy

= g_lg:c = g_lgy — er = ey — T =Y,

7, is ontosinceVe € S, 7,(g 7 x) = g9 e = ex = x.
Defined : G — A(S) by g — 7,. Because&/g, h € G andx € S,

TyTn(x) = Ty(hz) = g(hx) = (gh)x = Ten(),
we havevg, h € G, 7,1, = Ty,
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

7, IS one-to-onesincer,(v) = 7,(y) = gz = gy

= g_lg:c = g_lgy — er = ey — T =Y,

7, is ontosinceVe € S, 7,(g 7 x) = g9 e = ex = x.
Defined : G — A(S) by g — 7,. Because&/g, h € G andx € S,

TTh(7) = 7y(hw) = g(hx) = (gh)x = Tgn(2),
we havevg, h € G, 7,7, = Ty, 1.€.,P(g)P(h) = ®(gh).
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Proof. For eacly € GG, definer, : S — S by x — gx. Then
T, € A(S) because

7, IS one-to-onesincer,(v) = 7,(y) = gz = gy

= g_lg:c = g_lgy — er = ey — T =Y,

7, is ontosinceVe € S, 7,(g 7 x) = g9 e = ex = x.
Defined : G — A(S) by g — 7,. Because&/g, h € G andx € S,

7,7h(x) = 7,(hz) = g(hx) = (gh)r = T(2),
we havevg, h € G, 7,7, = Ty, 1.€.,P(g)P(h) = P(gh). Thusd
IS @a homomorphism of groups.
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group,
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G).
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations.
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular,
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Proof. Let GG act on itself by left translation.
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Proof. Let G act on itself by left translation. By the proof of
Theorem (4.5),
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Proof. Let G act on itself by left translation. By the proof of
Theorem (4.5) : G — A(G) with g — 7,
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Proof. Let G act on itself by left translation. By the proof of
Theorem (4.5)® : G — A(G) with g — 7, is @ homomorphism.
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Proof. Let G act on itself by left translation. By the proof of
Theorem (4.5)® : G — A(G) with g — 7, is @ homomorphism.
Moveover,

g € Ker ®
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Proof. Let G act on itself by left translation. By the proof of
Theorem (4.5)® : G — A(G) with g — 7, is @ homomorphism.
Moveover,

ge Kerd — 7, =1g

Modern Aloebral — p. 9/13



Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Proof. Let G act on itself by left translation. By the proof of
Theorem (4.5)® : G — A(G) with g — 7, is @ homomorphism.
Moveover,

geKer® = 7,=15 = 74(e) =¢
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Proof. Let G act on itself by left translation. By the proof of
Theorem (4.5)® : G — A(G) with g — 7, is @ homomorphism.
Moveover,

geEKer® = 7,=1 = 714(e) =e = g=ce.
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Proof. Let G act on itself by left translation. By the proof of
Theorem (4.5)® : G — A(G) with g — 7, is @ homomorphism.
Moveover,

geEKer® = 7,=1 = 714(e) =e = g=ce.
Henced is a monomorphism.
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Proof. Let G act on itself by left translation. By the proof of
Theorem (4.5)® : G — A(G) with g — 7, is @ homomorphism.
Moveover,

geEKer® = 7,=1 = 714(e) =e = g=ce.
Hence® is a monomorphism. In particular, |if| = n,
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Proof. Let G act on itself by left translation. By the proof of
Theorem (4.5)® : G — A(G) with g — 7, is @ homomorphism.
Moveover,

geEKer® = 7,=1 = 714(e) =e = g=ce.
Hence® is a monomorphism. In particular,|iz| = n, then
A(S) ~ S,
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Proof. Let G act on itself by left translation. By the proof of
Theorem (4.5)® : G — A(G) with g — 7, is @ homomorphism.
Moveover,

geEKer® = 7,=1 = 714(e) =e = g=ce.
Hence® is a monomorphism. In particular,|iz| = n, then
A(S) ~ S, and we complete the proof.
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Notation. If G Is a group,
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Notation. If G Is a group,Aut (G is the set of all automorphisms
of G,
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Theorem (4.5)

If a groupG acts on a sef, then this action induces a
homomorphisnG — A(S), whereA(S) is the group of all
permutation orb.

Corollary (4.6,Cayley). If G is a group, then there is a
monomorphisnG — A(G). Hence every group is isomorphic to
a group of permutations. In particular, every finite group is
iIsomorphic to a subgroup ¢f,, wheren = |G|.

Notation. If G Is a group,Aut (G is the set of all automorphisms
of G, which is a subgroup ofi(G).
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Corollary (4.7). Let GG be a group.
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Corollary (4.7). Let GG be a group.
(i) For eachy € G,
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G.
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G.

Proof. Let G act on itself by conjugation.
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G.

Proof. Let G act on itself by conjugation. Then by the proof of
Theorem (4.5),
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G.

Proof. Let G act on itself by conjugation. Then by the proof of
Theorem (4.5)7, : G — G with 7,(x) = gzg™*
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G.

