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Chapter I: Groups

Section I.1: Semigroups, Monoids, and Groups

Definition. Let G be a nonempty set. Abinary operation on
G is a functionG × G → G.

Remark. There are several commonly used notations for the
image of(a, b) under a binary operation:

G × G −→ G

(a, b) 7−→ ab

We usually use themultiplicative notation and refer toab as the
product of a andb.
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binary operation is commutative,i.e.,∀a, b ∈ G, ab = ba.

• Theorderof a groupG is the cardinal number|G|. G is
finite if |G| is finite; otherwise,G is infinite.
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Theorem (2.5)
Let H be anonemptysubset of a groupG.
ThenH is a subgroup ofG ⇐⇒ ab−1 ∈ H, ∀a, b ∈ H.

Corollary (2.6). If G is a group and if{Hi | i ∈ I} is a family of
subgroups ofG, then

⋂

i∈I
Hi is a subgroup ofG.

Proof. Becausee ∈ Hi for all i ∈ I, e ∈ H and soH 6= ∅.
Moreover,a, b ∈ H =⇒ a, b ∈ Hi, ∀i ∈ I

=⇒ ab−1 ∈ Hi, ∀i ∈ I

=⇒ ab−1 ∈ H.
Hence, by Theorem (2.5),H is a subgroup ofG.
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Example
Let f : G → H be a homomorphism of groups.
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Let f : G → H be a homomorphism of groups.

• If A is a subgroup ofG, thenf(A) is a subgroup ofH.
In particular,Im f is a subgroup ofH.
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Example
Let f : G → H be a homomorphism of groups.

• If A is a subgroup ofG, thenf(A) is a subgroup ofH.
In particular,Im f is a subgroup ofH.

Proof. This is becauseIm f = f(G).
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Example
Let f : G → H be a homomorphism of groups.

• If A is a subgroup ofG, thenf(A) is a subgroup ofH.
In particular,Im f is a subgroup ofH.

• If B is a subgroup ofH, thenf−1(B) is a subgroup ofG.
In particular,Ker f is a subgroup ofG.

Proof. This is becauseKer f = f−1({e}).
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Definition (2.7)
Let G be a group and letX be a subset ofG.
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• Let {Hi | i ∈ I} be the family of all subgroups ofG which
containX. Then
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• Let {Hi | i ∈ I} be the family of all subgroups ofG which
containX. Then
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Note that〈X〉 may also be generated by other subsets, i.e., it
is possible that〈X〉 = 〈Y 〉 while X 6= Y .

• If X = {a1, . . . , an}, we write〈a1, . . . , an〉 in place of〈X〉.

• If G = 〈a1, . . . , an〉 for somea1, . . . , an ∈ G, G is said to be
finitely generated.

• If a ∈ G, the subgroup〈a〉 is called thecyclic (sub)group
generated bya.
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Theorem (2.8)
Let G be a group and letX be a nonempty subset ofG.
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In particular, for everya ∈ G, 〈a〉 = {an | n ∈ Z}.
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Remark.
Let {Hi | i ∈ I} be a family of subgroups of a groupG.
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Theorder ofa is defined as the order of the cyclic subgroup〈a〉

and denoted by|a|, i.e.,|a| = |〈a〉|.

Recall: We consider the homomorphismφ : Z → G defined by
φ(n) = an, and showed that

• if Ker φ = {0}, then|a| = ∞;

• if Ker φ 6= {0}, thenKer φ = 〈m〉, where
m = min{k ∈ N | ak = e} and|a| = m.

Therefore, we have two cases:
Case 1:|a| = ∞, i.e.,Ker φ = {0};
Case 2:|a| = m < ∞, wherem = min{k ∈ N | ak = e},

i.e.,Ker φ = 〈m〉 6= {0}.
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• If a has infinite order, i.e.,|a| = ∞, then
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Proof. Because|a| = ∞, Ker φ = {0}. Thus,
ak = e ⇐⇒ k ∈ Ker φ ⇐⇒ k = 0.

Moreover, sinceKer φ = {0}, φ is one-to-one,
and soak = φ(k), k ∈ Z, are all distinct.
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n ∈ Z.
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Hence,ad = ask+tm = (ak)s(am)t = (ak)set = (ak)s ∈ 〈ak〉.
Conversely, sinced | k, ak ∈ 〈ad〉. Therefore,〈ak〉 = 〈ad〉.
Moreover,|ak| = |ad|
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