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Today, we will finish the section

Section II.2:Finitely Generated Abelian Groups

and start to cover the section

Section II.4:The Action of a Group on a Set

next time.

We will skip Section II.3.
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Remark
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generated abelian groupG can be decomposed as the direct sums
of cyclic groups of certain orders;
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In Theorem (2.6),we will show that the orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),
i.e., thosemi, p

nj

j , are in fact uniquely determined by the group
G.

Modern Algebra I – p. 8/23



Remark
In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian groupG can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G ∼= Zm1
⊕ Zm2

⊕ · · · ⊕ Zmt
⊕ Z ⊕ · · · ⊕ Z Theorem (2.1)

∼= Zp
n1

1

⊕ Zp
n2

2

⊕ · · · ⊕ Zp
nℓ
ℓ
⊕ Z ⊕ · · · ⊕ Z Theorem (2.2)

with m1 > 1, m1 | m2 | · · · | mt, p1, . . . , pℓ primes (not
necessarily distinct), andn1 . . . , nℓ ∈ N.

In Theorem (2.6), we will show thatthe orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),
i.e., thosemi, p

nj

j , are in fact uniquely determined by the group
G.

Modern Algebra I – p. 8/23



Remark
In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian groupG can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G ∼= Zm1
⊕ Zm2

⊕ · · · ⊕ Zmt
⊕ Z ⊕ · · · ⊕ Z Theorem (2.1)

∼= Zp
n1

1

⊕ Zp
n2

2

⊕ · · · ⊕ Zp
nℓ
ℓ
⊕ Z ⊕ · · · ⊕ Z Theorem (2.2)

with m1 > 1, m1 | m2 | · · · | mt, p1, . . . , pℓ primes (not
necessarily distinct), andn1 . . . , nℓ ∈ N.

In Theorem (2.6), we will show that the orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),
i.e., thosemi, p

nj

j , are in fact uniquely determined by the group
G.

Modern Algebra I – p. 8/23



Remark
In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian groupG can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G ∼= Zm1
⊕ Zm2

⊕ · · · ⊕ Zmt
⊕ Z ⊕ · · · ⊕ Z Theorem (2.1)

∼= Zp
n1

1

⊕ Zp
n2

2

⊕ · · · ⊕ Zp
nℓ
ℓ
⊕ Z ⊕ · · · ⊕ Z Theorem (2.2)

with m1 > 1, m1 | m2 | · · · | mt, p1, . . . , pℓ primes (not
necessarily distinct), andn1 . . . , nℓ ∈ N.

In Theorem (2.6), we will show that the orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),
i.e., thosemi, p

nj

j , are in fact uniquely determined by the group
G.

Modern Algebra I – p. 8/23



Remark
In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian groupG can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G ∼= Zm1
⊕ Zm2

⊕ · · · ⊕ Zmt
⊕ Z ⊕ · · · ⊕ Z Theorem (2.1)

∼= Zp
n1

1

⊕ Zp
n2

2

⊕ · · · ⊕ Zp
nℓ
ℓ
⊕ Z ⊕ · · · ⊕ Z Theorem (2.2)

with m1 > 1, m1 | m2 | · · · | mt, p1, . . . , pℓ primes (not
necessarily distinct), andn1 . . . , nℓ ∈ N.

In Theorem (2.6), we will show that the orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),
i.e., thosemi, p

nj

j , are in factuniquelydetermined by the group
G.

Modern Algebra I – p. 8/23



Remark
In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian groupG can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G ∼= Zm1
⊕ Zm2

⊕ · · · ⊕ Zmt
⊕ Z ⊕ · · · ⊕ Z Theorem (2.1)

∼= Zp
n1

1

⊕ Zp
n2

2

⊕ · · · ⊕ Zp
nℓ
ℓ
⊕ Z ⊕ · · · ⊕ Z Theorem (2.2)

with m1 > 1, m1 | m2 | · · · | mt, p1, . . . , pℓ primes (not
necessarily distinct), andn1 . . . , nℓ ∈ N.

In Theorem (2.6), we will show that the orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),
i.e., thosemi, p

nj

j , are in factuniquelydetermined by the group
G. Before we prove Theorem (2.6),we consider a few subgroups
of G and investigate some properties of these subgroups.

