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Today, we will finish the section
Section Il.2:Finitely Generated Abelian Groups
and start to cover the section

Section I1.4:The Action of a Group on a Set

next time.

We will skip Section I1.3.
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Proposition (1.3). Let F} and F; be free abelian groups. Then
= F, < F, andF; have the same rank.

Theorem (1.4). Every abelian group- is a homomorphic image
of a free abelian group. More preciselyXfis a set of
generators of the abelian grodf thenG is a homomorphic
iImage of a free abelian group of rapk|. In fact, if X is a set of
generators of/, then there exists an epimorphism

¢ > .ex Z — G defined bye, — z.

Theorem (1.6). If I'is a free abelian group of finite ramkand
If G Is a nonzero subgroup @f, then there exists a basis
{x1,...,2z,} Of F', aninteger with 1 < r < n and positive
integersd,, . ..,d, suchthat, | ds | --- | d, and
{dix4,...,d.x,} IS abasis of7.
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Section II.2: Finitely Generated Abelian Groups

Through out this section, we will again use additive
notation. Last week, we have shown the following two
theorems.

Theorem (2.1). Every finitely generated abelian groapis
(isomorphic to) a finite direct sum of cyclic groups in whitlet
finite cyclic summands (if any) are of orders, . .., m;, where
my > 1andm, | mo | --- | my. Loosely speaking, every finitely
generated abelian group is of the form

Zml@ZmZ@...@th@Z@...@Z

WV
finite summands

with my | ma | - -+ | my, up to isomorphism.
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(isomorphic to) a finite direct sum of cyclic groups, each of

which is either infinite or of order a power of a prime. Loosely

speaking, every finitely generated abelian group is of the fo
qufl @Zp;w @"'@Zp?t @;Z@---@Z).

NV
finite summands

with p{, pa, . .., p; primes (not necessarily distinct) and
ni,Na,...,Nn; € N, up to iIsomorphism.
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Remark

Lagrange’s Theorem tells us thatGfis a finite group and if
H is a subgroup of7, then|H|||G]|.

In general, ifG Is a finite group and ifn € N is a divisor of
|G|, i.e.,m||G|, there mightNOT exist a subgroug? of G
with | H| = m. For example A, has no subgroup of ordér

However, ifG = (a) is cyclic of ordern and if m | n, then
H = (aw) is a subgroup of order.

Combining this fact with Theorem (2.1), we have the
following corollary.

Corollary (2.4). If GG is a finite abelian group of order, thenGG
has a subgroup of ordet for every positive integei that
dividesn.
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Remark

In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian grodp can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G &£ Zp @lym,® - DLy, LD ---SZ Theorem (2.1)
= Zp?q@Zpgz@“'@zpze@Z@“'@Z Theorem (2.2)

with my > 1,

Modern Alaoebra |l — n. 8/23



Remark

In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian grodp can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G &£ Zp @lym,® - DLy, LD ---SZ Theorem (2.1)
= Zp?q@Zpgz@“'@zpze@Z@“'@Z Theorem (2.2)

withmy > 1, mq | mao | -+ | my,

Modern Alaoebra |l — n. 8/23



Remark

In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian grodp can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G &£ Zp @lym,® - DLy, LD ---SZ Theorem (2.1)
= Zp?q@Zpgz@“'@zpze@Z@“'@Z Theorem (2.2)

withmy > 1, mqy | ma | -+ | my, p1,...,pe Primes

Modern Alaoebra |l — n. 8/23



Remark

In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian grodp can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G &£ Zp @lym,® - DLy, LD ---SZ Theorem (2.1)
= Zp?q@Zpgz@“'@zpze@Z@“'@Z Theorem (2.2)

withmy > 1, mqy | mg | -+ | my, p1,...,pe Primes (not
necessarily distinct),

Modern Alaoebra |l — n. 8/23



Remark

In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian grodp can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G &£ Zp @lym,® - DLy, LD ---SZ Theorem (2.1)
= Zp?q@Zpgz@“'@zpze@Z@“'@Z Theorem (2.2)

withmy > 1, mqy | mg | -+ | my, p1,...,pe Primes (not
necessarily distinct), ang, ..., n, € N.

Modern Alaoebra |l — n. 8/23



Remark

In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian grodp can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G &£ Zp @lym,® - DLy, LD ---SZ Theorem (2.1)
= Ly ®Lyp2 @S- DL LD DL Theorem (2.2)
1 2 14

withmy > 1, mqy | mg | -+ | my, p1,...,pe Primes (not
necessarily distinct), ang, ..., n, € N.

In Theorem (2.6),

Modern Alaoebra |l — n. 8/23



Remark

In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian grodp can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G &£ Zp @lym,® - DLy, LD ---SZ Theorem (2.1)
= Ly ®Lyp2 @S- DL LD DL Theorem (2.2)
1 2 14

withmy > 1, mqy | mg | -+ | my, p1,...,pe Primes (not
necessarily distinct), ang, ..., n, € N.

In Theorem (2.6), we will show thai

Modern Alaoebra |l — n. 8/23



Remark

In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian grodp can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G &£ Zp @lym,® - DLy, LD ---SZ Theorem (2.1)
= Zp?q@Zpgz@“'@nge@Z@'“@Z Theorem (2.2)

withmy > 1, mqy | mg | -+ | my, p1,...,pe Primes (not
necessarily distinct), ang, ..., n, € N.

In Theorem (2.6), we will show that the orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),

Modern Alaoebra |l — n. 8/23



Remark

In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian grodp can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G &£ Zp @lym,® - DLy, LD ---SZ Theorem (2.1)
= Ly ®Lyp2 @S- DL LD DL Theorem (2.2)
1 2 14

withmy > 1, mqy | mg | -+ | my, p1,...,pe Primes (not
necessarily distinct), ang, ..., n, € N.

In Theorem (2.6), we will show that the orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),
i.e., thosen;, p.7,

Modern Alaoebra |l — n. 8/23



Remark

In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian grodp can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G &£ Zp @lym,® - DLy, LD ---SZ Theorem (2.1)
= Ly ®Lyp2 @S- DL LD DL Theorem (2.2)
1 2 14

withmy > 1, mqy | mg | -+ | my, p1,...,pe Primes (not
necessarily distinct), ang, ..., n, € N.

In Theorem (2.6), we will show that the orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),
l.e., thosen,, p?j, are in factuniguelydetermined by the group
G.

Modern Alaoebra |l — n. 8/23



Remark

In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian grodp can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G &£ Zp @lym,® - DLy, LD ---SZ Theorem (2.1)
= Ly ®Lyp2 @S- DL LD DL Theorem (2.2)
1 2 14

withmy > 1, mqy | mg | -+ | my, p1,...,pe Primes (not
necessarily distinct), ang, ..., n, € N.

In Theorem (2.6), we will show that the orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),
l.e., thosen,, p?j, are in factuniguelydetermined by the group
(. Before we prove Theorem (2.6),

Modern Alaoebra |l — n. 8/23



Remark

In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian grodp can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G &£ Zp @lym,® - DLy, LD ---SZ Theorem (2.1)
= Ly ®Lyp2 @S- DL LD DL Theorem (2.2)
1 2 14

withmy > 1, mqy | mg | -+ | my, p1,...,pe Primes (not
necessarily distinct), ang, ..., n, € N.