Proof. Let G act on itself by conjugation. Then by the proof of
Theorem (4.5)7, : G — G with 7,(z) = gxg~! is a bijection of
G.
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G.

Proof. Let G act on itself by conjugation. Then by the proof of
Theorem (4.5)7, : G — G with 7,(z) = gxg~! is a bijection of
(. It can also be checked directly.
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G.

Proof. Let G act on itself by conjugation. Then by the proof of
Theorem (4.5)7, : G — G with 7,(z) = gxg~! is a bijection of
(. It can also be checked directly. Also, it is easy to check tha
7, 1S Indeed a homomorphism.
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G.

Proof. Let G act on itself by conjugation. Then by the proof of
Theorem (4.5)7, : G — G with 7,(z) = gxg~! is a bijection of
(. It can also be checked directly. Also, it is easy to check tha
7, 1S Indeed a homomorphism. Hengec Aut G.
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

Proof. Let G act on itself by conjugation. Then by the proof of
Theorem (4.5)7, : G — G with 7,(z) = gxg~! is a bijection of
(. It can also be checked directly. Also, it is easy to check tha
7, 1S Indeed a homomorphism. Hengec Aut G.
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi : G — Aut GG
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() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}
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with g — 7, Is @ homomorphism.
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of G. 7, G — G with 7,(x) = gxg™.
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with g — 7, IS @ homomorphism. Since (i) tells us that
Im® C Aut GG, we haved : G — Aut G.
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Corollary (4.7). Let GG be a group.
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Corollary (4.7). Let GG be a group.
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}

Proof. Again by the proof of Theorem (4.5, : G — A(G)
with g — 7, IS @ homomorphism. Since (i) tells us that
Im® C Aut GG, we haved : G — Aut GG. Moreover,
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}

Proof. Again by the proof of Theorem (4.5, : G — A(G)
with g — 7, IS @ homomorphism. Since (i) tells us that
Im® C Aut GG, we haved : G — Aut GG. Moreover,

geEKer® «— 7,=15 <= 71/(2) =2,V el
& grg =2z, Vo€ G < gr=1xg9, Vx € G
— g€ C(G).
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}

Proof. Again by the proof of Theorem (4.5, : G — A(G)
with g — 7, IS @ homomorphism. Since (i) tells us that
Im® C Aut GG, we haved : G — Aut GG. Moreover,

geEKer® «— 7,=15 <= 71/(2) =2,V el
& grg =2z, Vo€ G < gr=1xg9, Vx € G
— g€ C(G).

HenceKer ® = C'(G).
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}

Definition. The automorphism, of Corollary (4.7) is called

Modern Alaoebral = p. 10/13



Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}

Definition. The automorphisnt, of Corollary (4.7) is called the
Inner automorphism induced hy

Modern Alaoebral = p. 10/13
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}

Definition. The automorphisnt, of Corollary (4.7) is called the
Inner automorphism induced ly The normal subgroup
C'(G) = Ker @ is called thecenter ofG.
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}

Remark. Let G be a group.
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() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}

Remark. Let G be a group. For € G,
r e C(G)

Modern Alaoebral = p. 10/13



Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
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re(CG) < Cglx)=G

Modern Alaoebral = p. 10/13



Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}

Remark. Let G be a group. For € G,
re€(C(G) < Cglx) =G <= |7| =|G: Cqx)] = 1.
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() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
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Therefore, the class equation@fmaybe written as
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() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}

Remark. Let G be a group. For € G,
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}

Remark. Let G be a group. For € G,
re€(C(G) < Cglx) =G <= |7| =|G: Cqx)] = 1.

Therefore, the class equation@fmaybe written as

G| =C(G)] + ) [G: Calxy)],

1=1
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Corollary (4.7). Let GG be a group.

() For eachy € G, conjugation by induces an automorphism
of G. 7, G — G with 7,(x) = gxg™.

(i) There is a homomorphisi® : G — Aut G whose kernel is
C(G)={g€ G| gr=xgVreG}

Remark. Let G be a group. For € G,
re€(C(G) < Cglx) =G <= |7| =|G: Cqx)] = 1.
Therefore, the class equation@fmaybe written as

G| =C(G)] + ) [G: Calxy)],

1=1
wherezy, ..., 7, with x; € G\ C(G), are the distinct
conjugacy classes @f such thatGG : Cq(x;)] > 1.
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Let H be a subgroup of a group and letGG act on the sef of
all left cosets ofH in GG by left translation.
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Proposition (4.8)

Let H be a subgroup of a group and letGG act on the sef of
all left cosets off in GG by left translation. Then the kernel of

the induced homomorphistd — A(.S) is contained inA.

Proof. Note that the induced homomorphism is
o . G — A9

g F—— Ty

wherer,(xH) = gz H,VxH € S. Moreover,
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Proposition (4.8)

Let H be a subgroup of a group and letGG act on the sef of
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Proposition (4.8)

Let H be a subgroup of a group and letGG act on the sef of
all left cosets off in GG by left translation. Then the kernel of

the induced homomorphistd — A(.S) is contained inA.