Modern Algebra I – p. 8/23



Remark
In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian groupG can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G ∼= Zm1
⊕ Zm2

⊕ · · · ⊕ Zmt
⊕ Z ⊕ · · · ⊕ Z Theorem (2.1)

∼= Zp
n1

1

⊕ Zp
n2

2

⊕ · · · ⊕ Zp
nℓ
ℓ
⊕ Z ⊕ · · · ⊕ Z Theorem (2.2)

with m1 > 1, m1 | m2 | · · · | mt, p1, . . . , pℓ primes (not
necessarily distinct), andn1 . . . , nℓ ∈ N.

In Theorem (2.6), we will show that the orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),
i.e., thosemi, p

nj

j , are in factuniquelydetermined by the group
G. Before we prove Theorem (2.6), we consider a few subgroups
of G and investigate some properties of these subgroups.

Modern Algebra I – p. 8/23



Remark
In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian groupG can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G ∼= Zm1
⊕ Zm2

⊕ · · · ⊕ Zmt
⊕ Z ⊕ · · · ⊕ Z Theorem (2.1)

∼= Zp
n1

1

⊕ Zp
n2

2

⊕ · · · ⊕ Zp
nℓ
ℓ
⊕ Z ⊕ · · · ⊕ Z Theorem (2.2)

with m1 > 1, m1 | m2 | · · · | mt, p1, . . . , pℓ primes (not
necessarily distinct), andn1 . . . , nℓ ∈ N.

In Theorem (2.6), we will show that the orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),
i.e., thosemi, p

nj

j , are in factuniquelydetermined by the group
G. Before we prove Theorem (2.6), we consider a few subgroups
of G and investigate some properties of these subgroups.

Modern Algebra I – p. 8/23



Lemma (2.5)
Let G be an abelian group,

Modern Algebra I – p. 9/23



Lemma (2.5)
Let G be an abelian group,m ∈ Z,

Modern Algebra I – p. 9/23



Lemma (2.5)
Let G be an abelian group,m ∈ Z, andp a prime number.

Modern Algebra I – p. 9/23



Lemma (2.5)
Let G be an abelian group,m ∈ Z, andp a prime number. Then
each of the following is a subgroup ofG:

Modern Algebra I – p. 9/23



Lemma (2.5)
Let G be an abelian group,m ∈ Z, andp a prime number. Then
each of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

Modern Algebra I – p. 9/23



Lemma (2.5)
Let G be an abelian group,m ∈ Z, andp a prime number. Then
each of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

Modern Algebra I – p. 9/23



Lemma (2.5)
Let G be an abelian group,m ∈ Z, andp a prime number. Then
each of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

(iii) G(p) = {u ∈ G | |u| = pn for somen ≥ 0};

Modern Algebra I – p. 9/23



Lemma (2.5)
Let G be an abelian group,m ∈ Z, andp a prime number. Then
each of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

(iii) G(p) = {u ∈ G | |u| = pn for somen ≥ 0};

(iv) Gt = {u ∈ G | |u| is finite}.

Modern Algebra I – p. 9/23



Lemma (2.5)
Let G be an abelian group,m ∈ Z, andp a prime number. Then
each of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

(iii) G(p) = {u ∈ G | |u| = pn for somen ≥ 0};

(iv) Gt = {u ∈ G | |u| is finite}.

Last week, we showed that these four sets are subgroups
of G.

Modern Algebra I – p. 9/23



Lemma (2.5)
Let G be an abelian group,m ∈ Z, andp a prime number. Then
each of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

(iii) G(p) = {u ∈ G | |u| = pn for somen ≥ 0};

(iv) Gt = {u ∈ G | |u| is finite}.

Last week, we showed that these four sets are subgroups
of G. We also prove the following two properties related to
these subgroups.
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• Zpn[p] ∼= Zp for all n ∈ N.

• pm
Zpn

∼= Zpn−m for all n ∈ N with n > m.