In Theorem (2.6), we will show that the orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),
l.e., thosen,, p?j, are in factuniguelydetermined by the group

(. Before we prove Theorem (2.6), we consider a few subgroups
of G

Modern Alaoebra |l — n. 8/23



Remark

In Theorem (2.1) and (2.2), we have seen that every finitely
generated abelian grodp can be decomposed as the direct sums
of cyclic groups of certain orders; loosely speaking,

G &£ Zp @lym,® - DLy, LD ---SZ Theorem (2.1)
= Ly ®Lyp2 @S- DL LD DL Theorem (2.2)
1 2 14

withmy > 1, mqy | mg | -+ | my, p1,...,pe Primes (not
necessarily distinct), ang, ..., n, € N.

In Theorem (2.6), we will show that the orders of the cyclic
summands in the decompositions of Theorem (2.1) and (2.2),
l.e., thosen,, p?j, are in factuniguelydetermined by the group

(. Before we prove Theorem (2.6), we consider a few subgroups
of G and investigate some properties of these subgroups.
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Last week, we showed that these four sets are subgroups

of G. We also prove the following two properties related to
these subgroups.
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Lemma (2.5)

Let G be an abelian groupn € Z, andp a prime number. Then
each of the following is a subgroup 6f.

(i) mG = {mu |u € G};

(i) Gm| ={uv e G| mu=0};
(i) G(p) =4{u e G| |u| =p" for somen > 0};
(iv) G ={u € G| |u| isfinite}.

Zo|p) = Z, for alln € N.

P Lpn = Lpn—m for all n € Nwith n > m.

There are two more statements in Lemma (2.5). Before we
state and prove them, we see two easier lemmas first.
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Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG = 3, mG, Glm] = Y1, Gilm
G(p) = 2 ier Gi(P) G =2 ier(Gi)r-

Proof. Letu = (a;)icr € G =) _,.; G:.

Note thatu € G|m| <= mu =0 <= m(a;)ic; =0
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let

G =) ,.,G;: Letm € Z and letp be a prime number. Then
mG = 3, mG, Glm] = Y e; Gilm]
G(p) = Ziel Gi(p) Gy = Zie[(Gz‘)t-

Proof. Letu = (a;)icr € G =) _,.; G:.

Note thatu € G|m| <= mu =0 <= m(a;)ic; =0
< (ma;)ier =0
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G =) ,.,G;: Letm € Z and letp be a prime number. Then
mG = 3, mG, Glm] = Y e; Gilm]
G(p) = Ziel Gi(p) Gy = Zie[(Gz‘)t-

Proof. Letu = (a;)icr € G =) _,.; G:.

Note thatu € G|m| <= mu =0 <= m(a;)ic; =0
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG = Y,c,mG, Glm] = Yy, Gilm
G(p) = Sies Gilp) G = Y ies (Gl

Proof. Letu = (a;)icr € G =) _,.; G:.

Note thatu € G|m| <= mu =0 <= m(a;)ic; =0
< (Mmaj)ie; =0 <= ma; =0Vi €[
< a; € G;m]foralli eI
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG = ,;mG; Glm] = Y1y Gilm
G(p) = 21 Gi(D) Gy =D ier(Gi)e-
Proof. Letu = (a;)icr € G =) _,.; G:.
Note thatu € G|m| <= mu =0 <= m(a;)ic; =0
< (Mmaj)ie; =0 <= ma; =0Vi €[
< a; € G;m]foralli eI
= u=(a;)icr € )_;c; Gilm|.
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG = ,;mG; Glm] = Y1y Gilm
G(p) = 21 Gi(D) Gy =D ier(Gi)e-
Proof. Letu = (a;)icr € G =) _,.; G:.
Note thatu € G|m| <= mu =0 <= m(a;)ic; =0
< (Mmaj)ie; =0 <= ma; =0Vi €[
< a; € G;m]foralli eI
= u=(a;)icr € )_;c; Gilm|.

HenceG|m| =) ., G;|m].
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG = ¥, mG; Glm] = ¥, Gilml
G(p) — Zie[ Gi(p> Gy = Zie[(Gi)t-
Proof. Letu = (a;)icr € G =) _,.; G:.
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

G = ey mG, Glim] = Xsey Gl
G(p) — Zie[ GZ(p> G = ZieI(Gi)t'

Proof. Letu = (a;)icr € G = )_,.; G;, and let
Lo ={i1,... 0}
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Let{G, | « € I} be afamily of abelian groups and let

G =) ,.,G;: Letm € Z and letp be a prime number. Then
mG = 3, mG, Glm) = Y e; Gilm]
G(p) = 2_ier GilD) G = 2 ier(Gie

Proof. Letu = (a;)icr € G = )_,.; G;, and let
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Let{G, | « € I} be afamily of abelian groups and let

G =) ,.,G;: Letm € Z and letp be a prime number. Then
mG = 3, mG, Glm) = Y e; Gilm]
G(p) = 2_ier GilD) G = 2 ier(Gie

Proof. Letu = (a;)icr € G = )_,.; G;, and let

Lo =01, .., 0k}
If u e G(p), thenp"u = 0 for somen € N.
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Let{G, | « € I} be afamily of abelian groups and let

G =) ,.,G;: Letm € Z and letp be a prime number. Then
mG = 3, mG, Glm) = Y e; Gilm]
G(p) = 2_ier GilD) G = 2 ier(Gie

Proof. Letu = (a;)icr € G = )_,.; G;, and let

Lo =01, .., 0k}
If u e G(p), thenp"u = 0 for somen € N. Then(p"a;)icr = 0,
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =) .., mG; Glm] = > ,.;Gilm|
G(p) =2 icr Gi(p) Gy =D ier(Gi)e-
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Tzo = {i1,. .., ix}.

If u e G(p), thenp"u = 0 for somen € N. Then(p"a;)icr = 0,
l.e.,p"a; =0forall: € I.
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =) .., mG; Glm] = > ,.;Gilm|
G(p) =2 icr Gi(p) Gy =D ier(Gi)e-
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Tzo = {i1,. .., ix}.

If u e G(p), thenp"u = 0 for somen € N. Then(p"a;)icr = 0,
l.e.,p"a; = 0forall: € I. Henceu; € G;(p) foralli € I
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =) .., mG; Glm] = > ,.;Gilm|
G(p) =2 icr Gi(p) Gy =D ier(Gi)e-
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Tzo = {i1,. .., ix}.

If u e G(p), thenp"u = 0 for somen € N. Then(p"a;)icr = 0,
l.e.,p"a; = 0forall: € I. Hencea; € G;(p) forall; € I and

this impliesu = (a;)ier € > _,.; Gi(p).
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =) .., mG; Glm] = > ,.;Gilm|
G(p) =2 icr Gi(p) Gy =D ier(Gi)e-
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Tzo = {i1,. .., ix}.

If u e G(p), thenp"u = 0 for somen € N. Then(p"a;)icr = 0,
l.e.,p"a; = 0forall: € I. Hencea; € G;(p) forall; € I and

this impliesu = (a;)ier € > _,.; Gi(p).
Conversely, ifu € ) .., Gi(p),
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Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =) .., mG; Glm] = > ,.;Gilm|
G(p) =2 icr Gi(p) Gy =D ier(Gi)e-
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Tzo = {i1,. .., ix}.