Proof. Note that the induced homomorphism is
o . G — A9
g —— T
wherer,(xH) = gz H,VxH € S. Moreover,
geKer®d — 71,=15
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Let H be a subgroup of a group and letGG act on the sef of
all left cosets off in GG by left translation. Then the kernel of

the induced homomorphistd — A(.S) is contained inA.
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g —— Tq
wherer,(xH) = gz H,VxH € S. Moreover,
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Proposition (4.8)

Let H be a subgroup of a group and letGG act on the sef of
all left cosets off in GG by left translation. Then the kernel of

the induced homomorphistd — A(.S) is contained inA.

Proof. Note that the induced homomorphism is
o . G — A9
g —— Tq
wherer,(xH) = gz H,VxH € S. Moreover,
geKer® = 7,=1¢ = 7,(H)=H = gH=H
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Proposition (4.8)

Let H be a subgroup of a group and letGG act on the sef of
all left cosets off in GG by left translation. Then the kernel of
the induced homomorphistd — A(.S) is contained inA.

Proof. Note that the induced homomorphism is
o : G — A(9)
g —— Tg
wherer,(zH) = gxH,VxH € S. Moreover,
geKer® = 7,=1¢ = 7,(H)=H = gH=H
—> g € H.
ThusKer ® C H.

Corollary (4.9). If H is a subgroup of index in a groupG and
If no nontrivial normal subgroup af is contained i, then
IS Isomorphic to a subgroup of,.
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Let H be a subgroup of a group and letGG act on the sef of
all left cosets off in GG by left translation. Then the kernel of
the induced homomorphistd — A(.S) is contained inA.

Corollary (4.9). If H is a subgroup of index in a groupG and
If no nontrivial normal subgroup a¥ is contained inH, thenGG
IS iIsomorphic to a subgroup of,.
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Proposition (4.8)

Let H be a subgroup of a group and letGG act on the sef of
all left cosets off in GG by left translation. Then the kernel of
the induced homomorphistd — A(.S) is contained inA.

Corollary (4.9). If H is a subgroup of index in a groupG and
If no nontrivial normal subgroup a¥ is contained inH, thenGG
IS iIsomorphic to a subgroup of,.

Proof. Apply Proposition (4.8) tdd.
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all left cosets off in GG by left translation. Then the kernel of
the induced homomorphistd — A(.S) is contained inA.

Corollary (4.9). If H is a subgroup of index in a groupG and
If no nontrivial normal subgroup @f is contained ind, thenGG
IS iIsomorphic to a subgroup of,.

Proof. Apply Proposition (4.8) td{. Since|G : H| = n,
A(S) ~ S,,. Moreover,Ker ® is a normal subgroup af that is
contained inHd. By assumption,

Modern Aloebral = po. 11/13



Proposition (4.8)

Let H be a subgroup of a group and letGG act on the sef of
all left cosets off in GG by left translation. Then the kernel of
the induced homomorphistd — A(.S) is contained inA.

Corollary (4.9). If H is a subgroup of index in a groupG and
If no nontrivial normal subgroup @f is contained ind, thenGG
IS iIsomorphic to a subgroup of,.

Proof. Apply Proposition (4.8) td{. Since|G : H| = n,
A(S) ~ S,,. Moreover,Ker ® is a normal subgroup af that is
contained inH. By assumptionKer ® = {e}

Modern Aloebral = po. 11/13



Proposition (4.8)

Let H be a subgroup of a group and letGG act on the sef of
all left cosets off in GG by left translation. Then the kernel of
the induced homomorphistd — A(.S) is contained inA.

Corollary (4.9). If H is a subgroup of index in a groupG and
If no nontrivial normal subgroup @f is contained ind, thenGG
IS iIsomorphic to a subgroup of,.

Proof. Apply Proposition (4.8) td{. Since|G : H| = n,

A(S) ~ S,,. Moreover,Ker ® is a normal subgroup af that is
contained inH. By assumptionKer ® = {e} and so® is a
monomorphism.
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Proposition (4.8)

Let H be a subgroup of a group and letGG act on the sef of
all left cosets off in GG by left translation. Then the kernel of
the induced homomorphistd — A(.S) is contained inA.

Corollary (4.9). If H is a subgroup of index in a groupG and
If no nontrivial normal subgroup @f is contained ind, thenGG
IS iIsomorphic to a subgroup of,.

Proof. Apply Proposition (4.8) td{. Since|G : H| = n,

A(S) ~ S,,. Moreover,Ker ® is a normal subgroup af that is
contained inH. By assumptionKer ® = {e} and so® is a
monomorphism. This completes the proof.
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Supposéed is a subgroup of a finite grou@@ of indexp, wherep
IS the smallest prime dividingd~|.
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Exercise for Section 1.4
1,2,3,7,8,9, 14.
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