There are two more statements in Lemma (2.5). Before we
state and prove them, we see two easier lemmas first.
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equalities.
Proof. For allmu ∈ mG, with u ∈ G, f(mu) = mf(u) ∈ mH,
sof(mG) ⊆ mH. Assumef is an isomorphism. Letma ∈ mH

with a ∈ H.
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allmu ∈ mG, with u ∈ G, f(mu) = mf(u) ∈ mH,
sof(mG) ⊆ mH. Assumef is an isomorphism. Letma ∈ mH

with a ∈ H. Sincef is onto,
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allmu ∈ mG, with u ∈ G, f(mu) = mf(u) ∈ mH,
sof(mG) ⊆ mH. Assumef is an isomorphism. Letma ∈ mH

with a ∈ H. Sincef is onto,∃u ∈ G such thatf(u) = a,
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allmu ∈ mG, with u ∈ G, f(mu) = mf(u) ∈ mH,
sof(mG) ⊆ mH. Assumef is an isomorphism. Letma ∈ mH

with a ∈ H. Sincef is onto,∃u ∈ G such thatf(u) = a, so
ma = mf(u)
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allmu ∈ mG, with u ∈ G, f(mu) = mf(u) ∈ mH,
sof(mG) ⊆ mH. Assumef is an isomorphism. Letma ∈ mH

with a ∈ H. Sincef is onto,∃u ∈ G such thatf(u) = a, so
ma = mf(u) = f(mu)
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allmu ∈ mG, with u ∈ G, f(mu) = mf(u) ∈ mH,
sof(mG) ⊆ mH. Assumef is an isomorphism. Letma ∈ mH

with a ∈ H. Sincef is onto,∃u ∈ G such thatf(u) = a, so
ma = mf(u) = f(mu) ∈ f(mG).
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allmu ∈ mG, with u ∈ G, f(mu) = mf(u) ∈ mH,
sof(mG) ⊆ mH. Assumef is an isomorphism. Letma ∈ mH

with a ∈ H. Sincef is onto,∃u ∈ G such thatf(u) = a, so
ma = mf(u) = f(mu) ∈ f(mG). Hencef(mG) = mH.
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m],
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u)
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu)
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0)
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0) = 0,

Modern Algebra I – p. 11/23



Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0) = 0, so
f(u) ∈ H[m]
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0) = 0, so
f(u) ∈ H[m] and sof(G[m]) ⊆ H[m].
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0) = 0, so
f(u) ∈ H[m] and sof(G[m]) ⊆ H[m]. Assumef is an
isomorphism.
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0) = 0, so
f(u) ∈ H[m] and sof(G[m]) ⊆ H[m]. Assumef is an
isomorphism. Leta ∈ H[m].
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0) = 0, so
f(u) ∈ H[m] and sof(G[m]) ⊆ H[m]. Assumef is an
isomorphism. Leta ∈ H[m]. Sincef is onto,
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0) = 0, so
f(u) ∈ H[m] and sof(G[m]) ⊆ H[m]. Assumef is an
isomorphism. Leta ∈ H[m]. Sincef is onto,∃u ∈ G such that
f(u) = a.
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0) = 0, so
f(u) ∈ H[m] and sof(G[m]) ⊆ H[m]. Assumef is an
isomorphism. Leta ∈ H[m]. Sincef is onto,∃u ∈ G such that
f(u) = a. Note thatf(mu) = mf(u) = ma = 0.
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0) = 0, so
f(u) ∈ H[m] and sof(G[m]) ⊆ H[m]. Assumef is an
isomorphism. Leta ∈ H[m]. Sincef is onto,∃u ∈ G such that
f(u) = a. Note thatf(mu) = mf(u) = ma = 0. Sincef is
one-to-one,
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0) = 0, so
f(u) ∈ H[m] and sof(G[m]) ⊆ H[m]. Assumef is an
isomorphism. Leta ∈ H[m]. Sincef is onto,∃u ∈ G such that
f(u) = a. Note thatf(mu) = mf(u) = ma = 0. Sincef is
one-to-one,mu = 0
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0) = 0, so
f(u) ∈ H[m] and sof(G[m]) ⊆ H[m]. Assumef is an
isomorphism. Leta ∈ H[m]. Sincef is onto,∃u ∈ G such that
f(u) = a. Note thatf(mu) = mf(u) = ma = 0. Sincef is
one-to-one,mu = 0 and sou ∈ G[m].
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0) = 0, so
f(u) ∈ H[m] and sof(G[m]) ⊆ H[m]. Assumef is an
isomorphism. Leta ∈ H[m]. Sincef is onto,∃u ∈ G such that
f(u) = a. Note thatf(mu) = mf(u) = ma = 0. Sincef is
one-to-one,mu = 0 and sou ∈ G[m]. Therefore,
H[m] ⊆ f(G[m])
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. For allu ∈ G[m], mf(u) = f(mu) = f(0) = 0, so
f(u) ∈ H[m] and sof(G[m]) ⊆ H[m]. Assumef is an
isomorphism. Leta ∈ H[m]. Sincef is onto,∃u ∈ G such that
f(u) = a. Note thatf(mu) = mf(u) = ma = 0. Sincef is
one-to-one,mu = 0 and sou ∈ G[m]. Therefore,
H[m] ⊆ f(G[m]) and sof(G[m]) = H[m].
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p).
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N.
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u)
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u) = f(pnu)
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u) = f(pnu) = f(0)
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u) = f(pnu) = f(0) = 0
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u) = f(pnu) = f(0) = 0 and sof(u) ∈ H(p).
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u) = f(pnu) = f(0) = 0 and sof(u) ∈ H(p). Hence
f(G(p)) ⊆ H(p).