If u e G(p), thenp"u = 0 for somen € N. Then(p"a;)icr = 0,
l.e.,p"a; = 0forall: € I. Hencea; € G;(p) forall; € I and

this impliesu = (a;)ier € > _,.; Gi(p).
Conversely, ifu € ) .., Gi(p), i.e.,a; € G;(p) forall i € I,
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =) .., mG; Glm] = > ,.;Gilm|
G(p) =2 icr Gi(p) Gy =D ier(Gi)e-
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Tzo = {i1,. .., ix}.

If u e G(p), thenp"u = 0 for somen € N. Then(p"a;)icr = 0,
l.e.,p"a; = 0forall: € I. Hencea; € G;(p) forall; € I and

this impliesu = (a;)ier € > _,.; Gi(p).
Conversely, ifu € ) .., Gi(p), i.e.,a; € G;(p) forall i € I,

then, for each € I, dn; € N such thap™ia,; = 0.
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =) .., mG; Glm] = > ,.;Gilm|
G(p) =2 icr Gi(p) Gy =D ier(Gi)e-
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Tzo = {i1,. .., ix}.

If u e G(p), thenp"u = 0 for somen € N. Then(p"a;)icr = 0,
l.e.,p"a; = 0forall: € I. Hencea; € G;(p) forall; € I and

this impliesu = (a;)ier € > _,.; Gi(p).
Conversely, ifu € ) .., Gi(p), i.e.,a; € G;(p) forall i € I,

then, for each € I, dn; € N such thap™a;, = 0. Take

n — max{nil, ce ,nik}.
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =, mG; Gm)] = ;e Gilm]
G(p) = 2 ier Gi(p) G =2 ier(Gi)e
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Lo =01, .., 0k}
If u e G(p), thenp"u = 0 for somen € N. Then(p"a;)icr = 0,
l.e.,p"a; = 0forall: € I. Hencea; € G;(p) forall; € I and

this impliesu = (a;)ier € > _,.; Gi(p).

Conversely, ifu € ) .., Gi(p), i.e.,a; € G;(p) forall i € I,
then, for each € I, dn; € N such thap™a;, = 0. Take

n = max{n;,...,n; }. Thenp™a; =0forall: € I.
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =, mG; Gm)] = ;e Gilm]
G(p) = 2 ier Gi(p) Gr =2 ie1(Gi).
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Lo =01, .., 0k}
If u e G(p), thenp"u = 0 for somen € N. Then(p"a;)icr = 0,
l.e.,p"a; = 0forall: € I. Hencea; € G;(p) forall; € I and
this impliesu = (a;)ier € > _,.; Gi(p).
Conversely, ifu € ) .., Gi(p), i.e.,a; € G;(p) forall i € I,
then, for each € I, dn; € N such thap™a;, = 0. Take
n = max{n;,...,n; }. Thenp™a; =0forall: € I. This
Impliesp™u = 0
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =, mG; Gm)] = ;e Gilm]
G(p) = 2 ier Gi(p) Gr =2 ie1(Gi).
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Lo =01, .., 0k}
If u e G(p), thenp"u = 0 for somen € N. Then(p"a;)icr = 0,
l.e.,p"a; = 0forall: € I. Hencea; € G;(p) forall; € I and
this impliesu = (a;)ier € > _,.; Gi(p).
Conversely, ifu € ) .., Gi(p), i.e.,a; € G;(p) forall i € I,
then, for each € I, dn; € N such thap™a;, = 0. Take
n = max{n;,...,n; }. Thenp™a; =0forall: € I. This
impliesp™u = 0 and sou € G(p).
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let

G =) ,.,G;: Letm € Z and letp be a prime number. Then
mG = 3, mG, Glm) = Y e; Gilm]
G(p) = 2 icr Gi(p) Gy = D ier(Gi)r.

Proof. Letu = (a;)icr € G = )_,.; G;, and let

o = {in, ... in}.
If « = Gt,
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Lo = {01, .. %}
If v € Gy, thennu = 0 for somen € N.

Modern Alaoebral = p. 10/23



Lemma 1

Let{G, | « € I} be afamily of abelian groups and let

G =) ,.,G;: Letm € Z and letp be a prime number. Then
mG = 3, mG, Glm) = Y e; Gilm]
G(p) = 2 icr Gi(p) Gy = D ier(Gi)r.
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If u € Gy, thennu = 0 for somen € N. Then(na;);c; = 0,
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =) .., mG; Glm] = > ,.;Gilm|
G(p) = 21 Gi(D) Gr =D icr(Gi)e.
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Lo =01, .., 0k}

If u € Gy, thennu = 0 for somen € N. Then(na;);er = 0, i.e.,
na; = 0 forallz € I.
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =) .., mG; Glm] = > ,.;Gilm|
G(p) = 21 Gi(D) Gr =D icr(Gi)e.
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Lo =01, .., 0k}

If u € Gy, thennu = 0 for somen € N. Then(na;);er = 0, i.e.,
na; = 0 forall 7 € I. Henceu; € (G;); foralli € I
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =) .., mG; Glm] = > ,.;Gilm|
G(p) = 21 Gi(D) Gr =D icr(Gi)e.
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Lo =01, .., 0k}

If u € Gy, thennu = 0 for somen € N. Then(na;);er = 0, i.e.,
na; = 0 forall s € I. Henceu; € (G;), for all : € I and this

implieSu = (az’)iel = ZiEI(Gi)t'
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =) .., mG; Glm] = > ,.;Gilm|
G(p) = 21 Gi(D) Gr =D icr(Gi)e.
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Lo =01, .., 0k}

If u € Gy, thennu = 0 for somen € N. Then(na;);er = 0, i.e.,
na; = 0 forall s € I. Henceu; € (G;), for all : € I and this

implieSu = (az’)iel = ZiEI(Gi)t'
Conversely, ifu € ) ., (G;):,
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =) .., mG; Glm] = > ,.;Gilm|
G(p) = 21 Gi(D) Gr =D icr(Gi)e.
Proof. Letu = (a;)icr € G = )_,.; G;, and let
Lo =01, .., 0k}

If u € Gy, thennu = 0 for somen € N. Then(na;);er = 0, i.e.,
na; = 0 forall s € I. Henceu; € (G;), for all : € I and this

implieSu = (az’)iel = ZiEI(Gi)t'
Conversely, ifu € ) . ,(G;)s, 1.e.,a; € (G;), forall i € I,
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =Y, mG; Gm)] = ;e Gilm]
G(p) = Zig Gi(p) G = ZieI(Gi>t-

Proof. Letu = (a;)icr € G = )_,.; G;, and let

Lo =01, .., 0k}

If u € Gy, thennu = 0 for somen € N. Then(na;);er = 0, i.e.,
na; = 0 forall s € I. Henceu; € (G;), for all : € I and this
impliesu = (a;)icr € >,/ (Gi)s.

Conversely, ifu € Y. ,(G;)s, 1.e.,a;, € (G;), forall 7 € I, then
for each: € I, 9n; € N such that;a; = 0.
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =Y, mG; Gm)] = ;e Gilm]
G(p) = Zig Gi(p) G = ZieI(Gi>t-

Proof. Letu = (a;)icr € G = )_,.; G;, and let

Lo =01, .., 0k}

If u € Gy, thennu = 0 for somen € N. Then(na;);er = 0, i.e.,
na; = 0 forall s € I. Henceu; € (G;), for all : € I and this
impliesu = (a;)icr € >,/ (Gi)s.

Conversely, ifu € Y. ,(G;)s, 1.e.,a;, € (G;), forall 7 € I, then
for eacht € I, dn,; € N such that;a; = 0. Take

n = nilniQ c e nz-k.

Modern Alaoebral = p. 10/23



Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =Y, mG; Gm)] = ;e Gilm]
G(p) = Zig Gi(p) G = ZieI(Gi>t-

Proof. Letu = (a;)icr € G = )_,.; G;, and let

Lo ={i1,... ik}

If u € Gy, thennu = 0 for somen € N. Then(na;);er = 0, i.e.,
na; = 0 forall s € I. Henceu; € (G;), for all : € I and this
impliesu = (a;)icr € >,/ (Gi)s.

Conversely, ifu € Y. ,(G;)s, 1.e.,a;, € (G;), forall 7 € I, then
for eacht € I, dn,; € N such that;a; = 0. Take

n = n; N, Nn;,. Thenna; =0forall: e I.
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =Y, mG; Gm)] = ;e Gilm]
G(p) = Zig Gi(p) G = ZieI(Gi>t-

Proof. Letu = (a;)icr € G = )_,.; G;, and let

Lo =01, .., 0k}

If u € Gy, thennu = 0 for somen € N. Then(na;);er = 0, i.e.,
na; = 0 forall s € I. Henceu; € (G;), for all : € I and this
impliesu = (a;)icr € >,/ (Gi)s.

Conversely, ifu € Y. ,(G;)s, 1.e.,a;, € (G;), forall 7 € I, then
for eacht € I, dn,; € N such that;a; = 0. Take

n =n; N, -n;. Thenna; = 0forall: e I. This implies

nu =0
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Lemma 1

Let{G, | « € I} be afamily of abelian groups and let
G =) ,.,G;: Letm € Z and letp be a prime number. Then

mG =Y, mG; Gm)] = ;e Gilm]
G(p) = Zig Gi(p) G = ZieI(Gi>t-

Proof. Letu = (a;)icr € G = )_,.; G;, and let
Lo =01, .., 0k}

If u € Gy, thennu = 0 for somen € N. Then(na;);er = 0, i.e.,
na; = 0 forall s € I. Henceu; € (G;), for all : € I and this
impliesu = (a;)icr € >,/ (Gi)s.

Conversely, ifu € Y. ,(G;)s, 1.e.,a;, € (G;), forall 7 € I, then
for eacht € I, dn,; € N such that;a; = 0. Take

n =n; N, -n;. Thenna; = 0forall: e I. This implies

nu = 0 and sou € G,.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups.
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Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) CmH
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Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(Glm]) € H[m]
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(G[m]) € H[m]
f(G(p)) € H(p)
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH F(GIm
f(G(p)) € H(p) f(Gy)

| I
N——"

C H|m]

N
=
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH F(GIm
f(G(p)) € H(p) f(Gy)

If fis anisomorphism,

| I
N——"

C H|m]
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=
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(G[m]) € H[m]

f(G(p)) € H(p) f(Gy) € H,
If fis anisomorphism, then all the above inequalities are
equalities.

Proof.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(G[m]) € H[m]

f(G(p)) € H(p) f(Gy) € H,
If fis anisomorphism, then all the above inequalities are
equalities.

Proof. For allmu € mG, with v € G,
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
Proof. For allmu € mG, withu € G, f(mu) = mf(u)
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
Proof. For allmu € mG, withu € G, f(mu) = mf(u) € mH,
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(G[m]) € H[m]

f(G(p)) € H(p) f(Gy) € H,
If fis anisomorphism, then all the above inequalities are
equalities.

Proof. For allmu € mG, withu € G, f(mu) = mf(u) € mH,
so f(mG) € mH.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(G[m]) € H[m]

f(G(p)) € H(p) f(Gy) € H,
If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allmu € mG, withu € G, f(mu) = mf(u) € mH,
so f(mG) € mH. Assumef is an isomorphism.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(G[m]) € H[m]

f(G(p)) € H(p) f(Gy) € H,
If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allmu € mG, withu € G, f(mu) = mf(u) € mH,
so f(mG) € mH. Assumef is an isomorphism. Letva € mH

witha € H.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(G[m]) € H[m]

f(G(p)) € H(p) f(Gy) € H,
If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allmu € mG, withu € G, f(mu) = mf(u) € mH,
so f(mG) € mH. Assumef is an isomorphism. Letva € mH

with a € H. Sincef Is onto,
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(G[m]) € H[m]

f(G(p)) € H(p) f(Gy) € H,
If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allmu € mG, withu € G, f(mu) = mf(u) € mH,
so f(mG) € mH. Assumef is an isomorphism. Letva € mH
with a € H. Sincef is onto,Ju € G such thatf(u) = «,
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(G[m]) € H[m]

f(G(p)) € H(p) f(Gy) € H,
If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allmu € mG, withu € G, f(mu) = mf(u) € mH,
so f(mG) € mH. Assumef is an isomorphism. Letva € mH
with a € H. Sincef is onto,Ju € G such thatf(u) = a, SO

ma = mf(u)
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(G[m]) € H[m]

f(G(p)) € H(p) f(Gy) € H,
If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allmu € mG, withu € G, f(mu) = mf(u) € mH,
so f(mG) € mH. Assumef is an isomorphism. Letva € mH
with a € H. Sincef is onto,Ju € G such thatf(u) = a, SO

ma =mf(u) = f(mu)
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(G[m]) € H[m]

f(G(p)) € H(p) f(Gy) € H,
If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allmu € mG, withu € G, f(mu) = mf(u) € mH,
so f(mG) € mH. Assumef is an isomorphism. Letva € mH
with a € H. Sincef is onto,Ju € G such thatf(u) = a, SO

ma =mf(u) = f(mu) € f(mG).
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(G[m]) € H[m]

f(G(p)) € H(p) f(Gy) € H,
If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allmu € mG, withu € G, f(mu) = mf(u) € mH,
so f(mG) € mH. Assumef is an isomorphism. Letva € mH
with a € H. Sincef is onto,Ju € G such thatf(u) = a, SO
ma =mf(u) = f(mu) € f(mG). Hencef(mG) = mH.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(Gm]) € H|m|

f(G(p)) € H(p) f(Gy) € H,
If fis anisomorphism, then all the above inequalities are
equalities.

Proof. For allu € G|ml],
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
Proof. For allu € G|m|, mf(u)
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
Proof. Forallu € G\m|, mf(u) = f(mu)
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
Proof. Forallu € G\m|, mf(u) = f(mu) = f(0)
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
Proof. Forallu € G|m|, mf(u) = f(mu) = f(0) =0,

Modern Aloebral = p. 11/23



Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(Gm]) € H|m|

f(G(p)) € H(p) f(Gy) € H,
If fis anisomorphism, then all the above inequalities are
equalities.