Modern Algebra I – p. 11/23



Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u) = f(pnu) = f(0) = 0 and sof(u) ∈ H(p). Hence
f(G(p)) ⊆ H(p). Assumef is an isomorphism and let
a ∈ H(p).
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u) = f(pnu) = f(0) = 0 and sof(u) ∈ H(p). Hence
f(G(p)) ⊆ H(p). Assumef is an isomorphism and let
a ∈ H(p). Thenpna = 0 for somen ∈ N.
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u) = f(pnu) = f(0) = 0 and sof(u) ∈ H(p). Hence
f(G(p)) ⊆ H(p). Assumef is an isomorphism and let
a ∈ H(p). Thenpna = 0 for somen ∈ N. On the other hand,
sincef is onto,
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u) = f(pnu) = f(0) = 0 and sof(u) ∈ H(p). Hence
f(G(p)) ⊆ H(p). Assumef is an isomorphism and let
a ∈ H(p). Thenpna = 0 for somen ∈ N. On the other hand,
sincef is onto,∃u ∈ G such thatf(u) = a.
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u) = f(pnu) = f(0) = 0 and sof(u) ∈ H(p). Hence
f(G(p)) ⊆ H(p). Assumef is an isomorphism and let
a ∈ H(p). Thenpna = 0 for somen ∈ N. On the other hand,
sincef is onto,∃u ∈ G such thatf(u) = a. Note thatf(pnu)
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u) = f(pnu) = f(0) = 0 and sof(u) ∈ H(p). Hence
f(G(p)) ⊆ H(p). Assumef is an isomorphism and let
a ∈ H(p). Thenpna = 0 for somen ∈ N. On the other hand,
sincef is onto,∃u ∈ G such thatf(u) = a. Note thatf(pnu)

= pnf(u)

Modern Algebra I – p. 11/23



Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u) = f(pnu) = f(0) = 0 and sof(u) ∈ H(p). Hence
f(G(p)) ⊆ H(p). Assumef is an isomorphism and let
a ∈ H(p). Thenpna = 0 for somen ∈ N. On the other hand,
sincef is onto,∃u ∈ G such thatf(u) = a. Note thatf(pnu)

= pnf(u) = pna = 0.
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]

∗ f(G(p)) ⊆ H(p) ∗ f(Gt) ⊆ Ht

If f is an isomorphism, then all the above inequalities are
equalities.
Proof. Let u ∈ G(p). Thenpnu = 0 for somen ∈ N. Thus
pnf(u) = f(pnu) = f(0) = 0 and sof(u) ∈ H(p). Hence
f(G(p)) ⊆ H(p). Assumef is an isomorphism and let
a ∈ H(p). Thenpna = 0 for somen ∈ N. On the other hand,
sincef is onto,∃u ∈ G such thatf(u) = a. Note thatf(pnu)

= pnf(u) = pna = 0. Sincef is one-to-one,
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Lemma 2
Let f : G → H be a homomorphism of abelian groups. Let
m ∈ Z and letp be a prime number. Then

∗ f(mG) ⊆ mH ∗ f(G[m]) ⊆ H[m]
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Lemma (2.5)
Lemma (2.5). Let G be an abelian group,m ∈ Z, p a prime
number. Then each of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

(iii) G(p) = {u ∈ G | |u| = pn for somen ≥ 0};

(iv) Gt = {u ∈ G | |u| is finite}.

• Zpn[p] ∼= Zp for all n ∈ N.

• pm
Zpn

∼= Zpn−m for all n ∈ N with n > m.
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number. Then each of the following is a subgroup ofG:

(i) mG = {mu | u ∈ G};

(ii) G[m] = {u ∈ G | mu = 0};

(iii) G(p) = {u ∈ G | |u| = pn for somen ≥ 0};

(iv) Gt = {u ∈ G | |u| is finite}.

• Zpn[p] ∼= Zp for all n ∈ N.

• pm
Zpn

∼= Zpn−m for all n ∈ N with n > m.

We are ready to state and prove the last two statements.
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Definition
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Theorem (2.6)
Theorem (2.6). Let G be a finitely generated abelian group.

(i) There is a unique nonnegative integers such that the number
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Theorem (2.6)
Theorem (2.6). Let G be a finitely generated abelian group.

(i) There is a unique nonnegative integers such that the number
of infinite cyclic summands in any decomposition ofG as a
direct sum of cyclic groups is preciselys.

Proof. Theorem (2.1) tells us thatG is a finite direct sum of
cyclic groups.
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(iii) Either G is free abelian or there is a list of positive integers
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1
, . . . , pnk

k which is unique except for the order of its
members, such thatp1, . . . , pk are (not necessarily distinct)
primes,n1, . . . , nk are (not necessarily distinct) positive
integers andG ∼= Zp

n1
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⊕ · · · ⊕ Zp
nk
k

⊕ F with F free abelian.

Proof.
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Theorem (2.6). Let G be a finitely generated abelian group.

(iii) Either G is free abelian or there is a list of positive integers
pn1
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Hence ifr is the number ofi such thatpi = p andni > m, then
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Modern Algebra I – p. 16/23



Theorem (2.6)
Theorem (2.6). Let G be a finitely generated abelian group.

(iii) Either G is free abelian or there is a list of positive integers
pn1

1
, . . . , pnk

k which is unique except for the order of its
members, such thatp1, . . . , pk are (not necessarily distinct)
primes,n1, . . . , nk are (not necessarily distinct) positive
integers andG ∼= Zp
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⊕ F with F free abelian.
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)[p]=0 ;

• if pi = p andni > m, then(pm
Zp

ni
i

)[p]∼=Zpni−m [p] ∼= Zp ;

• (pmF )[p] = 0.

Hence ifr is the number ofi such thatpi = p andni > m, then
|(pmG)[p]| = pr. This is because after we do(pmG)[p], on the
right side of the above isomorphism, only those summands that
satisfy the third condition will survive. Modern Algebra I – p. 16/23
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)[p]∼=Zpni−m [p] ∼= Zp ;

• (pmF )[p] = 0.

Hence ifr is the number ofi such thatpi = p andni > m, then
|(pmG)[p]| = pr. Since(pmG)[p] does not depend on the
particular decomposition,
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Theorem (2.6). Let G be a finitely generated abelian group.
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Remark
Lemma (2.3). If m is a positive integer andm = pn1

1
pn2

2
· · · pnk

k

with p1, . . . , pk distinct primes andni ∈ N, then
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n1
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⊕ · · · ⊕ Zp
nk
k

.
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Remark. If G ∼= Zm1
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⊕ F with F free abelian,
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with distinct primespi together.
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we can also apply Lemma (2.3) to “combine” those summands
with distinct primespi together. In fact, if we further require that
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⊕ F with F free abelian,
we can also apply Lemma (2.3) to “combine” those summands
with distinct primespi together. In fact, if we further require that
m1 | m2 | · · · | mℓ, there is only a unique corresponding
G ∼= Zm1
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⊕ F .

In other words, there is a one-to-one correspondence between the
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n1

1

⊕ · · · ⊕ Zp
nk
k

⊕ F in (ii)
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Remark
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G ∼= Zp

n1

1

⊕ · · · ⊕ Zp
nk
k

⊕ F .