Proof. For allu € G|m|, mf(u) = f(mu) = f(0) =0, SO
flu) € Him
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(Gm]) € H|m|

f(G(p)) € H(p) f(Gy) € H,
If fis anisomorphism, then all the above inequalities are
equalities.

Proof. For allu € G|m|, mf(u) = f(mu) = f(0) =0, SO
f(u) € Hm| and sof (G|m|) C H|m].
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(Glm]) € H|m|

f(G(p) € H(p) f(Gy) € H
If fIs anisomorphism, then all the above inequalities are
equalities.
Proof. For allu € G|m|, mf(u) = f(mu) = f(0) =0, SO
f(u) € H|m| and sof (G[m]) € H[m|. Assumef is an
Isomorphism.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(Glm]) € Hlm|

f(G(p)) € H(p) f(Gy) € H
If fIs anisomorphism, then all the above inequalities are
equalities.
Proof. For allu € G|m|, mf(u) = f(mu) = f(0) =0, SO
f(u) € H|m| and sof (G[m]) € H[m|. Assumef is an
iIsomorphism. Let. € H|m)|.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(Glm]) € H|m]

f(G(p)) € H(p) f(Gy) € H
If fIs anisomorphism, then all the above inequalities are
equalities.
Proof. For allu € G|m|, mf(u) = f(mu) = f(0) =0, SO
f(u) € H|m| and sof (G[m]) € H[m|. Assumef is an
iIsomorphism. Let: € H|m/|. Sincef is onto,
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allu € G|m|, mf(u) = f(mu) = f(0) =0, SO
f(u) € H|m| and sof (G[m]) € H[m|. Assumef is an
iIsomorphism. Let: € H|m/|. Sincef is onto,Ju € G such that

fu) = a.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allu € G|m|, mf(u) = f(mu) = f(0) =0, SO
f(u) € H|m| and sof (G[m]) € H[m|. Assumef is an
iIsomorphism. Let: € H|m/|. Sincef is onto,Ju € G such that
f(u) = a. Note thatf (mu) = mf(u) = ma = 0.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allu € G|m|, mf(u) = f(mu) = f(0) =0, SO
f(u) € H|m| and sof (G[m]) € H[m|. Assumef is an
iIsomorphism. Let: € H|m/|. Sincef is onto,Ju € G such that
f(u) = a. Note thatf (mu) = mf(u) = ma = 0. Sincef is
one-to-one,
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allu € G|m|, mf(u) = f(mu) = f(0) =0, SO
f(u) € H|m| and sof (G[m]) € H[m|. Assumef is an
iIsomorphism. Let: € H|m/|. Sincef is onto,Ju € G such that
f(u) = a. Note thatf (mu) = mf(u) = ma = 0. Sincef is
one-to-onemu = 0
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allu € G|m|, mf(u) = f(mu) = f(0) =0, SO
f(u) € H|m| and sof (G[m]) € H[m|. Assumef is an
iIsomorphism. Let: € H|m/|. Sincef is onto,Ju € G such that
f(u) = a. Note thatf (mu) = mf(u) = ma = 0. Sincef is
one-to-onemu = 0 and sou € G|[m)|.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allu € G|m|, mf(u) = f(mu) = f(0) =0, SO
f(u) € H|m| and sof (G[m]) € H[m|. Assumef is an
iIsomorphism. Let: € H|m/|. Sincef is onto,Ju € G such that
f(u) = a. Note thatf (mu) = mf(u) = ma = 0. Sincef is
one-to-onemu = 0 and sou € G|m|. Therefore,

Hlm] € f(G[m])
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. For allu € G|m|, mf(u) = f(mu) = f(0) =0, SO
f(u) € H|m| and sof (G[m]) € H[m|. Assumef is an
iIsomorphism. Let: € H|m/|. Sincef is onto,Ju € G such that
f(u) = a. Note thatf (mu) = mf(u) = ma = 0. Sincef is
one-to-onemu = 0 and sou € G|m|. Therefore,

H[m| € f(G|m]) and sof (G|m]) = H|[m].
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
Proof. Letu € G(p).
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
Proof. Letu € G(p). Thenp"u = 0 for somen € N.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
Proof. Letu € G(p). Thenp™u = 0 for somen € N. Thus

p" f(u)
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
Proof. Letu € G(p). Thenp™u = 0 for somen € N. Thus

p"f(u) = f(p"u)
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
Proof. Letu € G(p). Thenp™u = 0 for somen € N. Thus

p"f(u) = f(p"u) = f(0)
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
Proof. Letu € G(p). Thenp™u = 0 for somen € N. Thus

p"f(u) = f(p"u) = f(0) =0
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fis anisomorphism, then all the above inequalities are
equalities.
Proof. Letu € G(p). Thenp™u = 0 for somen € N. Thus

p"f(u) = f(p"u) = f(0) = 0 and sof (u) € H(p);
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) € mH f(G[m]) € H[m]

f(G(p)) € H(p) f(Gy) € H,
If fis anisomorphism, then all the above inequalities are
equalities.
Proof. Letu € G(p). Thenp™u = 0 for somen € N. Thus
p"f(u) = f(p"u) = f(0) = 0 and sof (v) € H(p). Hence
f(G(p)) € H(p).
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. Letu € G(p). Thenp™u = 0 for somen € N. Thus
p"f(u) = f(p"u) = f(0) =0and sof(u) € H(p). Hence
f(G(p)) € H(p). Assumef is an isomorphism and let

a € H(p).
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. Letu € G(p). Thenp™u = 0 for somen € N. Thus
p"f(u) = f(p"u) = f(0) = 0and sof(u) € H(p). Hence
f(G(p)) € H(p). Assumef is an isomorphism and let

a € H(p). Thenp™a = 0 for somen € N.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. Letu € G(p). Thenp™u = 0 for somen € N. Thus
p"f(u) = f(p"u) = f(0) = 0and sof(u) € H(p). Hence
f(G(p)) € H(p). Assumef is an isomorphism and let

a € H(p). Thenp™a = 0 for somen € N. On the other hand,
sincef Is onto,
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. Letu € G(p). Thenp™u = 0 for somen € N. Thus
p"f(u) = f(p"u) = f(0) = 0and sof(u) € H(p). Hence
f(G(p)) € H(p). Assumef is an isomorphism and let

a € H(p). Thenp™a = 0 for somen € N. On the other hand,
sincef is onto,Ju € G such thatf (u) = a.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. Letu € G(p). Thenp™u = 0 for somen € N. Thus
p"f(u) = f(p"u) = f(0) = 0and sof(u) € H(p). Hence
f(G(p)) € H(p). Assumef is an isomorphism and let

a € H(p). Thenp™a = 0 for somen € N. On the other hand,
sincef is onto,Ju € G such thatf(u) = a. Note thatf (p"u)
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. Letu € G(p). Thenp™u = 0 for somen € N. Thus
p"f(u) = f(p"u) = f(0) = 0and sof(u) € H(p). Hence
f(G(p)) € H(p). Assumef is an isomorphism and let

a € H(p). Thenp™a = 0 for somen € N. On the other hand,
sincef is onto,Ju € G such thatf(u) = a. Note thatf (p"u)

= p" f(u)
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
f(G(p)) € H(p) f(Gt) C H,

If fIs anisomorphism, then all the above inequalities are
equalities.