Conversely, ifG ∼= Zp
n1

1

⊕ · · · ⊕ Zp
nk
k

⊕ F with F free abelian,
we can also apply Lemma (2.3) to “combine” those summands
with distinct primespi together. In fact, if we further require that
m1 | m2 | · · · | mℓ, there is only a unique corresponding
G ∼= Zm1

⊕ · · · ⊕ Zmℓ
⊕ F .
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⊕ F in (ii) and the
decompositionG ∼= Zm1

⊕ · · · ⊕ Zmℓ
⊕ F in (iii).
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).

Modern Algebra I – p. 18/23



Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the powers of the same prime together:

G ∼=
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the powers of the same prime together: powers of 2

G ∼= (Z23 ⊕ Z22)
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the powers of the same prime together: powers of 3

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3)
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the powers of the same prime together: powers of 5

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5)
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the powers of the same prime together: powers of 7

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the highest powers for each prime

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7

∼= (Z23 ⊕ Z32 ⊕ Z52 ⊕ Z7)
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the second highest powers for each prime

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7

∼= (Z23 ⊕ Z32 ⊕ Z52 ⊕ Z7) ⊕ (Z22 ⊕ Z3 ⊕ Z5)
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the third highest powers for each prime

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7

∼= (Z23 ⊕ Z32 ⊕ Z52 ⊕ Z7) ⊕ (Z22 ⊕ Z3 ⊕ Z5) ⊕ Z5
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Apply Lemma (3.2)

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7

∼= (Z23 ⊕ Z32 ⊕ Z52 ⊕ Z7) ⊕ (Z22 ⊕ Z3 ⊕ Z5) ⊕ Z5

∼= Z23·32·52·7
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Apply Lemma (3.2)

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7

∼= (Z23 ⊕ Z32 ⊕ Z52 ⊕ Z7) ⊕ (Z22 ⊕ Z3 ⊕ Z5) ⊕ Z5

∼= Z23·32·52·7 ⊕ Z22·3·5
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Apply Lemma (3.2)

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7

∼= (Z23 ⊕ Z32 ⊕ Z52 ⊕ Z7) ⊕ (Z22 ⊕ Z3 ⊕ Z5) ⊕ Z5

∼= Z23·32·52·7 ⊕ Z22·3·5 ⊕ Z5
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Use your calculator

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7

∼= (Z23 ⊕ Z32 ⊕ Z52 ⊕ Z7) ⊕ (Z22 ⊕ Z3 ⊕ Z5) ⊕ Z5

∼= Z23·32·52·7 ⊕ Z22·3·5 ⊕ Z5

∼= Z12600
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Use your calculator

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7

∼= (Z23 ⊕ Z32 ⊕ Z52 ⊕ Z7) ⊕ (Z22 ⊕ Z3 ⊕ Z5) ⊕ Z5

∼= Z23·32·52·7 ⊕ Z22·3·5 ⊕ Z5

∼= Z12600 ⊕ Z60
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Use your calculator

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7

∼= (Z23 ⊕ Z32 ⊕ Z52 ⊕ Z7) ⊕ (Z22 ⊕ Z3 ⊕ Z5) ⊕ Z5

∼= Z23·32·52·7 ⊕ Z22·3·5 ⊕ Z5
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Example
SupposeG ∼= Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
First, we apply Lemma (2.3) and obtain

G ∼= Z5 ⊕ (Z3 ⊕ Z5) ⊕ Z52 ⊕ (Z22 ⊕ Z32) ⊕ (Z23 ⊕ Z7),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Reversing the order of the summands to fit Theorem (2.6)

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7

∼= (Z23 ⊕ Z32 ⊕ Z52 ⊕ Z7) ⊕ (Z22 ⊕ Z3 ⊕ Z5) ⊕ Z5

∼= Z23·32·52·7 ⊕ Z22·3·5 ⊕ Z5

∼= Z12600 ⊕ Z60 ⊕ Z5.

Hence,G ∼= Z5 ⊕ Z60 ⊕ Z12600 is the decomposition in (ii).
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Theorem (2.6)
Theorem (2.6). Let G be a finitely generated abelian group.

(ii) Either G is free abelian or there is a unique list of (not
necessarily distinct) positive integersm1, . . . ,mℓ such that
m1 > 1, m1 | m2 | · · · | mℓ andG ∼= Zm1

⊕ · · · ⊕ Zmℓ
⊕ F

with F free abelian.

Proof.
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Theorem (2.6)
Theorem (2.6). Let G be a finitely generated abelian group.