Proof. Letu € G(p). Thenp™u = 0 for somen € N. Thus
p"f(u) = f(p"u) = f(0) = 0and sof(u) € H(p). Hence
f(G(p)) € H(p). Assumef is an isomorphism and let

a € H(p). Thenp™a = 0 for somen € N. On the other hand,
sincef is onto,Ju € G such thatf(u) = a. Note thatf (p"u)

=p"f(u) =p"a=0.
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Lemma 2

Let f : G — H be a homomorphism of abelian groups. Let
m € Z and letp be a prime number. Then

f(mG) C mH f(G[m]) € H|m)]
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Lemma (2.5). Let G be an abelian groupn € Z, p a prime
number. Then each of the following is a subgrou@-of

(i) mG = {mu |u € G};

(i) Gm| ={uv e G| mu=0};
(i) G(p) =4{u e G| |u| =p" for somen > 0};
(iv) Gy ={u € G| |u| isfinite}.

Zo|p) = Z,, for alln € N.

P Lpn = Lpn—m for all n € Nwith n > m.
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(i) mG ={mu | u € G};
(i) Gim| ={u e G | mu = 0};
(i) G(p) ={u € G| |u| = p™ for somen > 0};
(iv) Gy ={u € G| |u| isfinite}.
L |p| = Z,, for all n € N.

P Lpn = Lpn—m for all n € Nwith n > m.

We are ready to state and prove the last two statements.
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Gi ={u e G | |u|isfinite} = {u € G | nu = 0for somen € N}
IS called thetorsion subgroup of G.
If G = G, thenG Is said to be @orsion group.
If G; = 0, thenG i1s said to beorsion-free.
Example. For every integers > 2, Z,, IS a torsion group.
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Remark. Let{G; | i € I} be a family of abelian groups and let
G =) .,;G; SinceG, =) . ,(G;):, we can see that

(G Is a torsion group<—- G; Is a torsion group for all € I,
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Theorem (2.6)

Let G be a finitely generated abelian group.
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Theorem (2.6). Let GG be a finitely generated abelian group.

(i) Either GG is free abelian or there is a list of positive integers
pit, ..., pF which is unique except for the order of its
members, such thai. ..., p, are (not necessarily distinct)
primes,n, ..., n; are (not necessarily distinct) positive
Integers ands = Ly @ --- & szk ¢ F with F free abelian.

Proof.
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primes,n, ..., n; are (not necessarily distinct) positive
Integers ands = Ly @ --- & szk ¢ F with F free abelian.

Proof. Let p be a prime number and let € NU {0}. Note that
if p; # p, then(p™Z,: ) [p] =Z,:|p| =0 ;

(]

if p; = pandn; < m, then(p™Z,)|p|=0;

if p; = p andn; > m, then(p™Z ) [p|=Zn;-n[p) = Z, ;
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Theorem (2.6). Let GG be a finitely generated abelian group.

(i) Either GG is free abelian or there is a list of positive integers
pit, ..., pF which is unique except for the order of its
members, such thai. ..., p, are (not necessarily distinct)
primes,n, ..., n; are (not necessarily distinct) positive
Integers ands = Ly @ --- & szk ¢ F with F free abelian.

Proof. Let p be a prime number and let € NU {0}. Note that
if p; # p, then(p™Z,: ) [p] =Z,:|p| =0 ;

if p; = pandn; < m, then(p™Z,)|p|=0;
if p, = pandn; > m, then(p™Z

(p"F)[p] = 0.

pri ) [P| = Lyni—m [p] = Ly 5
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Theorem (2.6). Let GG be a finitely generated abelian group.

(i) Either GG is free abelian or there is a list of positive integers
pit, ..., pF which is unique except for the order of its
members, such thai. ..., p, are (not necessarily distinct)
primes,n, ..., n; are (not necessarily distinct) positive
Integers ands = Ly @ --- & szk ¢ F with F free abelian.

Proof. Let p be a prime number and let € NU {0}. Note that
if p; # p, then(p™Z,: ) [p] =Z,:|p| =0 ;

(]

if p; = pandn; < m, then(p™Z,)|p|=0;

12

Z .

if p, = pandn; > m, then(p™Z -

(p™F)[p] = 0.
Hence ifr is the number of such thap; = p andn; > m,

pi ) [PI=Zyni—m )
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Theorem (2.6). Let GG be a finitely generated abelian group.

(i) Either GG is free abelian or there is a list of positive integers
pit, ..., pF which is unique except for the order of its
members, such thai. ..., p, are (not necessarily distinct)
primes,n, ..., n; are (not necessarily distinct) positive
Integers ands = Ly @ --- & szk ¢ F with F free abelian.

Proof. Let p be a prime number and let € NU {0}. Note that
if p; # p, then(p™Z,: ) [p] =Z,:|p| =0 ;

(]

if p; = pandn; < m, then(p™Z,)|p|=0;

12

Z .

if p, = pandn; > m, then(p™Z -

(p™F)[p] = 0.
Hence ifr is the number of such thap; = p andn; > m, then
(p™G)pl| =p".

pi ) [PI=Zyni—m )
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Theorem (2.6). Let GG be a finitely generated abelian group.

(i) Either GG is free abelian or there is a list of positive integers
pit, ..., pF which is unique except for the order of its
members, such thai. ..., p, are (not necessarily distinct)
primes,n, ..., n; are (not necessarily distinct) positive
Integers ands = Ly @ --- & szk ¢ F with F free abelian.

Proof. Let p be a prime number and let € NU {0}. Note that
if p; # p, then(p™Z,: ) [p] =Z,:|p| =0 ;

(]

if p; = pandn; < m, then(p™Z,)|p|=0;

12

Z .

if p, = pandn; > m, then(p™Z -

(p™F)[p] = 0.
Hence ifr is the number of such thap; = p andn; > m, then
[(p™G)[p]| = p". This is because after we dp™G)|p],

pi ) [PI=Zyni—m )
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Theorem (2.6). Let GG be a finitely generated abelian group.

(i) Either GG is free abelian or there is a list of positive integers
pit, ..., pF which is unique except for the order of its
members, such thai. ..., p, are (not necessarily distinct)
primes,n, ..., n; are (not necessarily distinct) positive
Integers ands = Ly @ --- & szk ¢ F with F free abelian.

Proof. Let p be a prime number and let € NU {0}. Note that
if p; # p, then(p™Z,: ) [p] =Z,:|p| =0 ;

(]

if p; = pandn; < m, then(p™Z,)|p|=0;

12

Z .

if p, = pandn; > m, then(p™Z -

(p™F)[p] = 0.
Hence ifr is the number of such thap; = p andn; > m, then

|(p™G)[p]| = p". This is because after we dp”'G)|[p], on the
right side of the above isomorphism,

pi ) [PI=Zyni—m )
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Theorem (2.6). Let GG be a finitely generated abelian group.

(i) Either GG is free abelian or there is a list of positive integers
pit, ..., pF which is unique except for the order of its
members, such thai. ..., p, are (not necessarily distinct)
primes,n, ..., n; are (not necessarily distinct) positive
Integers ands = Ly @ --- & szk ¢ F with F free abelian.