(ii) Either G is free abelian or there is a unique list of (not
necessarily distinct) positive integersm1, . . . ,mℓ such that
m1 > 1, m1 | m2 | · · · | mℓ andG ∼= Zm1

⊕ · · · ⊕ Zmℓ
⊕ F

with F free abelian.

Proof. SupposeG has two decompositions

G ∼= Zm1
⊕ · · · ⊕ Zmℓ

⊕ F ∼= Zs1
⊕ · · · ⊕ Zsr

⊕ F ′,

with m1 > 1, m1 | m2 | · · · | mℓ, s1 > 1, s1 | s2 | · · · | sr, and
F, F ′ free abelian.

Modern Algebra I – p. 19/23



Theorem (2.6)
Theorem (2.6). Let G be a finitely generated abelian group.

(ii) Either G is free abelian or there is a unique list of (not
necessarily distinct) positive integersm1, . . . ,mℓ such that
m1 > 1, m1 | m2 | · · · | mℓ andG ∼= Zm1

⊕ · · · ⊕ Zmℓ
⊕ F

with F free abelian.

Proof. SupposeG has two decompositions

G ∼= Zm1
⊕ · · · ⊕ Zmℓ

⊕ F ∼= Zs1
⊕ · · · ⊕ Zsr

⊕ F ′,

with m1 > 1, m1 | m2 | · · · | mℓ, s1 > 1, s1 | s2 | · · · | sr, and
F, F ′ free abelian. Apply Lemma (2.3) to decomposeG further
and obtain two decompositions as in (iii).
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Theorem (2.6)
Theorem (2.6). Let G be a finitely generated abelian group.

(ii) Either G is free abelian or there is a unique list of (not
necessarily distinct) positive integersm1, . . . ,mℓ such that
m1 > 1, m1 | m2 | · · · | mℓ andG ∼= Zm1

⊕ · · · ⊕ Zmℓ
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with F free abelian.

Proof. SupposeG has two decompositions

G ∼= Zm1
⊕ · · · ⊕ Zmℓ

⊕ F ∼= Zs1
⊕ · · · ⊕ Zsr

⊕ F ′,

with m1 > 1, m1 | m2 | · · · | mℓ, s1 > 1, s1 | s2 | · · · | sr, and
F, F ′ free abelian. Apply Lemma (2.3) to decomposeG further
and obtain two decompositions as in (iii). We have shown in (iii)
that these two decompositions are “the same”.
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⊕ F ′,

with m1 > 1, m1 | m2 | · · · | mℓ, s1 > 1, s1 | s2 | · · · | sr, and
F, F ′ free abelian. Apply Lemma (2.3) to decomposeG further
and obtain two decompositions as in (iii). We have shown in (iii)
that these two decompositions are “the same”. Because of the
one-to-one correspondence between these two kinds of
decompositions,
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Theorem (2.6)
Theorem (2.6). Let G be a finitely generated abelian group.

(ii) Either G is free abelian or there is a unique list of (not
necessarily distinct) positive integersm1, . . . ,mℓ such that
m1 > 1, m1 | m2 | · · · | mℓ andG ∼= Zm1

⊕ · · · ⊕ Zmℓ
⊕ F

with F free abelian.

Proof. SupposeG has two decompositions

G ∼= Zm1
⊕ · · · ⊕ Zmℓ

⊕ F ∼= Zs1
⊕ · · · ⊕ Zsr

⊕ F ′,

with m1 > 1, m1 | m2 | · · · | mℓ, s1 > 1, s1 | s2 | · · · | sr, and
F, F ′ free abelian. Apply Lemma (2.3) to decomposeG further
and obtain two decompositions as in (iii). We have shown in (iii)
that these two decompositions are “the same”. Because of the
one-to-one correspondence between these two kinds of
decompositions, the above original compositions must be “the
same”
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Theorem (2.6)
Theorem (2.6). Let G be a finitely generated abelian group.

(ii) Either G is free abelian or there is a unique list of (not
necessarily distinct) positive integersm1, . . . ,mℓ such that
m1 > 1, m1 | m2 | · · · | mℓ andG ∼= Zm1

⊕ · · · ⊕ Zmℓ
⊕ F

with F free abelian.