Proof. Let p be a prime number and let € NU {0}. Note that
if p; # p, then(p™Z,: ) [p] =Z,:|p| =0 ;

(]

if p; = pandn; < m, then(p™Z,)|p|=0;

12

if p; = pandn; > m, then(p™Z i ) [p|=Zyn,—m [p| = Ly ;

(p™F)[p] = 0.
Hence ifr is the number of such thap; = p andn; > m, then
|(p™G)[p]| = p". This is because after we dp™G)[p], on the
right side of the above isomorphism, only those summands tha

satisfy the third condition will survive. e A



Theorem (2.6). Let GG be a finitely generated abelian group.

(i) Either GG is free abelian or there is a list of positive integers
pit, ..., pF which is unique except for the order of its
members, such thai. ..., p, are (not necessarily distinct)
primes,n, ..., n; are (not necessarily distinct) positive
Integers ands = Ly @ --- & szk ¢ F with F free abelian.

Proof. Let p be a prime number and let € NU {0}. Note that
if p; # p, then(p™Z,: ) [p] =Z,:|p| =0 ;

(]

if p; = pandn; < m, then(p™Z,)|p|=0;

12

Z .

if p, = pandn; > m, then(p™Z -

(p™F)[p] = 0.
Hence ifr is the number of such thap; = p andn; > m, then

[(p™G)[p]| = p". Since(p™G)[p] does not depend on the
particular decomposition,

pi ) [PI=Zyni—m )
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Theorem (2.6). Let GG be a finitely generated abelian group.

(i) Either GG is free abelian or there is a list of positive integers
pit, ..., pF which is unique except for the order of its
members, such thai. ..., p, are (not necessarily distinct)
primes,n, ..., n; are (not necessarily distinct) positive
Integers ands = Ly @ --- & szk ¢ F with F free abelian.

Proof. Let p be a prime number and let € NU {0}. Note that
if p; # p, then(p™Z,: ) [p] =Z,:|p| =0 ;

(]

if p; = pandn; < m, then(p™Z,)|p|=0;

12

Z .

if p, = pandn; > m, then(p™Z -

(p™F)[p] = 0.
Hence ifr is the number of such thap; = p andn; > m, then
[(p™G)|p]| = p". Since(p™G)|p| does not depend on the
particular decomposition, the list of positive integgfs, ..., p.*
IS unique except for the order of its members. e A e

pi ) [PI=Zyni—m )



Lemma (2.3). If m is a positive integer anth = pi*py? - - - p.*
with pq, ..., p; distinct primes ana; € N, then
Log 2 Ls @ - ® Lo

1 Py,
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Lemma (2.3). If m is a positive integer anth = pi*py? - - - p.*
with pq, ..., p; distinct primes ana; € N, then

- Zp"l’q @---@szk.
Remark. If G = Z,,, ®--- & Z,,, ® F with F' free abelian,
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Lemma (2.3). If m is a positive integer anth = pi*py? - - - p.*
with pq, ..., p; distinct primes ana; € N, then
Log 2 Ls @ - ® Lo

1 Py,

Remark. If G = Z,,, ® --- & Z,,, ® F with F' free abelian, we
know that we can apply Lemma (2.3) to decompGskirther
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Lemma (2.3). If m is a positive integer anth = pi*py? - - - p.*
with pq, ..., p; distinct primes ana; € N, then
Log 2 Ls @ - ® Lo

1 Py,

Remark. If G = Z,,, ® --- & Z,,, ® F with F' free abelian, we
know that we can apply Lemma (2.3) to decompGskirther
and obtain a decomposition 6fin the form
GELyn @ DLy O F.
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Lemma (2.3). If m is a positive integer anth = pi*py? - - - p.*
with pq, ..., p; distinct primes ana; € N, then
Log 2 Ls @ - ® Lo

1 Py,

Remark. If G = Z,,, ® --- & Z,,, ® F with F' free abelian, we
know that we can apply Lemma (2.3) to decompGSskirther
and obtain a decomposition 6fin the form
GELyn @ DLy O F.

Conversely, IfG = Ly @ --- @ szk ¢ F with F' free abelian,
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Lemma (2.3). If m is a positive integer anth = pi*py? - - - p.*
with pq, ..., p; distinct primes ana; € N, then
Log 2 Ls @ - ® Lo

1 Py,

Remark. If G = Z,,, ® --- & Z,,, ® F with F' free abelian, we
know that we can apply Lemma (2.3) to decompGskirther

and obtain a decomposition 6fin the form
GE=ZLy @ ® Ly ®F,

Conversely, IfG = Ly @ --- @ szk ¢ F with F' free abelian,
we can also apply Lemma (2.3) to “combine” those summands
with distinct primesp; together.
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Lemma (2.3). If m is a positive integer anth = pi*py? - - - p.*
with pq, ..., p; distinct primes ana; € N, then
Log 2 Ls @ - ® Lo

1 Py,

Remark. If G = Z,,, ® --- & Z,,, ® F with F' free abelian, we
know that we can apply Lemma (2.3) to decompGskirther

and obtain a decomposition 6fin the form
GE=ZLy @ ® Ly ®F,

Conversely, IfG = Ly @ --- @ szk ¢ F with F' free abelian,
we can also apply Lemma (2.3) to “combine” those summands
with distinct primesp; together. In fact, if we further require that

ml’m2""’m€;
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Lemma (2.3). If m is a positive integer anth = pi*py? - - - p.*
with pq, ..., p; distinct primes ana; € N, then
Log 2 Ls @ - ® Lo

1 Py,

Remark. If G = Z,,, ® --- & Z,,, ® F with F' free abelian, we
know that we can apply Lemma (2.3) to decompGskirther

and obtain a decomposition 6fin the form
GELyn @ DLy O F.

Conversely, IfG = Ly @ --- @ szk ¢ F with F' free abelian,
we can also apply Lemma (2.3) to “combine” those summands
with distinct primesp; together. In fact, if we further require that
my | mo | -+ | my, there is only a unique corresponding
G=lpy @ DLy, DF.
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Lemma (2.3). If m is a positive integer anth = pi*py? - - - p.*
with pq, ..., p; distinct primes ana; € N, then
Log 2 Ls @ - ® Lo

1 Py,

Remark. If G = Z,,, ® --- & Z,,, ® F with F' free abelian, we
know that we can apply Lemma (2.3) to decompGskirther

and obtain a decomposition 6fin the form
GE=ZLy @ ® Ly ®F,

Conversely, IfG = Ly @ --- @ szk ¢ F with F' free abelian,
we can also apply Lemma (2.3) to “combine” those summands
with distinct primesp; together. In fact, if we further require that

my | mo | -+ | my, there is only a unique corresponding
G2l @B Ly, ®F.

In other words, there is a one-to-one correspondence betinee
decompositiongs = Liyrr @ -+ - D szk d Fin (i)
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Lemma (2.3). If m is a positive integer anth = pi*py? - - - p.*
with pq, ..., p; distinct primes ana; € N, then
Log 2 Ls @ - ® Lo

1 Py,

Remark. If G = Z,,, ® --- & Z,,, ® F with F' free abelian, we
know that we can apply Lemma (2.3) to decompGskirther

and obtain a decomposition 6fin the form
GELyn @ DLy O F.