Proof. SupposeG has two decompositions

G ∼= Zm1
⊕ · · · ⊕ Zmℓ

⊕ F ∼= Zs1
⊕ · · · ⊕ Zsr

⊕ F ′,

with m1 > 1, m1 | m2 | · · · | mℓ, s1 > 1, s1 | s2 | · · · | sr, and
F, F ′ free abelian. Apply Lemma (2.3) to decomposeG further
and obtain two decompositions as in (iii). We have shown in (iii)
that these two decompositions are “the same”. Because of the
one-to-one correspondence between these two kinds of
decompositions, the above original compositions must be “the
same” and this completes the proof.
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Definition
Let G be a finitely generated abelian group. Then
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Definition
Let G be a finitely generated abelian group. Then

• the uniquely determined integersm1, . . . ,mℓ as in
Theorem (2.6) (ii) are called theinvariant factors of G;
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Definition
Let G be a finitely generated abelian group. Then

• the uniquely determined integersm1, . . . ,mℓ as in
Theorem (2.6) (ii) are called theinvariant factors of G;

• The uniquely determined prime powers as in Theorem (2.6)
(iii) are called theelementary divisors of G.
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Definition
Let G be a finitely generated abelian group. Then

• the uniquely determined integersm1, . . . ,mℓ as in
Theorem (2.6) (ii) are called theinvariant factors of G;

• The uniquely determined prime powers as in Theorem (2.6)
(iii) are called theelementary divisors of G.

Example. Let G = Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56.
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Definition
Let G be a finitely generated abelian group. Then

• the uniquely determined integersm1, . . . ,mℓ as in
Theorem (2.6) (ii) are called theinvariant factors of G;

• The uniquely determined prime powers as in Theorem (2.6)
(iii) are called theelementary divisors of G.

Example. Let G = Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56. Earlier, we
have seen that

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7
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Definition
Let G be a finitely generated abelian group. Then

• the uniquely determined integersm1, . . . ,mℓ as in
Theorem (2.6) (ii) are called theinvariant factors of G;

• The uniquely determined prime powers as in Theorem (2.6)
(iii) are called theelementary divisors of G.

Example. Let G = Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56. Earlier, we
have seen that

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7

∼= Z5 ⊕ Z60 ⊕ Z12600.
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Definition
Let G be a finitely generated abelian group. Then

• the uniquely determined integersm1, . . . ,mℓ as in
Theorem (2.6) (ii) are called theinvariant factors of G;

• The uniquely determined prime powers as in Theorem (2.6)
(iii) are called theelementary divisors of G.

Example. Let G = Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56. Earlier, we
have seen that

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7

∼= Z5 ⊕ Z60 ⊕ Z12600.

Hence the invariant factors ofG are5, 60, 12600;
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Definition
Let G be a finitely generated abelian group. Then

• the uniquely determined integersm1, . . . ,mℓ as in
Theorem (2.6) (ii) are called theinvariant factors of G;

• The uniquely determined prime powers as in Theorem (2.6)
(iii) are called theelementary divisors of G.

Example. Let G = Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z56. Earlier, we
have seen that

G ∼= (Z23 ⊕ Z22) ⊕ (Z32 ⊕ Z3) ⊕ (Z52 ⊕ Z5 ⊕ Z5) ⊕ Z7

∼= Z5 ⊕ Z60 ⊕ Z12600.

Hence the invariant factors ofG are5, 60, 12600; the elementary
divisors ofG are22, 23, 3, 32, 5, 5, 52, 7.
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Summary
Let G be a finitely generated abelian group.
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Summary
Let G be a finitely generated abelian group. Loosely speaking,

G ∼= Zm1
⊕ Zm2

⊕ · · · ⊕ Zmt
⊕ Z ⊕ · · · ⊕ Z

︸ ︷︷ ︸

s summands

∼= Zp
n1

1

⊕ Zp
n2

2

⊕ · · · ⊕ Zp
nℓ
ℓ
⊕ Z ⊕ · · · ⊕ Z

︸ ︷︷ ︸

s summands

with m1 > 1, m1 | m2 | · · · | mt, p1, . . . , pℓ primes (not
necessarily distinct), andn1 . . . , nℓ ∈ N.
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Corollary (2.7)
Let G andH be two finitely generated abelian groups.
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Exercise for Section II.2
1, 5, 6, 11, 12, 13.
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