Conversely, IfG = Ly @ --- @ szk ¢ F with F' free abelian,
we can also apply Lemma (2.3) to “combine” those summands
with distinct primesp; together. In fact, if we further require that
my | mo | -+ | my, there is only a unique corresponding
G=lpy @ DLy, DF.

In other words, there is a one-to-one correspondence betinee
decompositiongs = Liyrr @ -+ - D szk é Fin (i) and the
decompositiorG = Z,,,, ® - & Zy,, D F In (iil).
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Lgz) ® (Zos ® Zr),
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Len}/ma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.%) and obtain

G2l ® (Zs®Zs) B Lz D (L2 ® Zgz) ® (Zos ® Zr),
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).

Modern Aloebral = p. 18/23



Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the powers of the same prime together:

12

G
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the powers of the same prime together: powers of 2

G g (ZQ?) @ 222)
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the powers of the same prime together: powers of 3

G g (ZQ?) @ 222) @ (232 @ Zg)

Modern Aloebral = p. 18/23



Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the powers of the same prime together: powers of 5

G = (Z23 & 222) D (Zgz D Zg) D (Z52 B Zs D Z5)
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the powers of the same prime together: powers of 7

G =2 (Zos ®ZLoy2) D (L2 D ZLs3) ® (ZLsz D ZLs D ZLs) D Zr

Modern Alaoebral = p. 18/23



Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the highest powers for each prime

12

G (Zios ® Zin2) ® (Zize © Z3) ® (Zis2 B ZLs D Zs) D Zr

(ZQ3 D Z32 D Z52 D Z7)
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the second highest powers for each prime

12

G (Zios ® Zin2) ® (Zize © Z3) ® (Zis2 B ZLs D Zs) D Zr

(Zogs @ Zse @ L5z © L) ® (L2 ® L3 D Zs)
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Collect the third highest powers for each prime

12

G (Zios ® Zin2) ® (Zize © Z3) ® (Zis2 B ZLs D Zs) D Zr

(Zys ® ZLzz ® Lz ® L) © (L2 © Ly ® Ls) ® Ly
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Apply Lemma (3.2)

G =2 (Zos ®ZLoy2) D (L2 D ZLs3) ® (ZLsz D ZLs D ZLs) D Zr
(Zys ® ZLzz ® Lz ® L) © (L2 © Ly ® Ls) ® Ly

12

Liy3.32.52.7
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Apply Lemma (3.2)

G =2 (Zos ®ZLoy2) D (L2 D ZLs3) ® (ZLsz D ZLs D ZLs) D Zr

(Zys ® ZLzz ® Lz ® L) © (L2 © Ly ® Ls) ® Ly
Lig3.32.52.7 D Lig2.3.5

12
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Apply Lemma (3.2)

G =2 (Zos ®ZLoy2) D (L2 D ZLs3) ® (ZLsz D ZLs D ZLs) D Zr

(Zys ® ZLzz ® Lz ® L) © (L2 © Ly ® Ls) ® Ly
223.32.52.7 @ 222.3.5 @ Z5

12
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Use your calculator

G = (Zos ®ZLoy2) D (Zs2 D ZLs) ® (Zs2 B ZLs D ZLs) D Zr

(Zys © ZLizz ® Lz ® L) & (L2 © Ly ® Ls) ® Ly
223.32.52.7 @ Z22.3.5 @ Z5

12

Z12600
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Use your calculator

G = (Zos ®ZLoy2) D (Zs2 D ZLs) ® (Zs2 B ZLs D ZLs) D Zr
(Zoys @ Zizz ® Lz © L) B (Lyz © L3 © Ls) & Zs
Lig3.32.52.7 D Lig2.3.5 D Lis

Za2600 D ZLeo

12
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Use your calculator

G = (Zos ®ZLoy2) D (Zs2 D ZLs) ® (Zs2 B ZLs D ZLs) D Zr
(Zoys @ Zizz ® Lz © L) B (Lyz © L3 © Ls) & Zs
Lig3.32.52.7 D Lig2.3.5 D Lis

L2600 B ZLeo D Ls.

12
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Example

SupposeG = Zs @ Loy @ Zios © Zisg D Zisg.
First, we apply Lemma (2.3) and obtain

G2l ® (Zs®Zs) P Lz D (L2 ® Zgz) ® (Zos ® Zr),

which is the decomposition in (iii).
Next, we see how to obtain the decomposition in (ii).
Reversing the order of the summands to fit Theorem (2.6)

G = (Zos ®ZLoy2) D (Zs2 D ZLs) ® (Zs2 B ZLs D ZLs) D Zr
(Zoys @ Zizz ® Lz © L) B (Lyz © L3 © Ls) & Zs
= Zi3.32.52.7 D Lig2.3.5 D Ls

= Zizeoo D Leo D Ls.

12

Hence,G = Zs @ Zeo D Zi2600 1S the decomposition in (ii).
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Theorem (2.6). Let GG be a finitely generated abelian group.

(i) Either (G is free abelian or there is a unigue list of (not
necessarily distinct) positive integers, . .., m, such that
my>1,my |mgl|---|meandG =%y, & - - ®Zp, ®F
with I free abelian.

Proof.
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Theorem (2.6). Let GG be a finitely generated abelian group.

(i) Either (G is free abelian or there is a unigue list of (not
necessarily distinct) positive integers, . .., m, such that
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(i) Either (G is free abelian or there is a unigue list of (not
necessarily distinct) positive integers, . .., m, such that
my>1,my |mgl|---|meandG =%y, & - - ®Zp, ®F
with [ free abelian.

Proof. Supposé&- has two decompositions
ngmq@"'@Zmz@FgZa@"'@ZST@F’,

withmy > 1,mqy | mo | -+ | me, 81 > 1,81 | s2 |-+ | s, and

F., F' free abelian. Apply Lemma (2.3) to decompdsdurther
and obtain two decompositions as in (iii). We have showniin (i
that these two decompositions are “the same”. Because of the
one-to-one correspondence between these two kinds of
decompositions, the above original compositions must fbe “t
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Let G be a finitely generated abelian group. Then

the uniquely determined integers,, ..., m, asin
Theorem (2.6) (i) are called thevariant factors of G;

The uniquely determined prime powers as in Theorem (2.6)
(i) are called thezslementary divisors of G.

Example. Let G = Zs @ Zq5 D Zos D Zsg P Zsg. Earlier, we
have seen that

G = (Zoys D ZLoy2) ® (L2 D ZLs) D (L2 ® Zis D Zs) B 2y
= Ly D Lo D Ziaeoo-

Hence the invariant factors of areb, 60, 12600; the elementary
divisors of G are2?, 23, 3, 32, 5, 5, 52, 7.
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withmy > 1, mqy | mg | -+ | my, p1,...,pe Primes (not
necessarily distinct), ang, ..., n, € N.

G/G, =2 Z®---® Z,which is a free abelian group of rark

WV
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In other words, the rank af /G, gives us the number of
summands o, in the above decompositions Gf

my, Mo, ..., m; are the invariant factors af.
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Exercise for Section 11.2
1,5,6,11, 12, 13.
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